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‘Dr. T. H. Barton (communicated): The unified theory appears, 
n first acquaintance, to be an aesthetically satisfying method 
4 teaching the theory of rotating machines. However, in its 
resent state of development, a number of difficulties arise, and 
- will be necessary, if its use in undergraduate courses is to 
ecome widespread, to develop reasonably simple approaches 
) the effects of magnetic saturation, the consideration of leakage 
aductances, which are far more reliable indicators of machine 
erformance than the total inductances at present used, the 
reatment of harmonic fields and commutation. Mr. Jones, 
fith his present paper, has admirably removed the latter item 
om the list of stumbling blocks. 

The paper has pointed the way to the solution of a problem 
hich has puzzled me for some time. It seems evident that the 
mpedance of the commutator primitive should be derivable 
om that of the slip-ring primitive by expansion of the differen- 
als of all products such as icos @ and then equating the rotor 
ngle, 0, to zero. This, however, leads to the erroneous result 
iven below in terms of Mr. Jones’s symbols: 


=z, 2Lpw 


R3 + (L,p) 


—2L,w R; =f (Lap) 


Element 13, which gives the voltage induced in the d-axis 
sid coil by rotation past it of the flux of the g-axis armature 
¥il, should be zero, as should element 24, which gives the 
sItage induced in the g-axis field coil by rotation past it of the 
ax of the d-axis armature coil. Element 34, which gives the 
sItage induced in the qg-axis armature coil by virtue of its 
‘tation through the flux of the d-axis armature coil should 
yrespond to the total flux Lz and not the second-harmonic 
mponent L,, and similarly element 43 should correspond to 
ie total flux L,. Mr. Jones’s paper makes it evident that the 
x0ve dilemma arises from the inadequacy of the slip-ring 
rimitive to represent the commutator primitive; two extra rotor 
ils are required corresponding to the coils undergoing com- 
* Jones, C. V.: Monograph No. 302 U, April, 1958 (see 105 C, p. 476). 
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“AN ANALYSIS OF COMMUTATION FOR THE UNIFIED-MACHINE THEORY’* 
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mutation, as shown in Fig. A, where, for clarity, the coils under- 
going commutation have been shown outside the armature. 

The change in flux provided by the current i,3 in the com- 
mutating coil C3 must induce a voltage of magnitude +M,wi 
in the d-axis field coil 1, thus annulling the effect of the rotation 
of the flux associated with the g-axis armature coil. Similarly, 
the change in flux produced by the current i,4 in the com- 
mutating coil C4 must induce a voltage of magnitude —M,wi, 
in the g-axis field coil. So far, nothing except a change of view- 
point has been added to Mr. Jones’s paper; but the next step, 
the consideration of the mutual interaction between the com- 
mutating coils and the main armature coils, does raise a new 
issue. The coil C3 induces, by transformer action, a voltage in 
the d-axis armature coil 4, whose magnitude must be, by com- 
parison with eqn. (13), +(L, + L,)wi3, and C4 must induce a 
voltage in coil 3 of magnitude —(L, — Ly)wis. Now, although 
the net voltage induced in the field windings can be justifiably 
assumed to be zero, the size of the last two voltages is by no 
means obvious, unless one is prepared to derive eqn. (13) 
initially, and I put forward the following as a plausible but by 
no means ideal explanation. The transformer coupling between 
C3 and 1 results in a voltage +M,wi3 in coil 1. Since we are 
restricting ourselves to fundamental sinusoidal distributions, 
and this applies to field current sheets as well as armature 
current sheets, a voltage +(n,/np)M,wi3 will be induced in 
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coil 4, n, being the number of armature turns and ny the number 
of field turns. Now, since M, is the mutual inductance between 
coils 1 and 4, (,/n,)M, is, except for a small leakage flux, the 
self-inductance of coil 4, i.e. Ly = L, +L. Hence the voltage 
induced in 4 by C3 is (L, + Ly)wi3, as deduced above from a 
comparison with eqn. (13). The requirement for the voltage 
induced in 3 by C4 may be similarly established. 

Mr. C. V. Jones (in reply): I entirely agree with Dr. Barton 
that an adequate treatment of such subjects as saturation, 
leakage reactance, harmonic analysis and commutation, to 
which may be added eddy-current and hysteresis losses, is 
necessary before the unified-machine theory can be considered 
a comprehensive one. A full discussion of these subjects would, 
however, be out of place here. 

Although Dr. Barton effectively explains the fallacy he 
propounds, it is instructive to consider the matter further, since 
the problem of the relationship between the slip-ring and com- 
mutator primitive machines is one of great interest. There are 
two possible approaches. 

Analytically, the appropriate transformation may be used, as 
described in Sections 2 and 11 of the paper. Neglecting 
resistances, the voltage equation of the slip-ring machine may 
be written as 

Va— pUED) 
which transforms into 
Vie p(EGlo) 


Expansion of the differential of the triple product gives for the 
impedance 
Z =Ci(pbLyc + C,L(pC) + C,LCp 
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Comparison of this impedance with that given by Dr. Barte 
shows that the error arises from the absence of the second tern 
It is therefore fallacious simply to expand the term p(LJ) an 
then set 6 = 0. 

From the physical point of view, the component volta 
associated with this missing impedance is clearly provided t 
the reaction of the short-circuited turns. Physically, I show 
prefer to derive the four-winding commutator machine accordir 
to the argument given in the paper with an initial slip-rir 
primitive of eight windings. This argument, though length 
would be straightforward, would include all possible interaction 
and would give useful information about commutation in cros 
field machines. Nevertheless, the ultimate elimination of tt 
short-circuited turns would involve a process essentially simile 
to that given by Dr. Barton, and here I cannot understar 
his reluctance to make use of the result that the transform 
and generator voltages in the field windings are equal ar 
opposite. This would appear to be fundamental to the pr 
cess of commutation, and it would seem that Dr. Bartc 
himself uses it in deriving the voltage +M,w/; in his fin 
argument. et 

For coil 1, the generated voltage is —wMj,J,; and the tran 
former voltage from the short-circuited turns is M,,3pl, 
From Section 5.3 the sum of these voltages is zero, and the. 
fore M,,3pI,3, which is the corresponding transformer volta; 
in coil 4, must be equal to +wL,l, if the assumptions used — 
establishing the original slip-ring matrix are retained. TI 
generator voltage in coil 4 from coil 3 is —w2L,J,. Additic 
gives for the total voltage the value +wL,I,. A similar analys 
applies to coil 3. f 
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DISCUSSION ON 


‘THE DETERMINATION OF CONTROL SYSTEM CHARACTERISTICS FROM A 
TRANSIENT RESPONSE’* 


Mr. G. Duckworth (communicated): Eqn. (12) may be written 
n 
S LGA A ?=0 
i=0 


where Y;, is the cofactor of element X;,, in the last, (n + 1)th, 
column of the square matrix of order (n + 1) given by eqn. (11). 


* ELLINGT ALS : 
(see 105 C, 7 a0) P., and McCaLtion, H.: Monograph No. 288 M, February, 1958 


If this matrix is non-singular, the cofactors are proportional 1 
the elements of the last, (n + 1)th, row of the inverse matri 
This observation provides a method of evaluating the coefficien 
of eqn. (12) which may be more convenient than the evaluatic 
of the cofactors separately, especially if an automatic comput 
is available with an interpretive scheme for handling matrices. 

Lanczos} discusses the limitations of this type of curve-fittin 

f LANcZos, C.: ‘Applied Analysis’ (Pitman, 1957), p. 272. 
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a SUMMARY 

Owing to the combination of high current density and low forward 
oltage drop in the rectifying junction of a semi-conductor rectifier, 
1¢ physical size and thermal capacity for a given rating are low, so 
lat the current on overload can be much greater than for other types 
f rectifier. Consequently, the junction-temperature rise on overload 
extremely rapid, and in some cases considerable temperature 
uctuations occur at mains frequency. - It is therefore necessary to 
e able to monitor the junction temperature dynamically (i.e. under 
orking conditions at mains frequency) and to observe the rise of 
mperature with time. A further necessity for dynamic testing occurs 
nce the measurement of the forward characteristic at high current 
y d.c. methods can result in excessive heating and possible failure. 
1 the apparatus to be described the separation of forward and reverse 
alf-cycles is secured by means of a synchronous commutator, per- 
itting independent measurement of forward and reverse current and 
oltage at mains frequency, and hence continuous indication of 
inction temperature. Operation of the rectifier at full rating without 
spenditure of the full power necessary to accomplish this by direct 
iethods is also possible. This is particularly useful in life testing 
rge numbers of semi-conductor rectifiers. Limited experience indi- 
ites that this method of testing provides operating conditions which are 
| all ways identical to those which a device experiences under full- 
ad conditions. 
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LIST OF SYMBOLS 


R, = Load resistance. 
@ = Thermal resistance. 
% = Conduction angle. 
T; = Junction temperature. 
-, = Ambient temperature. 4 
Ry = Forward slope resistance. 
»» = Power dissipation in a rectifier due to forward current 
flow. 
2x = Power dissipation in a rectifier in the reverse half cycle. 
P) = Power dissipated by the cooling system. 
Yo = Maximum forward voltage drop for zero forward current. 
‘um = Mean forward voltage drop. 
m= Mean rectified current. 
[> = Peak current. 


(1) INTRODUCTION 


During recent years the p-n junction diode, first in germanium 
id secondly in silicon, has developed into a rectifying device of 
ajor importance. One of its main attractions is its high 
ficiency, and this, coupled with the fact that the diode can 
indle large current densities, has meant that the area of the 
tive junction itself is often very small. The extent to which 
e designer can take advantage of this feature depends largely 
1 the thermal characteristics of both the junction itself and its 
sociated heat sink. It is therefore very desirable when assess- 
g the potentialities of a given device to be able to apply tests 


Correspondence on Monographs is invited for consideration with a view to 


blication. . 
The paper is a communication from the Staff of the Research Laboratories of The 


eral Electric Company Limited, Wembley, England. 


The Institution of Electrical Engineers 
Monograph No. 310 M 
Aug. 1958 


© 


A METHOD FOR TESTING AND ESTABLISHING THE RATING OF 
SEMI-CONDUCTOR RECTIFIERS UNDER DYNAMIC CONDITIONS 


By J. I. MISSEN, M.Sc. 


(The paper was first received 21st January, and in revised form 21st May, 1958. It was published as an INSTITUTION MONOGRAPH 
in August, 1958.) 


which simulate, as closely as possible, those which will occur in 
actual use. It is particularly important that the capability of 
the rectifier to withstand current overloads should be examined 
in this way, since there are few applications where no overloads 
occur. Because the area of a junction for a given rating is often 
comparatively small, its thermal capacity may also be small, and 
a large transient overload can cause the temperature at the 
junction to become prohibitively high, sometimes with disastrous 
consequences.* As a typical example, the envelope in Fig. 1 


| 
mot | | int 


Fig. 1.—Rise and fall of junction temperature on application of a 
short (14sec) current overload to a junction rectifier. 
Pulses are at 50c/s. 


shows the fluctuation in junction temperature at 50c/s for a 
germanium junction rectifier when subjected to a current over- 
load of short duration. 

Testing junction diodes under dynamic conditions is con- 
siderably simplified by the fact that both the forward and reverse 
characteristics vary with the temperature at the rectifying 
junction, which is usually the most critical part. These varia- 
tions can be studied at leisure using an oven, hot-plate or oil 
bath to provide known variations of temperature in the rectifier; 
in this way the diode can be calibrated and used as its own 
thermometer. The problem of dynamic testing is then reduced 
to measuring one of these temperature-sensitive characteristics 
while the diode is being subjected to conditions which simulate 
those expected in actual operation. Dynamic testing also shows 
advantages in making measurements at high currents which 
might not be possible with direct current, owing to overheating 
of the semi-conductor junction. 

However, apart from the necessity for dynamic testing as a 
result of the properties of semi-conductor devices, certain 
dynamic methods have intrinsic advantages. Various methods 
spring to mind. In general they depend on isolation of the 
forward and reverse half-cycles by diode circuits or by connecting 
two synchronous sources of power to the rectifier. The problem 
then becomes one of measuring the voltage and current at suitable 
points during the appropriate half cycle. 

The basic diode measurement circuit is shown in Fig. 2. If 
D, is the diode under test, V is the applied alternating voltage 
and R;, is the load resistance, D,; functions in a haif-wave circuit 
with resistive load. Forward current passes through D, and 
reverse current through D3. Thus the meter measures the 
mean reverse current, Jp, and hence the mean junction tempera- 


* MOorRTENSON, K.: ‘Transistor Junction Temperature as a Function of Time’, 
Proceedings of the Institute of Radio Engineers, 1957, 45, p. 504, 
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Fig. 2.Simple dynamic test. 


ture for a given mean rectified current Ip. Calibration of 
junction temperature against mean reverse current Is effected by 
placing D, in an oven of known temperature and replacing Ry 
by D, to prevent the flow of forward current. Jp can then be 
plotted against oven temperature. 

The simple circuit possesses several limitations. Thus, if D2 
warms up appreciably, owing to the flow of the forward current 
of D,, its reverse impedance may shunt the reverse-current 
measuring circuit appreciably and introduce errors. The second 
limitation is the fact that no provision can be made for measuring 
the mean forward voltage drop in D,; the inclusion of another 
diode, D,, and a voltmeter would not be feasible, since the 
voltage drop in D,; would be comparable with that in Dj. 
Moreover, the reverse current of D; would be added to that of 
D,. These limitations have been elegantly overcome in the 
method of Walker and Martin* by effectively converting D,, D3 
and D, to perfect diodes by use of electronic feedback techniques. 
The modified apparatus provides accurate results but suffers 
from several limitations of the basic circuit. 

Peak inverse voltage and mean rectified current tend to be 
interdependent, since adjustment of R,; when a high current is 
to be passed is not readily performed. Variation of the applied 
alternating voltage to adjust the rectified current involves 
recalibration of the reverse current against junction temperature, 
since the reverse current varies somewhat with reverse voltage. 
The power consumption in testing large rectifiers is considerable, 
since a high peak inverse voltage and large rectified current 
require a large power input. 

In the method to be described it was found possible to arrange 
that a semi-conductor device capable of providing a large power 
output could be tested at full rating without the expenditure of 
the power necessary to accomplish this by a direct method. The 
new method is very appropriately called a ‘cheater’ technique 
for reasons which will become clearer from the description to 
follow. 

Since multiple switching operations were contemplated it was 
considered that the ‘perfect diode’ was best obtained by rather 
simpler methods, involving mechanical switching. Thus the 
advantages of the method described by Walker and Martin* 
were obtained, together with considerable economies in power 
consumption. 


(2) PRINCIPLE OF OPERATION OF THE CHEATER 
CIRCUIT 

By reference to Figs. 3-5, the principles of operation of a 
cheater circuit may be considered. 

For normal half-wave operation of a diode into a resistive 
load, Ry;, as shown in Fig. 5, a voltage ABCDE of peak ampli- 
tude V, is applied, a current J flows, and a peak inverse voltage 
V, is applied as shown graphically in Fig. 3. The same current 
would flow if a voltage of lower amplitude, V5, were applied 


* WaLker, A., and Martin, R.: ‘Dynamic Methods of Testing Semi. 
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Rectifier Elements and Power Diodes’, Electronic Engineering, 1957, 29 pce 
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Fig. 4.—Simplified cheater circuit. 


Fig. 5.—Direct half-wave circuit. 


via load resistance Ry». 
would then be only V. 

In the cheater circuit the voltage waveform AFCDE is appli 
to the rectifier via load R;>. Hence the rectifier is run at fi 
rated conditions of forward current and peak inverse voltage f 
the expenditure of a relatively small amount of power. In ord 
to achieve these operating conditions, the rectifier must 
switched synchronously from low voltage in the forward diré 
tion to high voltage in the reverse direction. 

Fig. 4 gives a simplified diagram of a cheater circuit. If é 
switch makes contact at A when this point is changing throu 


However, the peak inverse volta 


ro to positive potential with respect to the lower end of the 
nding, the rectifier will pass current in the forward direction 
Magnitude dependent on the circuit resistance and applied 
yltage. Since the only resistance is that due to the diode 
rward resistance, the ammeter and Ry», the full rated current 
flow for a low applied voltage. 
s the polarity changes to negative, the switch changes over 
r ) the other contact, B, and connects a high voltage in the reverse 
ection to the diode. This can be made equivalent to the 
eak inverse voltage V,. Thus the diode operates at full rating 
Mr a power requirement of only V/V, times the power require- 
nt by the direct method. : 
Since V2 need be only a few volts and V, is frequently several 
u dred, a considerable saving in power results. It will be seen 
lat in its simplified form the cheater circuit isolates forward 
dd reverse currents of the rectifier under test and allows inde- 
pendent adjustment of V, and V. Hence it satisfies the require- 
ments of flexibility, power economy and independent measuring 
zz for forward and reverse half-cycles. 


- 
4 (3) SYNCHRONOUS SWITCHING 

_ Of the more readily available switching mechanisms, three 
pes were considered, namely synchronous contactors, ignitrons 
or thermionic valves and synchronous commutators. Methods 
using contactors or large relays are possible, since they are 
essentially contact-rectifier developments, but preliminary investi- 
gation indicated that there might be considerable difficulty due 
to phase errors and contact bounce, and it was not considered 
desirable to expend the necessary development time. 

_ It is probable that small mercury-arc rectifiers and such devices 
would function very well as switching elements in a pure cheater, 
but if measurement of the mean rectifier forward voltage drop is 
required, they must be rejected because of their arc drop of 
10-15 volts. 

_ The third system considered, which is shown in Fig. 6, uses a 
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Fig. 6.—Synchronous commutator. 


ISOLATING 
SEGMENTS 


synchronous commutator. This is rotated at 3000r.p.m. by a 
ynchronous motor and has a live segment which connects the 
ommon brush, C, to brushes A and B in turn. By suitable 
yhasing, C is connected to A during a portion of one half-cycle 
of power supply, and to B during the other half-cycle. 

Several methods of commutator construction were tried. 
Srobably the simplest and most convenient consists of four 
tandard commutators such as those used for small d.c. motors, 
nounted on a common shaft as shown in Fig. 7. By appro- 
riate interconnection of segments on a commutator and. cross~ 
onnection to segments of an adjacent commutator, the basic 
lesign in Fig. 6 may be produced. This has the added facility 


SEMI-CONDUCTOR RECTIFIERS UNDER DYNAMIC CONDITIONS a) 


[Seaaes yom 2 ak eee | 
eee | RE | 
| Varese) E 3 
E 3 | anaeer | 
SEC | See 


Fig. 7.—Commutator interconnections providing double-pole 
change-over switching. 
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Fig. 8.—Method for adjustment of conduction angle. 


of permitting simple variation of conduction angle by connection 
of the appropriate number of segments. This is represented 
diagrammatically in Fig. 8, which shows the allowance necessary 
for the brush width. The method has been adopted in practice 
with considerable success, and operational experience has shown 
the choice to be justified in its simplicity and reliability. 


(4) THE COMPLETE APPARATUS UTILIZING 
COMMUTATOR SWITCHING 
The basis of the apparatus is the commutator, which normally 
functions as a double-pole synchronous change-over switch. By 
suitable connection to the brushes, the following facilities are 
available: 

(a) Measurement of mean reverse current, rectified current, peak 
inverse voltage and mean forward voltage drop. 

(b) Measurement of junction temperature from prior calibration 
and observation of mean reverse current or mean forward voltage 
drop. 

(c) Rise of junction temperature with time to simulate overload 
conditions and assess the current overload protection requirements 
for a rectifier. Observation of thermal runaway. 

(d) Display of rectifier characteristics under dynamic conditions. 
Thermal-resistance measurement. 

(e) Independent life-test operation of a number of rectifiers under 
full rating conditions at low power consumption. 

Since much of the circuit is common to all measurements, it 


will be described fully in Section 4.1. 


(4.1) Measurement of Mean Reverse Current, Rectified Current, 
Peak Inverse Voltage and Mean Forward Voltage Drop 


For purposes of explanation the simplified cheater circuit in 
Fig. 4(a) is shown applying forward voltage via contact A and 
reverse voltage via contact B. In the actual circuit which was 
used (Fig. 9), it was found possible to test two rectifiers simul- 
taneously by applying forward voltage only, via the commutator. 
In operation, the common brush C is connected to brushes A and 
B in turn, hence connecting the transformer winding to diodes 
D, and Dg in turn. If the phasing is correct, Da will be con- 
nected to the transformer, T,, as the voltage is changing to 
positive, so that it will conduct in the forward direction. The 
load Rz,3 acts as a shunt for the ammeter, and is such that the 
non-linearity of the diode’s forward characteristic is swamped, 
and the current waveform is effectively sinusoidal, although the 
power dissipation is still low. 

When the voltage from T, is changing to negative, Dg 1s con- 
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Fig. 9.—Complete circuit for measurement of rectified current mean forward voltage drop, mean reverse current, | 
and peak inverse voltage. Hl 


The inset circuit shows the modification required for measuring the junction temperature from the forward characteristic of the rectifier under text. Hl 


nected via the commutator and brushes C and B, and passes 
forward current. Since Ry, is of the same order as R;3, the for- 
ward currents of D, and Dg will be almost equal, although the 
forward characteristics may differ markedly. Rectified current 
measurement is made by switching a moving-coil d.c. meter M, 
across R;; or Rz4. The current is adjusted by a variable 
auto-transformer feeding T;. 

When Dg is conducting in the forward direction, brush A is 
running on isolated segments. Reverse voltage may be applied 
to D, from the secondary winding of T,, whose voltage is also 
adjustable. When reverse voltage is applied to Da, its reverse 
current passes through Dg in the forward direction, and in the 
event of a breakdown in Da, current limitation is provided by a 
tungsten-filament lamp. Owing to the temperature coefficient 
of resistance of the lamp filament, it provides little limitation 
at low current and hence does not mask ‘runaway’ effects. It 
will be noted that, owing to the phasing of T,; and T, and the 
directions of Dg and Dj, reverse voltage is held off from the 
rectifier which is conducting in the forward direction. However, 
when a rectifier under test is conducting in the forward direction 
and the secondary voltage of T; is low, it is possible for a small 
current to flow through its hold-off diode in the forward direction 
and produce an apparent reverse current. Transistors V, and 
V2 have been introduced as switching devices which open-circuit 
the rectifier reverse circuit when the rectifier under test is con- 
ducting in the forward direction and thus prevent the flow of 
this apparent reverse current. The transistors are switched by 
applying a small alternating voltage via current-limiting resistors 
between emitters and bases. They are not subjected to the full 
reverse voltage, since the hold-off diodes in series are of higher 
reverse resistance and receive a larger share of the reverse 
voltage. The reverse leakage current is defined by Dg and D,, 
which are small-area silicon junction diodes. Apart from the 
necessity for their breakdown voltages to exceed the maximum 
peak inverse voltage of the circuit, their specification is not 


rit 
bal 


stringent, since any reverse leakage current will not materially 
affect the forward current of the rectifier under test, into which 
it flows. | 

Switches S, and S, are provided for isolation of a given reverse 
voltage circuit, since, if both circuits are made, the resultant 
current is alternating and will not indicate on the reverse curren‘ 
meter, M3. Provision is made for an insensitive current range 
on this meter, since if the apparatus is used for life testing, a 
large alternating current could flow, and damage the coil, withou 
giving indication on the meter. | 

The second pole of the commutator is rotating on the same 
shaft,so that brush E is connected to brush Dwhen C is connectec 
to A on the first pole. Owing to the very low resistance betweer 
brushes D and E, the voltmeter M, gives a reasonably gooc 
indication of mean forward voltage drop across the rectifier, Da 
under test. Similarly, by connection of brushes D and F across 
rectifier Dg and reversal of connection to M>, the mean forwarc 
voltage drop across Dg will be indicated. | 

It is sometimes desirable to read the mean forward voltage 
drop with considerable accuracy; M, can then be replaced by ¢ 
potentiometer. This also has the advantage of completely 
eliminating contact-resistance errors. 

The measurement of peak inverse voltage is possible b: 
multiplication of the reading of M, by a suitable factor. It may 
be obtained more accurately by connecting a peak voltmete 
across rectifier D, via brushes D and F or across Dg via brushe 
D and E. 

In order to ensure that the commutator is in phase with thi 
applied voltage waveform, provision is made for selecting th 
a.c. supply to the transformers T, and T, between any phas 
and neutral of the incoming 3-phase supply for the motor. B 
this means, rough control of phasing is obtained in 60° step: 
Fine control of phase is provided by rotation of the motor fiel 
with respect to the brushes by rotating the stator, which is fixe 
in a cradle. The fine phasing mechanism is shown in Fig. 1¢ 
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4 
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é 
i 
L Thus the apparatus in its basic form permits measurement of 


rectified current, peak reverse voltage, mean reverse current and 
mean forward voltage drop on two diodes simultaneously. 


Fig. 10.—Commutator phasing mechanism. 


(4.2) Measurement of Junction Temperature 


For a number of semi-conductor rectifiers the reverse current 
is sufficiently large to be readily measurable. Since this para- 
meter varies exponentially with temperature, prior calibration 
of mean reverse current against temperature, at constant reverse 
voltage in an oven, allows determination of mean junction tem- 
perature in operation from observation of the mean reverse 
current. Typical variations of forward and reverse charac- 
teristics with temperature for a germanium junction rectifier are 
given in Fig. 11. 
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‘Fig. 11.—Typical forward and reverse characteristics and variation 
with temperature. 


However, in some rectifiers, notably the smaller silicon types, 
the reverse current is less than the leakage and capacitive currents 
of the apparatus and may only amount to several microamperes. 
In these cases it is preferable to rely on the variation of the forward 
characteristic with temperature. This is most simply accom- 
plished as shown in the inset circuit in Fig. 9; brushes D and F are 
connected in series with a low-current moving-coil meter, resistor 
R; and rectifier D, during the ‘off’ half-cycle. Since the forward 
characteristic varies with temperature, prior calibration of the 
reading of M, against the temperature of D, when it is heated 
in an oven will provide a method for measuring the junction 
temperature. 

In operation the rectified current of D, is adjusted by means 
of the variable auto-transformer feeding T,, and the reading of 
Ms is noted in order to determine the junction temperature from 
the oven calibration. In this test the reverse voltage circuit is 
opened via switches S; and S,. Measurement of the junction 
temperature of Dg follows similar lines, with appropriate brush 
connection. 

This is not strictly a full dynamic method, since reverse voltage 
is not applied to the rectifier under test. However, in view of 
the useful results which were obtained, it was not considered 
necessary to modify the circuit to permit the application of full 
dynamic conditions. 


(4.3) Rise of Junction Temperature with Time and Controlled 
Thermal Runaway 


As a consequence of the very small thermal capacity of semi- 
conductor devices, their rise in junction temperature with time is 
very rapid compared with other devices. In order to ensure that 
they will be protected against current overload, it is necessary 
to measure the rise of junction temperature with time and to 
compare the resulting curve with the graph of prospective current 
against breaking time for the protective element. Since appre- 
ciable cooling of the junction can occur in a small fraction of a 
second, dynamic methods are essential. 

By employing the standard cheater technique for measuring 
junction temperature, using the change in either reverse or for- 
ward current, junction-temperature rise with time can be plotted. 
For time intervals in excess of several seconds, a stop-watch can 
be used. In order to resolve shorter time intervals, a photo- 
graphic record of the oscillograph trace of the calibrating current 
can be taken. Time calibration is inherent, since the waveform 
has a fundamental frequency of 50c/s. 

Typical curves of junction-temperature rise against time for 
a given rectified current are shown in Fig. 12, and derived 
isothermals of rectified current against time for a given junction- 
temperature rise are given in Fig. 13. A similar curve for an 
h.b.c. protective fuse is superimposed. The intersection of the 
fuse characteristic and junction-temperature isothermal indicates 
the junction-temperature rise before the circuit is broken, the 
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Current values are for half-wave operation. 
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Fig. 13.—Variation of rectified current with time for a given junction- 
temperature rise, and comparison with curves of breaking time 
for protective devices. 


current flowing and the time for breaking. Although the 
isothermals given in Fig. 13 follow a straight-line law, this need 
not be the case. The curves may be adapted to show the 
excess junction-temperature rise over that produced by the 
maximum continuous rated rectifier current. In this way they 
can be used to indicate to the circuit designer whether a given 
current overload protection device is adequate to maintain the 
junction temperature within safe limits in the event of overload. 

Thermal runaway due to excessive reverse dissipation is a well- 
known phenomenon in semi-conductor devices, and limiting 
conditions are readily calculated. It may be further shown (see 
Section 6.1) that the conditions are less onerous if a limiting 
resistance is in series with the applied reverse voltage. Since 
forward and reverse half-cycles are isolated in the cheater, 
resistance is readily added, and runaway condition is displayed 
by a large increase in reverse current beyond a given reverse 
power dissipation. 


(4.4) Display of Rectifier Characteristics under Dynamic 
Conditions and Thermal Resistance Measurement 


One disadvantage of the typical oscillograph display of 
voltage/current characteristics for a semi-conductor rectifier is 
that the characteristics relate only to the rectifier at some given 
ambient temperature when it is passing only the small current 
necessary for the oscillograph display. It does not display 
characteristics when the device is working at full rating, or on 
overload, when the current density and peak junction temperature 
may be very high. 

The cheater circuit is simply adapted to this latter require- 
ment. Furthermore, by utilizing the second commutator, the 
trace can be expanded to display a forward characteristic in 
greater detail. This is of particular importance with rectifiers of 
high peak reverse voltage rating, when the ratio between peak 
inverse voltage and forward voltage drop is several hundred to 
one, and the forward characteristic is of necessity cramped. 

Fig. 14 shows the circuit for the display of rectifier for- 
ward and reverse characteristics, which is adapted for display 
on a standard oscillograph with built-in X- and Y-deflection 
amplifiers. Much of the circuit is common to the previous 
tests. It is not possible to give component values, since these 
are dependent on the type of rectifier under test, and also the 
available gain of the amplifiers. 

The operation is as follows: Forward current passes when 
brushes A and C are connected. The forward voltage across 
the rectifier under test, D,, will appear at the input to the 
X-amplifier via brushes D and E of the second commutator, 


RECTIFIER 
UNDER TEST 


Fig. 14.—Circuit for the display of rectifier characteristics under 
dynamic conditions with forward voltage expansion. 


and will produce an X-deflection corresponding to the amplifier 
gain setting. The flow of forward current produces a p.d! 
across Ry and the voltage will be amplified by the Y-amplifien 
via R, and will produce a Y-deflection on the tube face. Hence 
the forward rectifier characteristic will be drawn on the face of 
the tube to a scale dependent on the amplifier gain settings. In 
the other half-cycle, reverse voltage is applied to the rectifier 
from T, via Rg and brushes A and B while brushes D and F 
areconnected. Thus reverse voltage across the rectifier is applied 
to the attenuator before passing through the X-amplifier and is 
reduced in amplitude. The reverse current develops a p. d! 
across Rg and Rg which is applied to the Y-amplifier via Re. 
Thus the reverse characteristic is drawn. 

It will be seen that the first commutator fulfils the function }! 
separating forward and reverse half-cycles, while the second 
commutator acts as a synchronous short-circuit across the 
attenuator. By this means the forward and reverse current and 
voltage may be independently adjusted by the four controls 
provided by X-gain, Y-gain, attenuator setting and Rg setting. | 

The attenuator should present a high impedance, since it 
shunts the rectifier under test when it is biased in the reverse 
direction. R,and Rg are to prevent mutual interaction between 
forward and reverse current deflections at the input to the 
Y-amplifier. It is important that the commutator should con+ 
duct for 180° in order to display the full characteristic. The 
X- and Y-amplifiers should preferably be d.c.-coupled. 

Although the measurement of thermal resistance more properly 
belongs to Section 4.2, it is included here since a knowledge of 
the forward characteristic of the rectifier is also required; its 
measurement is described in Section 4.4. The thermal resistance 
is defined as the rise in junction temperature per watt of powet 
dissipated in the junction. It is an important parameter for 
rectifier rating and may be evaluated from measurements taker 
on the apparatus. 

The junction-temperature rise is determined by one of the 
methods quoted. Power dissipation is calculated from a know: 
ledge of the rectified current, mean forward voltage drop and th 
shape of the forward characteristic, all of which parameters an 
available from measurements using the cheater. The calculatior 
is shown in Section 6.2. | 


(4.5) The Life-Testing of Semi-Conductor Rectifiers Uses | 
the Cheater Circuit 


The cheater circuit offers considerable advantages in life 
testing large numbers of high-power rectifiers, since the savin; 
in power becomes attractive. Fig. 15 shows the modificatior 
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_ Fig. 15.—Circuit for the quantity life-testing of semi-conductor 
rectifiers. 


to the circuit which permits the monitoring of rectified current, 
reverse current and forward voltage drop for each individual 
rectifier. The diodes are run in two banks corresponding to 
brushes A and B, and utilize every forward half-cycle in the 
same way as the single rectifiers in the test described in Section 4.1. 
In a given bank the diodes are effectively in parallel, although 
each is provided with its own load to ensure that forward-current 
sharing issecured. By use of the second pole of the commutator, 
independent measuring facilities are available. — 

The circuit in Fig. 15 shows the switching arrangements for 
two rectifiers of bank A. All circuits are identical for a given 
bank, and the complete parallel combination corresponds to 
rectifiers D, or Dg in Fig. 9. Since the circuits are identical 
in bank B, apart from slight phasing modifications, they are not 
shown. Common busbar connections are lettered XX, YY, etc. 
The common circuit is as given in Fig. 9, with the modification 
that the current-limiting lamp of the reverse-voltage circuit is 
short-circuited, and the common reverse-current meter is switched 
fo an insensitive range. 

In order to explain the action of the circuit, consider measure- 
ments on rectifier D,, (Fig. 15). When S; closes to the contacts 
marked (1) and S, connects Da, across busbars XX, meter Mg 
will read the mean forward voltage across D4, via brushes D and 
B. If S3 is then closed to the contacts marked (2) and Sg is 
yperated to YY, the forward current for Da» will pass through D 
ind E. In the reverse direction they will be open-circuited by the 
-ommutator rotation, and the mean reverse current through Da2 
vill be indicated by Mz. The possibility of a reverse deflection 
m M, arising from the small potential difference across D and 
3 due to the flow of forward current is obviated by Ds. 

Mean-forward-current indication is provided by operation of 
3g, Which connects Mg in the circuit of Daz. This measurement 
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can be made simultaneously with that of mean forward voltage 
drop or mean reverse current. Switches S7-So, etc., are biased 
to the non-operative condition shown, in order that only one 
diode is measured at a time. The meters, M,, M7 and Mg are 
all of the moving-coil d.c. type. 

The total number of rectifiers which may be tested per com- 
mutator by this method is obviously dependent on both com- 
mutator size and rectifier rating. However, it has been found 
that this method will operate satisfactorily in testing medium- 
power rectifiers at full rating, with only 10°% of the power which 
would be required in testing under conventional circuit 
conditions. 

The circuit which has been described is one of several com- 
mutator methods which are suitable for life-testing large numbers 
of rectifiers. For example, one commutator may be used for 
applying a cheater technique solely to a large number of rectifiers 
in parallel. Measurement facilities are then provided by switch- 
ing the rectifier to be tested to a single circuit similar to that 
described in Section 4.1, and with comparable operating condi- 
tions to those provided by the main commutator circuits. 
Alternatively, multiple-segment commutators with a separate 
brush for each rectifier under test will also provide independent 
measuring facilities. 


(5) CONCLUSIONS 


Although specific reference has not been made to the fact, the 
apparatus is readily adaptable to temperature measurements of 
both emitter and collector junctions of transistors. It is probable 
that dynamic methods of junction-temperature measurement are 
even more important for a transistor than for a rectifier, owing 
to the relatively lower thermal capacity as a result of the extremely 
small spacing between collector and emitter. 

Although the apparatus described has produced results which 
provide a far more realistic picture of the thermal and electrical 
parameters of a semi-conductor rectifier, it is probably the fore- 
runner of even more versatile measurement circuits. 

As will be seen from Fig. 1, even measurements at 50c/s do 
not provide a complete indication of the peak junction tempera- 
ture, although this can be estimated with reasonable accuracy. 
It is likely that measurements may in future be made at fre- 
quencies of up to 10kc/s. This will necessitate the use of 
ignitron methods for high-current switching and thermionic- 
valve techniques similar to those described by Walker and 
Martin* for measurements of forward and reverse electrical 
parameters. Another possibility lies in the use of pulses of 
microseconds duration for strobing the characteristics of the 
device while it is actually conducting. 

However, the satisfactory design of apparatus using higher- 
frequency measuring techniques is fraught with considerable diffi- 
culties, not the least of which being the mutual incompatibility 
of high (reverse)-resistance measurement and the use of pulses 
with short rise times and durations, which are readily by-passed 
by stray capacitance. 

The present circuit can be expected to find considerable use in 
production testing, where the simultaneous indication of forward 
and reverse test points at maximum rating is of considerable 
advantage. Its use in the life-testing of large devices can also 
offer considerable power economies. 


(6) APPENDICES 
(6.1) Thermal Runaway 
It is a well-known fact that the reverse current of a semi- 
conductor device at constant reverse voltage varies approximately 
exponentially with junction-temperature rise above ambient. If 
an excessive reverse power dissipation is applied, the junction 


* Op. cit. 
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temperature will rise, causing a further increase in reverse current 
and. hence power dissipation. If the reverse power dissipation 
is sufficient to cause a certain increase in junction temperature, 
the temperature will rise extremely rapidly in a condition known 
as thermal runaway. This can result in device failure. — Con- 
ditions for thermal runaway are derived below. The application 
of reverse voltage, V, to a diode of characteristic AB via resistance 
R, is represented graphically by Fig. 16. 


REVERSE” VOLTAGE 


REVERSE CURRENT 


Fig. 16.—The application of reverse voltage via resistor R. 


The power dissipation in the rectifier is 
Pr=(V — IRR) (1) 


The power dissipated by its cooling system is Py = AT/@ 
where AT is the temperature rise and 6 is the thermal resistance; 
this is merely a restatement of Newton’s law of cooling. 

Under conditions of thermal equilibrium, i.e. when the rectifier 
is on the point of runaway, 


Pr = Po 
; dPp _ dPo os 
= are Or 
Furthermore, Ip = ie?” (a is a constant) 
A 
Hence = = (V — IgR)Ip 
1 
and 6 == al y(V = 2IpR) 
V — IpR 
Th (NF ERE 
Re a(V — 2I,R) (3) 


R= 0; AT — Ifa 10° —142.C 


Thus, if a reverse voltage is applied via zero resistance to the 
rectifier in the reverse direction, thermal runaway will occur if 
the junction-temperature rise due to reverse power dissipation 
exceeds approximately 10°C. 

It may readily be shown from eqn. (3) that the maximum 
stable value of AT increases with R for constant V and J. For 
example, if V = 27pR, AT = © and runaway cannot occur. 
The calculation is given for d.c. conditions for simplicity. The 
values for V and Jp are modified under a.c. conditions, since 
reverse power dissipation is applied for a portion of the a.c. 
cycle only. 

In the cheater circuit, ‘controlled’ thermal runaway is possible 
by adjustment of the limiting resistance R, independently of the 
forward current circuit. 


(6.2) Calculation of Thermal Resistance from Measurements of 
Junction Temperature, Rectified Current, Mean Forward 
Voltage Drop and Forward Characteristic 


In order to simplify the calculation, the following assumptions 
will be made: 
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(a) The forward characteristic is assumed to be of the forn 
V = Vo + 1R;, where R; is the forward slope resistance of the 
characteristic over the linear region and Vo is the value of th 
intersection on the voltage axis by extrapolation backward 
from the linear region. The error involved in taking this 
characteristic rather than the exponential form is very small. : 

(b) The current waveform is partly sinusoidal, as shown 


Fig. 17. This is true so long as the load resistance, R;, ig 
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Fig. 17.—Forward current waveform through the rectifier under test 


sufficiently high to swamp the non-linearity of the forwar 


characteristic. 
The mean power dissipation, Pp, due to a peak forwara 


current Jp and conduction angle ¢ is 
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If moving-coil d.c. meters measure the mean rectified currem 
and mean forward voltage, they will measure I,, and Vj,, wher 


ig tl de singe ean ae (3) 
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1 1/3 _ 
V; = — V, = — — — 
Me ge | Cos RyI, sin 6d@) = (% 5 + Rl, sin CY (4! 
On substitution from eqns. (3) and (4) for J, and Ryin eqn. (2), 
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The thermal resistance, 0, is then (J; — T4)/Pp, where T; i 


. . . J 
the junction temperature, as measured with the apparatus fron 


forward or reverse characteristic change, at a power dissipatio: 
Pp in the device, and T, is the ambient temperature. 


SUMMARY 


When a waveguide supporting a given mode is bent at some point 
along its length, there is generally a problem in providing for the 
continuity of the same undisturbed field pattern throughout. The 
hollow metal rectangular waveguide transmitting the dominant Ho; 
‘Mode and bent in the E-plane is an exception to this, but for the 
‘most part mode conversion occurs at the bend, which can have serious 
“consequences in multi-mode tubular waveguides or in surface wave- 
ides. To minimize this difficulty in the circular Ho, waveguide, a 
‘proposal was made previously to use an inhomogeneous dielectric in 
association with the waveguide as a means of accelerating the wave 
pattern on the outside of the bend and retarding it on the inside, 
'so as to approach much more closely the ideal conditions. In the 
‘present paper this idea has been extended to other forms of waveguide, 
and dielectrics which might find application in this way are briefly 
- discussed. 


(1) INTRODUCTION 


_ There are many applications of waveguides in which bends 
are unavoidable. In some of these the waveguide can be pre- 
formed to meet the particular requirements on site, but in others 
‘it is essential to be able to adjust the curvature according to the 
“needs as they arise. In a recent paper the author showed! that, 
for the Hp; wave mode in a metal tube of circular cross-section, a 
good approximation to undisturbed propagation around a bend 
‘in the tube was obtained by suitable variation, with regard to the 
centre of curvature, of the permittivity and/or the permeability 
Bot the medium within the tube. Thus at any radius of curvature, 
_R, the propagation coefficient, y, should be such that yR is a 
constant. When the losses are relatively negligible, this require- 
“ment resolves itself into providing arrangements for keeping the 
wavefront, represented by an equiphase plane, radial with 
‘respect to the centre of curvature. 4 
In the present paper it is proposed to extend this idea to other 
forms of waveguide and to show that the proposition is of wide 
Bi pplication. The rectangular Hj, waveguide bent in either the 
_H- or the E-plane will be discussed first on this basis, having in 
“mind an inhomogeneous dielectric filling the guide, and it will 
be shown that a perfect solution for the bend can be obtained 
‘inthis way. The fact that rectangular guides bent in the E-plane 
and filled with air or a homogeneous dielectric will also satisfy 
the requirements of undisturbed propagation makes the applica- 
‘tion of the more complicated solution unnecessary in that 
particular case. There is also the problem of the discontinuity 
at the transition from a straight to a curved length of waveguide? 
‘and this may be aggravated when accompanied by a change 
from air- to solid-dielectric filling. 

An example of perhaps greater significance is the single-wire 
‘transmission line coated with dielectric, and in considering this 
from the aspect of maintaining yR constant at a bend, it will 
‘be shown that a good approximation to the requirements of 


undisturbed propagation can thus be achieved. Although the — 


‘dielectric-coated single-wire waveguide as a flexible link has 
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found a number of applications, comparatively little information 
seems to be available about the radiation which occurs at bends. 
Scott? has made some theoretical computations based on a 
homogeneous dielectric surrounding the conductor, and Halford* 
has carried out a few measurements on enamelled copper wires 
bent into an arc of a circle of 2-3m radius. The results seem 
to indicate, in some instances, that the radiation is less than 
would be expected, and the explanation may lie in the decreasing 
permittivity with density of the dielectric coating between the 
inside and the outside of the bend accelerating the wavefront as 
the radius of curvature increases. With satisfactory arrange- 
ments for flexing a surface waveguide of this kind, such as by 
the use of polythene-coated beryllium-copper wire, there seems 
to be a good case for its application as the feed to an aerial 
scanner using the end of the waveguide, suitably modified by 
introducing discontinuities along its length to act as an end-fire 
radiator. Such a feed to a parabolic mirror would have the 
advantage of offering little obstruction to the radiation. 

For hollow metal tubes whose cross-sectional dimensions are 
such that they are restricted to the support of a single wave 
mode, any discontinuities along the length, including bends, can 
produce only evanescent field disturbances, which quickly die 
out. In multi-mode waveguides, however, it is important to 
provide for a smooth transition from one condition to another, 
and the bending of such guides is no exception. 


(2) HOLLOW METAL WAVEGUIDE OF RECTANGULAR 
CROSS-SECTION SUPPORTING THE Hop; MODE 
To examine the field distribution at bends we require Max- 
well’s equations in cylindrical co-ordinates. Thus, referring to 
Fig. 1(a@) we have 


5(% + te “ ae ee (1) 

LL Ray a ie 

+ (a a Ree = a = oF, + ce (4) 

a“ a = oF, + on 1s igs ne) 

and ee = Re) = GER + oe Ae ee) 


(2.1) Waveguide Bent in the H-Plane 


In order to provide for undisturbed propagation at the bend, 
the only field components present should be E,, Hg and Hp 
[see Fig. 1(5)]. 

If we assume that we can satisfy Maxwell’s equations in terms 


[11] 
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Fig. 1.—Bends in rectangular Ho1 waveguide. 


(a) Cylindrical co-ordinate system. 
(6) Bend in H-plane (field components). 
(c) Bend in E-plane (field components). 


of these three components (so that Ey = 0, Eg = 0 and H, = 0) 
and that the fields vary sinusoidally in time, we find 

[ey ie Re Er ae 

RRO: SRM OR set) sik aI OR MGte AG) 


together with .#/dy = 0 and 1%/dy =0 where script letters 
are used to represent the field components in space co-ordinates 
only. 

Assuming the usual form of axial distribution of field for a 
pure travelling wave, we can write 


&, = AG ype RO i (8) 
& pr being that part of &, dependent upon R with y=a-+jp 
as the propagation coefficient. When yR = constant, which 


provides for the maintenance of a radial wavefront, we get 
from eqn. (7) the wave equation 


R 


Se aay os 

yor Sitae aeaee 0) 
where* y—er=— 1, (10) 
and K? = jwp(o + jwe) (11) 


* In Reference 1, P was used instead of x; the notation has been changed here to 
conform with accepted practice. 


It will be observed that the usual condition y = constant leads§ 

to a much more complicated wave equation which can be reducedi 

to eqn. (9) only when 
|yRO| <1 


Now for constant values of u the solution to eqn. (9) is 
Gyr = AyJo(juR) te A3Yo(juR) (12)) 
and for a perfect conductor forming the wall of the waveguides 


&yx =0 both when R = Ry = (R, + b/2) and when R = Ry 


= (R, — b]2), so that 


JoGuR) 


Eqns. (12) and (13) can be satisfied exactly, and we therefo re 
conclude that the conditions postulated can, in fact, be met. 
The essential requirements are yR = constant with u* = x? — 
= constant, and we shall see later what this implies. 

It is perhaps of interest to observe that when | juR| > 1 we 
can rewrite eqn. (13) as 


_ Ag sin (juR, — 7/4) am: sin (juRy — 7/4) 
A;  cos(juR; — 7/4) cos (juRy — a/4) 
, a 
from which ju= ieee = =) 


where n is an integer. 
Thus, neglecting losses, y = j8 and x? = — w*ye so that 


e HN 2 nt i al 
: || ore (RR, il 
and the cut-off wavelength A, = 2(Ro — R,)/n where n = 1 for 
the Ho; mode as required. 


(2.2) Waveguide Bent in the E-Plane . 
In this case [see Fig. 1(c)] the only field components present: 
for undisturbed propagation should be Ep, Hg and H. y Againg 
using script letters to designate field components in terms of 
space co-ordinates and assuming the usual sinusoidal time 
variation, we get 

1 0778p ut YER 
R2 0G? oy? 

together with 0.%,/)R = 0 and 
1 


d#ePR = — -Ho 


= jwulo + jweé&p 


Now putting Ep = BE pye~*R0 (16 


where & x, is that part of &p which is dependent upon y, we find 
both for yR = constant and for y = constant 
YER, 

dy? 
u and « having the values given by eqns. (10) and (11) respec: 
tively. When u = constant the solution to eqn. (17) is 4 


Ery = By cos (juy) + B; sin (juy) ad 8} 


Inserting the boundary conditions & Ry = 9 when y = 0 and 
y = 5, so that B, = 0 and jub = nz, giving | 


= (k? — Won, = Wer, 9. . tie 


| 


rey 

b | 
with B = /[w?e — (nm/b)?] and A, = 2b as required for 
negligible losses and n = 1, 


ry = B3 sin 


_If the values of # at R = Ry and R = R, are respectively 
Ao and H4,, we also find, from eqn. (15), 


. Ho Ro 
Se Ee ere acy oe, a ce CLD 
. He R i) 


is interesting to notice that in this case both the conditions 
R = constant and y = constant, together with the general 
quirement uw = constant, yield an exact solution. There is 
herefore no point in using an inhomogeneous dielectric for the 
E-plane bend. 
__ For the condition yR = constant it will be observed that the 
distribution of the transverse components of the electric and 
magnetic fields over the cross-section of the rectangular wave- 
lide is exactly the same for straight and bent guides only when 
ending takes place in the E-plane, although the difference in 
he case of H-plane bends is normally quite small. Since the 
transition from straight to bent sections of waveguide is a gradual 
‘one and corresponds to a change from an infinite value of R to 
large finite value, it is reasonable to conclude that at the input 
ad output of the H-plane bend no serious discontinuity will in 
ny event arise, provided that the dielectric filling extends 
throughout the transition. 

The wave impedance wy/8 changes over the cross-section of 
: © waveguide in accordance with the change in P. 


: (3) DIELECTRIC-COATED SINGLE-WIRE WAVEGUIDE 
_ The application of Maxwell’s equations to this waveguide 


requires that they be expressed in toroidal co-ordinates. Thus, 
peferring to Fig. 2, we have 

(Bt Pag) eae + OD 

; = a *? — Ecos $) = — “is (21) 

~(He 2 ae = =e = OB 4 (23) 

& oer — RY — He cos ¢) = oy + OH (24) 

st Rae Rosng = OF, es (25) 

with R=R,+rcos¢ . (26) 


Now if we assume that we can satisfy these equations by 
sinusoidal variation in time and a suitable distribution in space 
of the three field components Hz, E, and E,, normally associated 
with the axial cylindrical surface wave supported by this form of 
waveguide, we find 


1°%H, YH, 1 cos ¢ Hs 
Re or? Gs R / or 
te cos @ 
a oa ae ae 
=(« ge Rr ) % 27) 


Inside the metal core of the guide, when r< s then o > we, 
and even if there is a slight change in o with curvature over the 
cross-section, this could not satisfy the condition yR = constant. 
Thus, within the metal we must accept y = constant, and doing 
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(e) 


Fig. 2.—Bend in axial cylindrical surface waveguide. 
Toroidal co-ordinate system and field components. 


so yields the following wave equation in terms of that part of 
the magnetic field #, which is dependent upon r: 


Yt, cos ¢ lx 
or? . oe co 2y0 cos ) or 


[pow Caton) Ga) 


(yO cos d) + (v6 cos | Ao, = 0 (28) 


+ (c+ 


For waveguides in which we are interested R > r, and within 
the metal |u| ~ |x| > |y|, so that for bends through angles @ 
even as much as 27 and values of cos¢< 1 we can rewrite 
eqn. (28) without serious error as 


Yt 1 il 
ore Pr Por 


yr Ho, 10 (29) 


to which we have the usual solution 
Hy, 7 CJ our ) 
with u =a + jb. 

It therefore follows that, so far as the metal core of the wave- 
guide is concerned, bending does not produce any serious depar- 
ture from the appropriate field distribution within it. 

Outside the conductor when r> ss, we will suppose, for 
simplicity, that when the waveguide is straight we have a homo- 
geneous dielectric medium surrounding it and extending to a 
radius sufficient to make the field at the outer surface negligible. 
This condition is not difficult to meet at microwave frequencies, 
because the decay of the field with increasing radius is very rapid. 

Using eqn. (27) we now put 


KH, => Cra OO 
and with yR = constant we get 


AY, 1 cos p 0H, 2 2 1 cos f H,.=0 
or? He R ) or + “ ane SS eee 


This is precisely the same equation, although in terns of a 
different field component, as was obtained previously for bends 


(30) 


14 


in the circular Hp; tubular metal waveguide, and we can apply 
the same arguments in making approximations. 
Thus with R > r eqn. (31) becomes very nearly 


Ee eee | ee 0 (32) 
wr OF -(u amet 
with u given as before by eqn. (10). ; 
When u = constant the general solution to eqn. (32) is 
Hs, = CA((jur) + CHP (jur) (33) 


To satisfy the surface wave requirements of an evanescent 
field structure over the wavefront with a small component of 
power directed towards the surface of the conductor to supply 
the losses in it, we have, with u = a — jb, to discard the second 
term in eqn. (33) giving 

Hy, = C3H{(jur) (34) 
Applying the large-argument approximations to the Hankel 
functions it becomes evident that the second kind of function is 
not an appropriate part of the solution in this case (when there 
is no significant reflection at the outer surface of the dielectric). 
We have therefore arrived at the usual form of expression for the 
magnetic-field component of the axial cylindrical surface wave. 


To do so has involved the two basic assumptions, namely, 


yR = constant and u? = x? — y* = constant, in the dielectric 
medium surrounding the conductor. These assumptions proved 
to be equally necessary to the solution of the corresponding 
problem in the case of the hollow tubular metal waveguides. 

The approximations required for the circular Ho; waveguide 
and the surface waveguide are identical, but there is a difference 
in the behaviour of these waveguides when subject to disturbances 
of the field pattern. The tubular waveguide is necessarily multi- 
mode, because the circular Hp, wave is not the dominant one 
and others of a propagating variety may be set up. In the 
surface waveguide the equivalent penalty of any discontinuities 
is radiation. 


(4) REQUIREMENTS TO BE MET IN PROVIDING FOR 
SMOOTH PROPAGATION AROUND BENDS 

As already shown in a previous paper! dealing specifically 
with the circular Hg, waveguide-bend problem, the essential 
conditions x? — y? = constant and yR = constant can best be 
established by an appropriate variation of the permittivity and/or 
the permeability over the cross-section of the dielectric medium 
through which the wave is propagated. By this means the whole 
of the wavefront can be kept radial with respect to the centre of 
curvature of the bend, and the proposition is a perfectly general 
one, applicable to all waveguides supporting characteristic 
wave modes. 

Thus if y = y, andxk =x, at R = R, (and additionally in the 
case of the surface waveguide r = s) then 


2 


e-~=ag—x (35) 

and yR= y,R, (36) 
yee ae 

or = 12 4% 7p ) (37) 

If the losses in the dielectric medium are comparatively small, 

kK? = — w*pe and k2 = — wn, €, 

2(R2 — R2 

so that PE = [akg — YalRa — R*) (38) 


w2 R2 2 ° 
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or with 2 = Ha = Por Ya = JBq and R > (R — R,) 


<p PBB _, Bross gg 
is mer: “wo poRa | 


In a recent paper Morgan® gives what he calls the opti 
solution to the problem of bends in circular Ho, waveguide 
His result | 


cx e,(1 tees 5 ar 
a 


is equivalent to putting u = 0 in eqn. (10), and therefore repr 
sents the requirements for a plane wave. Calculations based op 
Morgan’s expression would thus appear to lead to considerabl 
errors in some cases. 

From egn. (39) it is easy to show that a very small change 
permittivity and/or permeability of the dielectric over the cros 
section of the waveguide suffices to provide the condition’ 
required. The mechanical compression which occurs naturally 
on the inside of the bend and the corresponding expansion oO» 
the outside can in principle be conveniently applied to thi 


purpose. Thus from eqn. (39) we can write 
2B2R2 (41 
dR an wo R : 


and the longitudinal strain of the dielectric arising from th 
bending is g = (R, — R)/R, 


dq 1 


aR: i apt 


a 


so that 


From egns. (41) and (42) it appears that we require a fractio 
change in the permittivity of the medium of nearly double the 
corresponding change in the strain. 

We can estimate the change of permittivity of a dielectrid 
with density by applying the Clausius—Mossotti relation, namely 


<¢— F  Np* Nese 
€,+2 3€  3€9M 


where p = Molecular polarizability. 
N = Number of molecules per unit volume. 
€, and €9 are the relative and free-space permittivities. 
No = Avogadro’s number = 6-02 x 10”. 
g = Density, kg/m3. 
and M = Molecular weight, kg. 


Thus de, = 9eg9M Nop oy (€, == 2) (€, > 1) 


dg  (3€9M — Nogp)> — 3g 


Applying eqn. (44) to solid polythene, for which «, = 2-5 anc 
g = 1000kg/m?, we find that for a 1% change in density the 
permittivity might be expected to change by 0:9%. A similan 
calculation for cellular polystyrene having «,=1-05 an 
& = 30kg/m? gives only 0:05% change in permittivity for a 1y% 
change in density. 

Alternatively, for a tubular metal waveguide transmitting 
H-mode it might be possible to use an artificial dielectric® con 


(43) 


(44} 


sisting of an array of small metal discs supported in the plane 


of the electric field by a transparent cellular material as shows 


in Fig. 3. In this case bending will produce a change in the 

dimension a, and since | 

1+ 2m)3 | 

ae 

where m = 16p?/ab? | 

we find age ( ea i (46 
da 9 + 3m — 2m?/a 
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Fig. 3.—Metal-disc type of artificial dielectric. 


a Electric field can be in any direction in the yz-plane with wave propagation in the 
x-direction. 


Thus for an array of discs having b = 0:25cm, a = 0:1cm and 
=-0-085cm, «, = 4-2 and a 1% change in a gives 1:6% 
‘change in €,. 


(5) CONCLUSIONS 


_ There can be no doubt about the value of the principle 
embodied in the thesis that the wavefront should be kept radial 
fith respect to the centre of curvature of the bend, and that this 
rinciple has wide application. Dielectric-coated wires acting as 
face waveguides should automatically embody this principle 
to some extent and consequently might be expected to show 
‘some reduction of the radiation at bends. With a dielectric 
c ating which becomes suitably inhomogeneous when the wire is 
bent it should be possible to banish the radiation almost com- 
aay. Similar behaviour of dielectric filling in a Ho, tubular 
“waveguide would also go a long way towards solving the problem 
ty 
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of bends in this case. There is therefore an urgent need to 
develop dielectric materials for these applications. A degree of 
flexibility is necessary, in addition to change of € and/or with 
density. For some purposes, e.g. surface waveguides, solid 
materials are suitable; for others, e.g. the hollow tubular metal 
waveguides, cellular structures may be more appropriate; but it 
seems likely that the change of permittivity with density will be 
roughly proportional to the original permittivity of the material, 
and consequently a loading material such as barium titanate, or 
even an artificial dielectric embodying small metal discs, may be 
helpful. 
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SUMMARY 


Polynomials associated with network functions are investigated by 
simple topological methods. 

The main result is contained in Theorem 1, which states that the 
determinant of the nodal admittance matrix P of a connected RLC 
network without transformers is of the form: 


Polynomial in A containing a constant term eo 
of degree (2N + 2 —Sc— Scr — St — Sir) 
AN + 1—Sr— Siz 


ee 


Here, A is the complex frequency variable, N is the number of nodes 
in the network and Sc, Scr, Sz and SzpR are the connectivities of those 
sub-networks of the given network formed, respectively, of the capaci- 
tors only, the capacitors and resistors only, the inductors only and the 
inductors and resistors only. 

This result is based upon an expression for det P as the sum of tree- 
products, which are defined. 

A dual result is obtained for the determinant of the loop-impedance 
matrix, and the extension to other network functions is indicated, the 
driving-point admittance function being taken as an example. 


LIST OF SYMBOLS 


B = Number of branches of a network. 
Br = Number of branches of a tree. 
c = Number of capacitors in a network. 
d, = Number of capacitors in a tree. 
d, = Number of inductors in a tree. 
d3; = Number of resistors in a tree. 
1 = Number of inductors in a network. 
M = Number of independent loops in a network. 
MN = Typical RLC network without mutual inductance 
or ideal transformers. 
ANV(C),etc. = Networks formed from VW by open-circuiting those 
elements not denoted in the brackets. 
AN* (C),etc.= Networks formed from VW by short-circuiting those 
elements not denoted in the brackets. 
N” = Network formed from W by short-circuiting 
together nodes 0 and 1. 
N = Number of nodes of a network. 
P = Nodal admittance matrix of with respect to 
node 0. 
det P = The determinant of P. 
P’ = Nodal admittance matrix of W”’. 
Q = Loop impedance matrix of 
r = Number of resistors in a network. 
SS = Connectivity of a network. 
t = Typical tree product. 
A = Complex frequency variable. 


Correspondence on Monographs is invited for consideration with a view to 
publication. ° 
Mr. Bryant is at the Engineering Laboratory, University of Cambridge. 


(1) INTRODUCTION 


The form taken by the determinant of an electrical networ} 
matrix is well known to be a polynomial in the complex frequency 
variable A, divided by some power of A (see, for example 
Section 2.5 of Reference 1). 

In 1955, Reza? suggested an expression for what he callej 
‘the order of complexity’ of a network composed of resistors 
inductors, capacitors and ideal transformers. More recentl. 
Otterman’ gives the results of an investigation which enabl 
one to find the order of the differential equation describing suc: 
networks. Both these numbers, i.e. the order of complexity} an 
the order of the differential equation, are equal to the degree qj 
the numerator polynomial of the determinant of the networ: 
matrix. 

We study here networks which consist solely of resisto 
inductors and capacitors, and which do not contain any mutuaj 
inductance or ideal transformers. For such networks, which a 
called RLC networks, we obtain expressions for the degree o} 
the numerator polynomial and for the power of A in the denomia 
nator, for both the nodal-admittance matrix and the loop 
impedance matrix. We also indicate the extension of thess 
results to other network functions, taking as an example thi 
driving-point admittance function. 

The methods of proof used are based upon simple topologicag 
arguments. It is felt that these methods may be of as muck 
interest as the actual results obtained. 

Several topological terms are used and are duly defined. Fo 
a more general list of topological terms used in electrical network 
theory the reader is referred to Reference 5. 

We require several lemmas which are proved elsewhere. The 
are included for completeness, giving references to where proof: 
may be found. Examples are given in the Appendix. 


(2) THE NODAL ADMITTANCE MATRIX 


Definition 1.—We denote a typical RLC network by W, anc 
assume that it contains N nodes [numbered 0 to (N — 1)] 
B branches (i.e. / inductors, c capacitors and r resistors, where 
1-+c-+r=B) and M independent loops or circuits. [See 
Figs. 1 and 2.] 

Definition 2.—We will denote by S the connectivity or number 
of separate parts of W. If S = 1, we say that W is connected! 

It is obvious that for any WY, § > 1. 


Lemma 1.!3—For any Wwe have the relation 


M=B-—-N+S 


(1) 

From any given RLC network Wwe shall form other networks 
in certain specified ways. Thus, for example, we may assumé 
that all of the inductors and resistors of W are open ie ae 
leaving a capacitor-only network. Alternatively we may short: 
circuit all the inductors and resistors of W , leaving another 


t In his introduction Reza defines the order of complexity as the number of finits 
natural frequencies, but in his discussion he restricts his considerations to the numbet 
of finite non-zero natural frequencies. It is this latter number which will be the s 
as the degree of the numerator polynomial of the network determinant. | 
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Fig. 1.—A typical connected RLC network, 7 
2 2 2 
C “al Cy 
Cp c Cc 
3 5 3 3 
Fig. 2.—A set of three independent loops of 
2 2 ‘ 
Cc, | C, =a 
1 <a &; ee os R, 
3 a ES 
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Fig. 3.—The networks ./(C) and .(CR) formed from 7 
@NO. 
() W (CR). 
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apacitor-only network. For these various networks we use the 
following notations: 
_ Definition 3.—N(C), V(L), V(R), V(CR), . . . etc., denote 
hose networks obtained from .V by substituting open-circuits 
r those elements not denoted in the brackets (see Fig. 3). 
Definition 4.—A*(C), V *(L), VW *(R), V*(CR), . . . etc, 
jJenote those networks obtained from W by substituting short- 
ircuits for those elements not denoted in the brackets (see 
Hig. 4). 
Lemma 2.—The number of nodes in each of the unstarred 
networks defined in Definition 3, is N, the number of nodes in Y. 
The proof of this is really a matter of definition, for although 
pen-circuiting sets of elements may leave certain nodes isolated, 
We still regard these nodes as being part of the resultant network. 
_ As a matter of definition, in the formation of the starred net- 
works of Definition 4, two nodes joined together by a short- 
circuit are considered as identified. Hence Lemma 2 is not 
true in general for these starred networks. 
~ Lemma 3.—The connectivity of each of the starred networks 
of Definition 4 is S, the connectivity of /. 
_ The truth of this lemma is self-evident. 


: 
: 
: 
P 


BRYANT: A TOPOLOGICAL INVESTIGATION OF NETWORK DETERMINANTS 17 


Lo 


3 


Ly 


fe) 


Fig. 4.—The network .*(L) formed from #- 
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Fig. 5.—The seven trees of W 


Lemma 3 is vot true in general for the unstarred networks of 
Definition 3. 

As we shall wish to refer to properties of these various starred 
and unstarred networks, we need a notation for the numbers of 
nodes and branches, etc. We use the obvious notation of 
Definition 5: 

Definition 5—Nc, Bc, Mc, Sc, Nf, BF, etc., denote the number 
of nodes, branches, loops and separate parts of V(C),WV *(L), etc. 

We now introduce a concept which is of great use in the 
topological theory of networks. 

Definition 6.—A tree of a network.V is any connected sub- 
network of VY containing all the nodes, but containing no loops 
(see Fig. 5). 

It should perhaps be made clear that a tree of a network VY 
only differs from by at most the substitution of open-circuits 
for some of its branches; the definition does not permit the 
creation of new nodes by the separation of branches at a 
common node. 


18 BRYANT: A TOPOLOGICAL INVESTIGATION OF NETWORK DETERMINANTS / 


Notes: (a) From this definition it is obvious that MN itself must 
be connected before it can contain a tree. at ae : 

(6) Since the tree contains no loops, and since it also contains 
N nodes and is connected, it follows from Lemma 1 that any tree 
of WV must contain By branches, where a 


Bye Nb 1D nc ee os 

Lemma 4.4—Any connected network contains at least one 
tree. 

We find that the limitation of connectivity to the term tree is 
too severe for our needs. However, rather than widen the scope 
of the term itself, contrary to general usage—at least in the 
electrical network field—we introduce the following terms for 
our Own use: 

Definition 7.—A wood of any network Y, not necessarily 
connected, is a sub-network, not necessarily connected, which 
contains no loops (see Figs. 6 and 7). 


fe} 


Fig. 6.—A wood of of order 2. 
2 
1 c, 


(b) 


Fig. 7.—Two woods of (C). 


Definition 8.—The order of a wood is the number of branches 
it contains. 

Lemma 5.'°—Given any wood of a connected network , 
there exists at least one tree of WY containing it. 

Lemma 6.—The order of any wood of VW is not greater than 
N-—S. 

Proof.—Consider the sub-network of VW formed by adding to the 
wood all the nodes of f not already contained in it but adding no 
more branches. This sub-network of .V contains N nodes and 
cannot have a connectivity of less than S. Hence, since it contains 
no loops, Lemma 1 shows that it can contain no more than N — S$ 
branches, and so the order of the wood is not greater than N — S. 
In view of Lemma 6, for any network .W there is an upper 

limit (V — S) on the order of its woods. Thus we may frame 
the following definition: 
Definition 9.—A forest of a network W, not necessarily con- 
nected, is a wood of of the highest possible order (see Fig. 8). 
Lemma 7.—Any network \ whether connected or not, con- 
tains at least one forest of order (NV — S). 


2 2 | 2 | 


(¢c) 


Fig. 8.—The three forests of W(C). 


Proof—If .V is connected, then since S = 1 and Br=N — a 
any tree of VW is a forest and so the Lemma is true in this case 

If VW is not connected, we consider each connected separate par 
of W, say Vi, N2,... Ws. Since each .fj is connected, ther 
by Lemma 4 .#j contains a tree having (Nj — 1) branches, where 
N; is the number of nodes in .fj. Consider the sub-network of 
formed by the logical addition of each of the S trees. This sub: 
network certainly contains no loops. Further it contains |! 


: , 8 
» (Nj — 1) branches. Now & Nj = N 
j=1 ot 


Hence this sub-network contains N—S branches, and so by 
Lemma 6 and Definition 9 it must be a forest. 


Lemma 8.—All forests of a network WY contain (N — 
branches. . 


Proof—From Definition 9, all forests of .” must contain tha 
same number of branches. By Lemma 7 this number is N — S. 


As an obvious extension to Lemma 5 we have Lemma 9: 
Lemma 9.—Given any wood of any network V (not neces: 
sarily connected), there exists at least one forest of WY contain: 
ing it. 
So far, we have been purely topological in our definitions anc 
lemmas. We now begin to pay more attention to the electrica: 
character of our network. The essential link between the two is 
contained in the following two definitions and Lemma 10: | 
Definition 10.—A tree-product of a connected network WV is 
the product of the branch admittances forming any tree of W 
We denote a typical tree product of VW by tf. S| 
If we assume that ¢ contains d,; capacitors, d, inductors anc 
d, resistors then Note (6) to Definition 6 tells us thai 
dij +a, +d;=N-—1. | 
Definition 11.—We denote by P the nodal admittance matrix 
of a connected network WY containing N nodes numbered from 
0 to N — 1, node 0 being taken as the reference-node, or earth: 
P is of order (N — 1). 
Lemma 10.”>*»!°_For a connected network containing nc 
mutual inductance and no ideal transformers, 


det Pat Sia GB 


(all trees) 


Before coming to the main theorem concerning the form oO 
det P we need three more lemmas. 


Lemma 11.—If d,, d, and d; are defined as in Definition 10 ther 
(a) we d, = N — Sc (and similarly for dy, etc.). : 
(all trees) 
(6) Minimum d, = Scr — 1 (and similarly for d,, etc.). 
(all trees) 


Proof.—{a) d is a maximum for those trees of ,” which precisel 
contain forests of ./(C) (possible by Lemma 5); for if any sub 
network of contains more capacitors than are contained in suc! 
forests of ,/(C) (i.e. more than N — Sc capacitors by Lemma 2 an 
Lemma 8) then by Lemma 1 applied to .(C) these capacitors mus 
contain a loop in .(C), and so also in. ff. Hence such a suk 
network cannot be part of a tree of .Y. Thus d; is a maximur 
for those trees of .” which contain N— Sc capacitors, and s: 
N — Sc must be this maximum value. 


= (b) dis a minimum for those trees which have (d; + d3) a 
maximum. Applying (a) above to (CR), this must be when 
di + d3=N— Scr. Hence 


Minimum dz = (N — 1) — (N — Ser) = (Scr — 1) 


work VW which has d; a maximum and d, a minimum at the 
same time. 


; Proof—From Lemma 11, d; is a maximum for trees precisely con- 
taining forests of (C), and d2 is a minimum for trees precisely 
_ containing forests of {“(CR). Now any forest of .4”(C) is part of 
= at least one forest of (CR) by Lemma 9, and this forest of 4” (CR) 
_ is part of at least one tree of .V (by Lemma 5). Hence this tree of 
SN, containing forests of .(C) and of (CR), must have both d; 
~ amaximum and d> a minimum. ; 


_ Lemma 13.— 4 
(a) sare penn (dq, — d,) = (N — Sc — Scr + 1) (4) 
all trees 
(6) Minimum (d, — d,) = (S; + Srr — N — 1) (5) 


(all trees) 


_ The proof follows directly from Lemma 11 and Lemma 12. 
_ We may now give our main theorem. 
Theorem 1.—For a connected RLC network, det P is of the 
form 
Polynomial in A containing a constant term and 
of degree (2N +2 — Sc ae Scr a Sr aad SiR) 
AN de Se S77 6) 


E- | 


where A is the complex frequency variable. 


Proof—From Lemma 10, det P = & t, and from Definition 10, any 
_ tree product ¢ is of the form (all trees) 

; t = kAd-a 

_ where k is some positive constant independent of A. 

__ Now by Lemma 13, the highest powered tree-product is of the 
- form 

- kAN+1—So—Sor 

and the lowest powered tree-product is of the form 

a kASt+Str—-N-1 

_ Hencewemay take out a factor of ASz+Szr—N—1,or1/AN+1—Szi—Sir 
"as given in the theorem, which will leave a polynomial containing a 
constant term and of degree (2N + 2 —Sc—Scr — Sz — Srp). 
Hence the theorem. 

_ Before showing the equivalence of Theorem 1 to the results 
‘suggested by Reza? and to those given by Ottérman,’ we need a 
further lemma. 

_ Lemma 14.—The number of nodes in any of the starred net- 
works defined in Definition 4 is equal to the connectivity of the 
‘complementary unstarred network, e.g. N* = Scr, ete. 


Proof.—We shall prove the lemma for the particular case quoted. 
_ The proof for any other particular case is then obvious. 

Each of the Scr separate parts of (CR) must become single 
nodes when the C’s and R’s of VV are short-circuited to form _W*(L); 
since this statement takes in all the nodes in. (CR) including any 
isolated nodes, it also takes in all the nodes in. fW” (by Lemma 2). 
Hence these separate parts of (CR) become identified with the 
nodes of ./*(L), and the lemma follows. 


_ We are now able to prove Reza’s conjecture for the case of 

RLC networks. In our terminology this becomes Theorem 2, 
Theorem 2.—The degree of the numerator polynomial in the 

determinant of the nodal admittance matrix of a connected 

RLC network+ is (Mj? — M,) + [(Nc — Sc) — (NE — SO]. 

 Proof-—By Theorem 1 the degree is (2N + 2 — Sc — Scr — Si 
— Szr) and we show that Reza’s expression 1s equal to this. Con- 
sidering each term in Reza’s expression, 


; It is of interest to note that Reza’s® formula 3.7 is correct for the RLC case if we 
ee the same interpretation of notation as that which he gives for the LC case only. 
Thus his new interpretation given on pp. 7-18 of Reference 9 for the RLC case is 


unnecessary. 


_ Lemma 12.—There is at least one tree in any connected net- | 
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Mf =1-— Ny + St [By Lemma 1 applied to W*(L) 
! defined in Definition 1] 


=I1—Scr+1 (By Lemma 14 and Lemma 3) 
Mri =!—Nzi+ Sz [By Lemma 1 applied to WN (L)) 
=I—N+Sr (By Lemma 2) 
Nco=N (By Lemma 2) 
Sc = Sc 
Né = SzR (By Lemma 14) 


Sc ==1)9 ah (By Lemma 3) 


Putting these values into Reza’s expression we obtain (2N + 2 
— Sc — Scr — St — Szp), and hence we get the theorem. 


By making use of the various lemmas and some algebraic 
manipulation, various expressions for the degree of the poly- 
nomial and for the power of A can be obtained. We give some 
of these in the following corollary to Theorem 2. 
Corollary 2.1.—Other expressions we may obtain are as 
follows: 
Power of A 
= (Nl Sr Sig) =(M — Mp Mop =o) 
=(N+1—Néep—NG@) =(Még+ME-M+I1-—0) 
Degree of polynomial 
=(2N+2—Sc—Scr 
= (2M — Mc — Mcr — Mz, — Mp) 
=QN—2— Nop —Nip— NE— Ne) 
= (Mfn + Mép + Mf + Mé — 2M) 
= (Mé — Mc) + (Mér — Mer) 
=(l+e+2—Né —N# — Mc — Mz) 


. (7) 


SSR) 


(8) 


This last expression for the degree of the polynomial is that 
which would be obtained by following Otterman’s procedure 
in the case of a connected RLC network. Hence our result is 
in this case, equivalent to his. 


(3) THE LOOP-IMPEDANCE MATRIX 


Using the dual expression for the determinant of the loop- 
impedance matrix® in terms of co-tree impedance products,+ we 
may obtain similar expressions for the form of this determinant. 
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Fig. 9.—The seven co-trees of W7 


A simpler method, however, having obtained the result of 
Theorem 1, is to use a result obtained by both Tsang'* and 
Cederbaum.? This is contained in the following lemma: 


+ A co-tree is a set of M branches whose complement forms a tree of WV, see Fig. 9; 
a2 co-tree impedance product is the product of the impedances of such a set of branches, 


20 


Lemma 15.3:12—If Q is an M x M loop impedance matrix of 
a connected RLC network WV containing no mutual inductance 
or ideal transformers, and P is the nodal admittance matrix of 
MN, then 


det O 
dete 


where k is some positive or negative integer (which is unity if Q 
is what Cederbaum calls ‘simple’ or ‘basic’). 
From this lemma, and using Corollary 2.1, 
Theorem 3. ; 
Theorem 3.—For a connected RLC network, det Q is of the 
form 


= k? (product of all the branch impedances) (9) 


we obtain 


ie in A containing a constant and | 
degree (2M — Mc — Mer = Mia Mrzp) 
\M- Mi — Miz 


. (10) 


det O = 


Proof.—The product of the branch impedances is of the form 
kAl—c, and using the expression for det P obtained from Corollary 2a; 


are polynomial of degree (2M — Mc — Mcr — Mi — Mir) 
tP= AM —-Mi—-Mirt+i-—c¢ 
(11) 


the result follows immediately. Note that the degree of the 
numerator polynomial is the same as in the case of the nodal- 
admittance matrix. : 


(4) EXPRESSIONS FOR OTHER NETWORK FUNCTIONS 


Given any connected RLC network, the various network 
functions associated with it are usually ratios of various 
co-factors of one or other of the network determinants. Some- 
times these co-factors are themselves determinants of the corre- 
sponding matrix of the original network when modified in some 
way or other. By using this fact, various expressions for the 
form of these network functions may be obtained. As an 
example, we obtain an expression for a CE 2 admittance 
function. 

Definition 12.—Suppose we have a connected RLC network 
NV containing N nodes numbered 0 to N — 1. Denote by. WV’ 
the network obtained from.W by shorting node 1 to node 0, 
and similarly obtain W’(C),WV’*(C), etc., as obvious extensions 
of Definitions 3 and 4 (see Fig. 10). 


Ly 


Fig. 10.—The network WV” obtained from W by short-circuiting 
nodes 0 and 1. 


Further denote by P’ the nodal-admittance matrix of ”” 
relative to node 0. 

Lemma 16.!°—The co-factor of P,; in P is det P’, 

It is well known (see Reference 1, Section 1.9) that the 
driving-point admittance between nodes 0 and 1 is of the form 


a det P 
co-factor of P;; in P 


(12) 
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Hence we obtain immediately: 

Lemma 17.—The driving-point admittance Y between nodes 
and 1 is of the form Y = det P/det P’. . 

Using Lemma 17 and Theorem 1 applied to. WY” we obti 
immediately Theorem 4. 

Theorem 4.—The driving-point admittance Y between nodes | 
and 1 of a connected RLC network, before the cancellation 
any common factors, is of the form 

[ Polynomial of degree ] ii 

= LQN +2—Se—Scr—St— Szp)J 2 —Sc—Scr—St~Szr) AlSz - Sz) + (Sur — Six) — 
Polynomial of degree | 

[ (2N—Sé—Sér—St—Szr) di 


where the dashed quantities are defined in Definition 12, 
where each polynomial contains a non-zero constant term. 
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(7) APPENDIX 
. (7.1) Introduction 
In this Appendix we give a specific example of a connected 
C network, and use it to illustrate the various definitions 


results of the paper. The subdivisions correspond with the 
ain divisions of the paper. 


(7.2) Nodal Admittance Matrix 


In Fig. 1 we show a typical connected RLC network salt 
ontains 4 nodes and 6 branches (i.e. 2 inductors, 3 capacitors 
and 1 resistor). Thus we have 


N=4 
B=6(1=2,c =3,r=1) (14) 
Siw 

Hence by Lemma 1, the number of independent loops is 

- M=B-N+S=3 (15) 


A set of 3 independent loops is shown in Fig. 2. 


, In Fig. 3 we show./(C) and. /(CR). From the Figure we 
nave F 


No =4 
Bo = 3 

1 
Sie (16) 
Mc=1 
Nor = 4 
Bor =4 1 
ee (17) 
Mcr = 


We include the isolated node 0 as part of Y(C) and. V(CR). 
_ Fig. 4 shows. W*(L). We have identified those nodes which 
become joined together by short-circuits. Here 


; Nt =2 
4 St=1 
: M*=1 


: To illustrate Definition 6 we give in Fig. 5 all the trees of /. 

Each tree contains N (i.e. four) nodes, (N — 1) (i.e. three) 
anches and no loops. 4 

_ 4(C) can contain no trees, since it is not connected. 

_ Fig. 6 shows a wood of -Y of order 2. It is part of those trees 

of MN shown in Figs. 5(a)-5(d). (See Lemma 5.) 

: By Definition 7, a network which is not connected, e.g. V(C), 

will contain woods. Two woods of. /(C) are shown in Fig. 7; 

that in Fig. 7(a) is of the order 1, while that in Fig. 7(b) is of the 

order 2. 

_ Lemma 6 tells us that no wood of /(C) can have more than 

two branches, while Lemma 7 tells us that at least one wood of 

this order will exist. Such a wood we call a forest (Definition 9). 

NC) contains three forests, which we show in Fig. 8. Figs. 8(a) 

and 8(b) are the forests containing the wood of Fig. 7(a). (See 

Lemma 9.) 

To illustrate Definition 10 in regard to tree products, we show 

in Table 1 the value of the tree product t for each of the trees of 

NW as shown in Fig. 5. 


(f) 
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Now the nodal admittance matrix P of W relative to the 
reference node 0 is 


P= 
1 1 1 it 
AC, Qc, +AC; eR Lao -QG+g+yp) 


—AC, —(Acy +e ty) QaHe; +etip “1)| 


(19) 
From Lemma 10, the determinant of P using Table 1 is, 
CC C C,C, Giost 
det P= —1=2) J Nes be 
L, sco = [ee Be EX 
Cy C,C3 C, 1 
263 SEs 20 
L,R; cs Ly Sar: A ae 
Le Cet pi 


LgR\(CyCy + CoC3 + CxCy)* + Lo(Cy + Cy)A + RC, + Cy) 
LiEDR A 


(21) 


It may be noted in passing that, since for each tree of WY we 
get precisely one positive term in eqn. (20), we may calculate the 
number of trees in. VW by evaluating det P for A = 1 and unity 
element values throughout.!! 

At this stage the reader may care to verify Lemmas 11, 12 
and 13 and Theorem 1 for the network of Fig. 1. 

The proof of Lemma 14 will perhaps be clarified by illustra- 
tion. Applied to our VY of Fig. 1, the proof points out that 
since we form %W*(L) by substituting short-circuits for all 
capacitors and resistors and then identifying those nodes 
which have become joined by short-circuits, then each sepa- 
rate part of (CR) in Fig. 3(6) must correspond with a node 
of Y*(L) in Fig. 4. This may be verified by comparing the 
two Figures. 

The rest of Section 2 may now be applied to Fig. 1 without 
any difficulty. 


(7.3) Loop-Impedance Matrix 


We now consider Section 3. Although we made only a 
passing mention of co-trees, we shall illustrate here the co-trees 
of Y. Thus each tree of VW defines a co-tree, and so we have 
seven co-trees as shown in Fig. 9, where the order of arrangement 
corresponds with that of Fig. 5. Note that each co-tree contains 
M (i.e. three) branches. ; 

Using the loops defined in Fig. 2, the loop-impedance matrix 
Q is given by 


0= 
Se eoa oe) Ga” 
1 
Ce i i) Ge u i ‘i oO & 1) 


(ie, +10) 


1 
Ga 2 e) Ge PGs 
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Lemma 15 tells us that 


(det Q) = k?2 (det P) (product of all branch impedances) . (23) 


In this case the set of 
Hence 


for some positive or negative integer k. 
loops chosen is simple,? and so k? = 1. 


RiLyLy 1 


(det Q) = (det P)( SOS (24) 


_ RyL(CyCy + CoC3 + C3C)A7 + L(y + Cy)A + Ry(Cy + C2) 
COO 


(25) 


Eqn. (10) of Theorem 3 may now easily be verified. 


(7.4) Expressions for Other Network Functions 


In Section 4 we considered the driving-point admittance 
between nodes 0 and 1. 

We illustrate here Definition 12 by showing in Fig. 10 the 
network W” obtained from. by short-circuiting nodes 1 and 0. 
The nodal admittance matrix P’ of YW’, relative to node 0, is 
given by 


P= 


1 1 1 
al ip t AC, + ). 
Qc, tt ACs shape ct RS at Ae nti iD) 
1 1 1 y 
eireinge Ac, fie es xz) 
oe ar) Com ee 
2 Se 
We notice that this matrix is obtained from P (eqn. 19) by deletir 
the first row and column. This gives, in fact, the proof | 
Lemma 16. 
From Fig. 10 we may obtain the various values used in eqn. (a2 | 
of Theorem 4. They are 


Bs (Ac; | 


Seea 
Scr = lL. ur Sle 
ae | 
Stead 


Hence from .Theorem 4 we deduce that the driving-point admi 
tance Y between nodes 0 and 1 of VY before the cancellation ¢ 
any common factors, is of the form 


__ (Polynomial containing a constant and of degree 2 
~ \Polynomial containing a constant and of degree 4 
This may be verified by straightforward calculation. 


_~ 
N 


317.41: 621.314.2 


| 
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SUMMARY 


- The paper describes some measurements of time-decrease of per- 
ability on three types of samples stamped out from 4°%-silicon 
rolled transformer steel. The first samples contained severe 
nechanical stresses. Secondly, samples annealed at 800°C were used, 
nd the maximum time of permeability decrease of about 24 hours 
s reduced after annealing to about 8 hours. 

inally samples annealed at 1250°C in hydrogen atmosphere were 
asured and the results showed that the time-decrease phenomenon 
$ practically eliminated according to the theory of Snoek.3.4 


(1) INTRODUCTION 


One form of magnetic viscosity, the so-called ‘time-decrease 
of permeability’ was first described by Ewing in 1885. This 
ihenomenon might cause difficulties in quantitative testing of 
€ properties of soft-magnetic materials and might—in worst 
ases—be responsible for errors of more than 100°, if necessary 
recautions were not taken. The time decrease of permeability 
vas first investigated thoroughly by Webb and Ford! in 1933, 
although it had been previously mentioned by others. In 1938 
Paterson? added a useful contribution to this problem, and in 
the same year Snoek? advanced a formal theory and physical 
explanation.4 Recently Feldtkeller and Sorger> indicated that 
there exists a connection between the time decrease of per- 
neability and the changes in the hysteresis loop. 

_ The present paper presents some results of tests carried out on 
‘silicon-steel in the form of laminations used in communication 
‘transformers. The influence of internal stresses on the per- 
. decrease is also discussed. 

a 


(2) DESCRIPTION OF THE PHENOMENON OF 
TIME-DECREASE OF PERMEABILITY 

Many measurements of permeability at low magnetizing-fields 
‘performed on magnetic materials, and especially on transformer 
‘steels, reveal a pronounced decrease of permeability with time 
after demagnetization. 

The process of demagnetization consists generally in inducing 
‘in the material an alternating magnetic-field of greater intensity 
‘than that corresponding to technical saturation and subsequently 
reducing it gradually to zero. The material is demagnetized, but 
this magnetic state does not remain steady. The measurements 
‘show that the low-field permeability decreases with time, Fig. 1. 
‘This decrease of permeability at low fields extends over a long 
‘period of time. As Webb and Ford have shown, it can last for 
‘two weeks and the difference of permeability can become greater 
than 100°. Paterson? stated that for electrical steels of medium 
‘silicon content the decrease of permeability at 10 gauss amounts 
‘to between 5 and 15% of its initial value during the first 24 hours 
after demagnetization. Practically no change occurs later. 

_ This phenomenon, which appears at low field intensities, can 
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THE TIME DECREASE OF PERMEABILITY IN TRANSFORMER STEEL 


(The paper was first received 27th February, and in revised form 11th June, 1958, It was published as an INSTITUTION MONOGRAPH 
in October, 1958.) 
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Fig. 1.—Variations of alternating-current permeability with time at 
low magnetizing forces. 


introduce large errors in the results of measurements of induc- 
tances of transformers and chokes if the necessary precautions 
are not taken. Therefore the A.S.T.M. Standards® introduce 
the rule of 24-hour time periods between the demagnetization 
and the process of measurements. This is rather irksome in 
normal factory routine, and it is desirable to find some means 
of shortening the time. Measurements performed on cores cut 
out from one sort of 4% silicon-steel used for low-frequency 
transformers showed that, after an annealing process, the time 
between demagnetization and measurements, necessary for 
achieving correct results, can be shortened considerably. It will 
be shown later that this interval depends on the temperature, the 
duration and the atmosphere of the annealing process. 


(3) THE PREPARATION OF SAMPLES AND THE 
MEASURING TECHNIQUE 

The samples were stamped out with a compound die 
from 4%-silicon hot-rolied factory-annealed transformer steel 
(0:35mm thick) which has at 20 millioersteds a permeability, 
429, equal to or greater than 700 gauss/oersted.” 

They took the form of rings of 68-48mm diameters. 
measurements were performed in three stages. 

First, samples containing severe mechanical stresses caused by 
plastic deformation on the edges of the rings were used. It was 
shown by X-ray photographs that the middle portions of the 
rings were practically free of stresses. These stresses lowered the 
permeability of the samples by not more than 20% of its original 
value of the whole sheet. This reduction in permeability can be 
used to estimate the magnitude of the stresses in the samples. 

Secondly, the samples were used after an annealing process 
consisting of heating for 4 hours at 800°C without any access 
of air and subsequent slow cooling. The X-ray photographs 
showed that the external stresses practically vanished from the 
whole sample and the permeability increased. 

In the third stage, the annealing process was carried out for 
4 hours in the atmosphere of hydrogen at 1 250°C with subse- 
quent slow cooling. The material was purified, the carbon 
content was reduced, thereby relieving to some extent the internal 
stresses and again increasing the permeability. 

All measurements were made with a Maxwell bridge specially 
arranged for permeability measurements with a constant mag- 
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Fig. 2.—Variations of 20-millioersted permeability of unannealed 
samples over a long period. 
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Fig. 3.—Variations of 5-millioersted permeability of unannealed 
samples over a short period. 


netizing force. The frequency was low, 60c/s being used 
to avoid the influence of stray fields from the mains supply 
frequency of 50c/s. A wave analyser was used as a sensitive 
null indicator. Good results were obtained with samples in 
alternating fields of the order of a few millioersteds. In each 
cycle of measurements the sample was first demagnetized in a 
coil carrying a strong current at 50c/s, and then measured by 
means of a bridge with the magnetizing current switched on 
during the whole time of the process of measuring. The first 
measurements were carried out at room temperature, but later 
also at temperatures from —80° to +100°C. The difficulty of 
maintaining a constant temperature during several days was the 
cause of some scatter of the results. 


(4) MEASUREMENTS PERFORMED ON UNANNEALED 
SAMPLES 

The first measurements were made at a field intensity of 
20 millioersteds, which is the normal value used for the per- 
meability measurements prescribed by standards used in Central 
Europe.’ It will be shown later that this field intensity provides 
nearly the greatest permeability difference. This value is rather 
too high because it slightly obscures the observed phenomenon. 
Therefore later a field intensity of 5 millioersteds was used, which 
is about the smallest value that can safely be used to avoid effects 
of stray fields. 

The typical time dependence of permeability at 20 millioersteds 
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Fig. 4.—The difference of permeability measured 1 min and about 4 
hours after demagnetization plotted against field intensity. 
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Fig. 5.—The permeability difference measured one minute and abo | 
48 hours after demagnetization plotted against temperature at 
millioersteds. 


Samples unannealed; ----— Samples annealed. 
Aro = f(t) 


for various temperatures is shown in Fig. 2. The longest tim 
decrease of permeability and the greatest permeability differenc 
exist at about 25° C; the first is of the order of 12 hours, beyo: 
which the permeability difference is only 1% of the grea 
permeability difference (uo — ho) (Fig. 1). At other tem 
peratures the permeability difference and the time decrease 
permeability are smaller. The last value is several hours onl 
at 0° and at 50°C and falls definitely to zero at —70° and @ 
+100° C (Fig. 3). 

It can be shown from these measurements that the Webb an: 
Ford equation 


A = [1 Beiggy = K exp (—Ar") 
Ho 
is satisfied for n = 0-25 with a few per cent error. The cor 
sponding coefficients for 15° C and field intensity H = 5 millioer 
steds are K ~ 30and A ~ 0:5. These coefficients decrease wit! 
increase of temperature. 

The greatest permeability decreases, A’ (defined with per 
meability jx” measured one minute after demagnetization) 
appear at field intensities of approximately 20 millioersted 
(Fig. 4). The same result was obtained by Webb and Ford: 
At a temperature of 25°C the permeability decrease reached | 
maximum near 30% (Fig. 5). | 

Permeability variations in low field intensities versus tem 
perature for constant permeabilities, u.., have a characteristi 
minimum, first shown by Snoek,* at a temperature of abou 
25°C (Fig. 6). For the measurements made one minute afte 
demagnetization this minimum is shifted to about 50°C. O 
the ascending part of the permeability curve there is a maximuz 
of power factor tan 6 (Fig. 7), also first shown by Snoek.3 
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plotted against temperature. 
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Fig. 8.—Constant values of permeability, 41., plotted against field 
intensity, H, at different temperatures. 


5 > 
fee 
Q E 
: 
a < a 525 
ul ul Ww 
> a z 
2 o a 500x 
i i 
ou () 
——— 
1ep) 
Ww 
5 
q 
to) 


Keo 


Fig. 7.—Constant values of permeability and power factor of 
permeability plotted against temperature. 
Permeability. -———-— Power factor. 400 


The permeability/field-intensity curves taken at various tem- Fig. 9.—Variations of 20-millioersted permeability of annealed 
eratures are shown in Fig. 8 for the samples measured 24 hours samples at 800°C, over a long period. 


fter demagnetization. The nearly flat part observed at small M me c. 
eld intensities is characteristic for the time decrease of per- ise c 
neability phenomenon.° Beige 
4 A Oc. 
tag @ 50°C 
) MEASUREMENTS ON SAMPLES ANNEALED IN LOWER 
TEMPERATURES SOS Nicaea aca RI a Se ME cee 
_ In the second part of these experiments the measurements 
were made on samples annealed at 800°C and cooled slowly. 425 
few examples of these measurements are shown in Figs. 9-11. 
Curves of permeability are plotted for 20 and 5 millioersteds in erie 
Figs. 9 and 10 for long periods of time, whereas Fig. 11 gives the D 
corresponding curve for the permeability at 5 millioersteds W 375 
‘during a short period. Comparison with the results of measure- a 
ments on unannealed samples shows that the effect of annealing 3 ee 
is to reduce the maximum time of permeability decrease by a 0) 
actor of about three, i.e. to about 8 hours. During the first 2 305 
20min the permeability decreases in both types of samples are 
nearly the same. Marked differences show up later. ee 
_ The effect of annealing on the position of the maxima of the 
permeability difference is shown in Figs.4 and 5. The maximum 
position ithe field-intensity axis is shifted to smaller values, oes eee en re sh 
and the maximum position on the temperature axis is slightly Fig. 10.—Variations of 5-millioersted permeability of annealed 
shifted to lower temperatures. The maximum heights are not samples at 800°C, over a long period. 
affected. V —79°C. 
_ The other properties of annealed samples are of the same x ses 
Re racter as those of samples not annealed and therefore are not Nes 
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Fig. 11.—Variations of 5-millioersted permeability of annealed 
samples at 800°C, over a short period. 


(6) MEASUREMENTS ON SAMPLES ANNEALED AT HIGHER 
TEMPERATURES IN AN ATMOSPHERE OF HYDROGEN 
The third part of the experiments consisted of preliminary 

measurements on samples annealed in hydrogen atmosphere at 

1250°C. The results of measurements of permeability decrease 
are shown in Figs. 12 and are compared with corresponding 
curves for the low-temperature annealed and unannealed con- 
ditions. From this Figure we can see that the high-temperature 
annealing process carried out in hydrogen practically eliminates 
the time-decrease phenomenon in accordance with the theory of 

Snoek;?>4 the time of permeability variations is reduced to a 

few minutes and the magnitudes of permeability variations 

diminish to a few per cent. 


(7) DISCUSSION OF RESULTS 


The time decrease of permeability appears distinctly in lamina- 
tions stamped out from silicon-steels as used in telecommunica- 
tion transformers and chokes. It attains its greatest values at 
room temperatures and in field intensities of about 20 milli- 
oersteds, i.e. in normal measuring conditions. The permeability 
differences are not greater than 30% and practically disappear in 
24 hours. This time period is recommended in A.S.T.M. 
Standards for measuring magnetic materials.® 

In laminations stamped out and annealed at lower tempera- 
tures (about 800°C) the time periods between demagnetization 
and measurement process are about three times shorter (7 or 
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Fig. 12.The comparison of time decrease of permeability of 
different samples. | 
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8 hours). This enables us to perform the whole measurement 
one day, and is very convenient from the point of view of facton 
routine. 

The high-temperature hydrogen-annealed 4% silicon-steels a: 
practically free from the described time decrease of permeabilii 
ten minutes after demagnetization. 
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SUMMARY 


A method is described for statistically analysing the relationship 
etween weather and electricity demand for applications to practical 
yad estimating by electricity supply engineers. The characteristics of 
ae specific meteorological elements to’which the demand has been 
und to respond are discussed, particularly those affecting heating 
ad lighting demands. The thermal-lag factor appropriate to the 
elay in consumer response to temperature changes and the influence 
f the cooling power of the wind on heating load are examined. In 
rder to assess the lighting load, observations of the atmospheric 
smission of light are used to derive a method for reducing cloud 
visibility forecasts to their daylight illumination equivalents. 


(1) INTRODUCTION 


_ The purpose of the paper is to provide technical information 
concerning the effect of weather on electricity demand. The 
t part of the paper is expository and outlines a scheme for 
nalysing weather/load relationships, and the second part is 
oted to researches on the weather parameters which the 
eme requires. 


aa 
> 


(2) LOAD/WEATHER ANALYSIS BY MULTIPLE 
REGRESSION METHODS 


(2.1) Electricity Demands considered as Time Series 


_ The area covered by this investigation is that of the supply 
system of England and Wales. 
When the demands for a particular half-hour are plotted 

serially day by day, the points form a time series with a pro- 
nounced trough in the summer months and a peak in the winter 
months. On this seasonal trend is superimposéd-a large erratic 
variation which is attributable to weather, together with a regular 
thythmic variation between the different days of each week. In 
hese circumstances it is natural to premise that the demand for 
any one half-hour can be represented by a smooth basic demand 
re ve, modified only by a regular systematic variation with day 
of week plus a weather-susceptible component. 
_ Because of the continuous variation of the composition of 
the demand with time of day, separate analyses of these time 
Beries are necessary for each half-hour under consideration. 
Attention has been concentrated on the demands at the half- 
hours ending 0900, 1200 and 1700 hours (clock time) because 
throughout the year the daily maximum demands fall closely 
around one of these times. 


; (2.2) Meteorological Data 


_ Hourly weather reports are made at a large number of 
Observing stations in this country by the Meteorological Office. 

For each specific meteorological factor investigated it is 
necessary to calculate a weighted average of the simultaneous 
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values at reporting stations selected according to the geographical 
distribution of load density. The weighting is proportional to 
the weather-sensitive component of demand in the region of 
which each reporting station is considered representative, the 
weights being in the first instance established by analysis of each 
Grid Control Area separately. Some 20 stations were used to 
calculate these weights, but in subsequent applications it was 
found that sufficient accuracy could be obtained using six 
stations. 

The meteorological elements found to affect the demand are 
as follows: 


(a) Temperature. 
(6) Wind speed. 
(c) Cloud. 

(d) Visibility. 

(e) Precipitation. 


Elements (a) and (4) control the heating demand, the wind 
speed being allied to temperature in dissipating heat from 
buildings; (c), (d) and (e) are used to estimate the level of 
daylight illumination which determines the lighting demand. 
Like net-radiation and wind, (e) also affects the rate of heat loss 
from the external surfaces of buildings, but the disturbance in 
the thermal flow at interior surfaces is so attenuated that in 
practice the only other effects of precipitation are direct ones 
such as keeping people indoors and so increasing the demand 
for electricity. Thus of the three weekday peaks studied in 
detail the only peak for which the effect of rainfall has been 
detected is the evening peak where it may be assumed that the 
public have greater powers of choice. 

For comparison with the demand series the meteorological 
information is reduced to a number of specific factors designated 
as follows: 

(i) ‘Effective’ temperature, X4. 

(ii) Cooling power of the wind, X2. 
(ii) Daylight illumination index, X3. 
(iv) Rate of precipitation, X4. 


These factors and their genesis are discussed in Section 3 
under their respective headings. For the present it is sufficient 
to explain that in calculating X, account is taken of thermal 
time-lag effects, that X, is based on an empirical formula which 
combines the effects of temperature and wind, and that X; is 
the estimated daylight illumination on a logarithmic scale. A 
logarithmic scale is used primarily because experiments which 
have been carried out when the heating demand was considered 
constant have indicated that the load varies linearly with the 
logarithm of the daylight illumination.! 


(2.3) Linear Regression Method of Load Analysis 


In deriving the functional relationships between the variation 
of demand and the specific meteorological factors to which it is 
sensitive the basic assumption is made that the weather-sensitive 
component of the demand can be expressed as a sum of functions 
of the respective meteorological factors. 

As a first approximation, and in order to provide a basis for 


; [27] 


oo df oe 
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a more accurate determination, the functional relationships will 
be assumed linear. To derive these-relationships from, say, a 
year’s data, it is necessary to eliminate the combined seasonal 
and long-term trend and also the day-of-week effect. 

A regression equation of the form: 


Y=at+ bX, + b2X2 + 3X3 + Fi) +8 7 A (1) 


is therefore fitted to the data, where Y is the demand at a fixed 
time each day, X;, X>, X3 are the corresponding specific meteoro- 
logical factors, F(¢) is a polynomial function of the time of year f, 
8 is the day-of-week correction which takes on different values on 
different days of the week, and a, b,, b>, b3 are constants. 

In this expression the known quantities are the dependent 
variate Y and the independent variates X,, X2, X3, ¢, and the 
analysis has for its object the estimation of the ‘best’ values of 
the regression coefficients b,, b,, b; and the values of é. 
Prescribed meteorological variables may be added to or removed 
from this expression as required. Thus in the analysis of 
1700 hours demand, the variable X, is incorporated, while in 
the analysis of demands in darkness X3 is evanescent. 

The two sides of eqn. (1) cannot be made to balance exactly 
on every occasion, and in the least-squares sense the best values 
of the coefficients are those which minimize the sums of squares 
of the residuals, i.e. the differences « between the two sides of 
this expression. 

We have therefore to minimize 


be? = L[Y —a — 5, X, — b,X, — b3X3 —F() — df. .(2) 


where the summation sign refers to the entire N sets of data. 

Since the observations are uniformly spaced, the most con- 
venient form of the terms of F(t) are the orthogonal polynomials 
of least squares :? 


FQ) =aPy + Pos. A GPs... . ° (3) 


where P; is an orthogonal polynomial of degree j, and gq; its 
associated coefficient in the regression equation. 

The orthogonal polynomials P; have been widely tabulated, 
but not for N as large as that corresponding to a whole year of 
daily observations. However, as the form of the basic demand 
curve may be closely approximated by a step function, where the 
width of the steps is one week, it is sufficient to take ¢ to be the 
number of weeks reckoning from the first week of the period and 
to use the set of orthogonal polynomials corresponding to the 
number of weeks n in the period. 

It was found that a good fit to a year’s data could be obtained 
by fitting polynomials up to the sixth degree, and for purposes of 
illustration this degree of fitting will be assumed. 

In evaluating 6 it is convenient to express it in terms of (0, 1) 
indicators. Thus for a 5-day week from Monday to Friday we 
write: 


) — ouXu + 67 Xr + owXw + OrnX Th + OpXp . (4) 


where the suffixes M, T,..., F refer to the different days of the 
week, and Xp = 1 on day D and zero on other days. When 
eqns. (3) and (4) are substituted in eqn. (2) and the expression 
minimized, the day-of-week corrections 5y, 57, .. ., S¢ then 
emerge as regression coefficients in the resulting normal equa- 
tions. The minimization is carried out subject to the linear 
constraint: 


6byt+6r+...+67,=0 . . . . (5) 


(2.4) Computational Procedure for Linear Regression 


On development, the above process is reducible to the follow- 
ing scheme: 


o-«. 


Writing 
Xx? Ps ee Ae eee if 
A = XX, Xp xXx3 XXX; . . ° C 
UxXs ei | 
=X, SA 
M M M 
F= » 2 
DX 1 ye op EX. 3 
F F F 
EXP, EXP, UXPi 
VuPi VaP} EP} 
ae < . ° 
EXP, “Se ere, 
VuPz VEP2 V=P2 


where the symbol & means summation over days of type 


D 
we construct the elements &’x,x, of the ‘reduced’ informatio 
matrix: 


A—1FF-G@G 54 he Se 


where primes affixed to matrix symbols denote transpo 
matrices. Computationally, this is done by regarding th 
columns of F and G as data columns for calculating sums ¢ 
squares and products as in ordinary correlation analysis. TH 
same rule gives the reduced product sums &’x,y of X, with Y, et 
The elements 1X,P; required for constructing G are obtaine 
by multiplying the P;’s extracted from tables? by the week: 
sums of the respective variates, since P(t) is held consta: 
throughout each week, and for a 5-day week each xP? is 5 time 
its tabular value. 
The covariance matrix of the b,’s: 


C11, x Cig ei 
Ci C24 C22 C23 s: =) Aa Be (1 
C91 © * 1035 se ReaR | 
is calculated by inverting eqn. (9): 
1 = | 
Gan (4 — FF - GG) 0 Gs a eae 
and the covariance matrix of the 6’s is then given by 
p = 1h 4 MEcE { 
ry n 5 ae n2 : . . . . uy 


where J, is a unit matrix and E is the day-of-week matrix obtaine 
from the crude matrix (7) by subtracting 42X,, $2X>, 424 
from the elements of the first, second and third columr 
respectively. 

The quantities of immediate interest in this analysis are Ct 
meteorological regression coefficients b,, b>, b; which measu 
the weather responses (i.e. the change in demand per unit chang 
of each meteorological variable) and the day of week correctior 
dy... Op, together with their standard errors. These and th 
other terms in eqn. (1) are calculated in succession by applyin 
the formulae: 


Dp = Cp XY + CpyXi'Xay + €,3'x3y (r= 


1 a= (ZY oo by UX, a= by XX, = b3XX3)/N 
Op = oxy Sa —— by XX, = ba XX, ca b32:X3)/n 
D D D D 


(= MT)... F) 
D4 = (2YP; — bEX,P, — bEXZP; — bsEX5P)/TP? 
a (j=1,...,6 
: _ The multiple correlation coefficient R is given by 
BR = [b,2X,Y + bUXY + b3UX3Y 
j —(¥ —@ZY + @ZP,¥ +... + agZPcY) 

We OuzY +...+ brZY)|/No} 


(13) 


_ As thus expressed, no cognizance is taken of the fact that, if 
eqn. (1) contains p disposable constants, it will give a perfect fit 
to p sets of data even if there is no real correlation between Y 
and the other variates. An unbiased estimate of the residual 
variance of Y is given by 


o? = Le?/(N — p) 


and therefore o as calculated from eqn. (13) should be multiplied 
the factor [N/(N—p)]'/* in order to allow for the effects of 
Sampling bias. In the case discussed here p = 14 since there 
are only four independent day-of-week terms. 

_ An estimate of the standard error of each 5, is then o4/c,,, 


3 1 1/2 
and of each dp is of a: ECE) 0 | , by eqn. (12). The last 


term of the latter expression is usually negligible compared with 
the first, and therefore, to the order 0(1/n7/*), the standard error 
‘of each 5p is o/4/n. 


unity that of itself it conveys very little intelligence. A more 
informative parameter is the correlation coefficient Ry between 
the demand and the weather, which is given by. 


- Having calculated the b,’s and 5p’s, the run of basic demands 
may be determined by adjusting the actual demands to some 
tandard set of weather conditions and eliminating the day-of- 
eek variation. Although the coefficients a,, a),.. ., @ are 
valuated incidentally in the process of the regression computa- 
tions, a smooth polynomial fit gives an inadequate description 
‘of the detailed structure of the basic demand curve. 


(2.5) Graphical Curvilinear Regression Analysis 


4 If the relationships between the demand and the specific 
| eteorological factors to which it responds are non-linear, the 
inear functions introduced into the regression analysis will 
only yield average effects over the range covered by the data. 
jor instance, a change of temperature of 1°F would not be 
xpected to produce as great a change in demand in summer 
as in winter; this could be allowed for by incorporating in the 
Tegression equation squares and higher powers of X;, and, in 
fact, a quadratic or cubic parabola can be made to fit the 


load/temperature relationship quite well over a limited range. 
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However, as there is no a priori justification for assuming a 
particular mathematical form for the functional relationships, 
it is preferable to proceed step by step, and a graphical approach 
has the advantage that the results are at once amenable to 
practical applications. Graphical methods of regression analysis 
have been treated by Ezekiel,? and in connection with the par- 
ticular problem of load analysis by Vedere.* 

Keeping the functional relationships unspecified, the regression 
equation (1) assumes the form 


Y=f,\(X%) + ACO) + A(X) + FO 4+ 6. (14) 


where the additive constant has been absorbed in the basic 
demand curve F(t). In this expression ¢ is taken to be the days 
of the year numbered consecutively. 

As a first approximation to the form of the functional relation- 
ships f,(X;), fo(X2), £3(X3), straight lines are drawn whose slopes 
have the values of the corresponding linear regression coefficients. 
These are shown as broken lines in Figs. 1, 2 and 3, which refer 
to the 0900 hours analysis in 1957. 
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Fig. 1.—Relation between demand and effective temperature, 
0900 hours, 1957. 
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Fig. 2.—Relation between demand and cooling power, 0900 hours, 
; 1957. 


30 DAVIES: THE RELATIONSHIP BETWEEN WEATHER AND ELECTRICITY DEMAND 


2500 
f3(X3) 
2000 = 
2000 i 
a | 
3} 
1500 ° 
1500 An 
a 
= z 
Ss 1000 9 
A | 000 s 
(e) 
< 
° oO 
= 500 ro} 
500 z 
52 
= 


ie) 
$$ 


LOG LIGHTING UNITS (X3) 
: \ ; 


4 tt 


fj 


o'l o's Oo 


10 50 


DAYLIGHT ILLUMINATION KILOLUX 


Fig. 3.—Relation between demand and daylight illumination, 0900 hours, 1957. 


In general, the x-axis intercepts of these lines are arbitrary 
since they depend on an arbitrarily prescribed level of weather 
appropriate to the basic demand. It is, however, convenient to 
define F(t) as the ‘no weather’ basic demand from which all the 
weather-sensitive component is completely removed. Since it is 
not certain beforehand what the associated weather conditions 
are, a provisional definition of them must be assumed. This 
can subsequently be revised from the results of the investigation. 
For the 0900-hours demands the definition chosen was a tem- 
perature of 65°, no wind, and daylight illumination equivalent 
to perfectly clear and cloudless conditions at the summer 
solstice, and the three lines were positioned accordingly. 

Transposing eqn. (14) to the form 


F(t) ++ 86 = Y —f,(X%) — A(X) — f(%3) 


and reading off from the graphs the first approximation values 
to the functions on the right, we see that on each occasion an 


estimate may be made of the quantity on the left. By groupin 
these estimates according to day of week and taking the depaz 
tures of their respective means from the grand mean, firs 
approximations to the day-of-week adjustments 6 are assessec 
The estimates obtained in this way with the estimated day-o’ 
week variation eliminated, are plotted against the day number 
in similar fashion to Fig. 4, and a smooth curve fitted by eye t 
the points to give a first estimate of the smoothed basic-deman 
curve F(t). : 

The departures of the individual points from the smoot 
curve are the residuals e, and these are read from the grap 
and then adjusted by the constant increments which make the: 
respective sums for each day of week severally vanish, thes 
adjustments being compensated for by making correspondin 
equal and opposite adjustments to the 6’s. This step is nece: 
sary in order to allow for the growth of basic demand withi 
each week. The adjusted residuals are then measured off o 
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Fig. 4.—Basic load curve, 0900 hours, 1957. 
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diagrams for the meteorological variables as ordinates 
pped off from the provisional straight lines at the values of 
X,, X3 corresponding to ¢. 

inspection of the residuals, as plotted on the diagrams, 
il reveal whether they are scattered at random about each of 
straight lines or whether there is a systematic trend of the 
ints away from any one of them, in which case its shape is 
ended accordingly by drawing a smooth curve evenly through 
ie points. The above steps are then repeated using the revised 
ve in place of the straight line, and a new set of residuals 
culated and stepped off the graphs. Proceeding in this way 
he straight-line approximations are replaced by curvilinear 
Telationships and the process is continued until no further 
mprovement can be obtained. 


erent curves which do not influence common residuals. 
th experience, however, this iterative process can be made 
rapid, and, in practice, use is made of the outlines of curves 
m previous investigations and any logical constraints as an 
id to the fitting. 
_ The final set of weather response curves and the basic demand 
urve with their associated residuals for the 0900 hours demands 
n 1957 are shown in Figs. 1 to 4. The temperature-response 
e is first sensibly horizontal at 70° F, where it may be assumed 
that all the temperature-sensitive heating load has been removed 
from the system. The definition of the no-weather basic demand 
n therefore now be amended to read 70° F for the temperature. 
ith this definition the left-hand ordinates of the temperature 
irve have to be decreased by 800 MW and this amount has 
oO be added to the basic demand curve. As it is convenient 
© retain the assumed definitions of the other meteorological 
ctors in the no-weather basic demand, it will be seen that the 
amounts required to be transferred to the basic-demand curve 
‘are 120 MW for the cooling power and 100 MW for the lighting 
curve, i.e. a net transfer of 1020 MW for all three factors. The 
‘sulting scales having their zeros at the no-weather basic 
‘demand are shown on the right-hand vertical axes of the 
diagrams. 
_ In application to daily load estimation, the basic-demand 
“curve is projected forward one day and to this is added the day- 
of-week adjustment, and the weather adjustment is obtained by 
applying the final set of weather-response curves to the weather 
forecasts. This procedure is similar in principle to a ‘cut and 
‘try’ method proposed by Dryar,> who expressed the weather 
adjustments as percentages of the basic demand and called them 
‘weather weights’. 
_ To indicate the accuracy of the curvilinear scheme, Fig. 5 
‘has been prepared which is a histogram of errors in estimating 
‘demands one day ahead on a large number of occasions in 1957 
“ 
: 
: 


b ® ies) 
fe) ie) {e) 


. 
NUMBER OF OCCASIONS 
ie) 
oO 


=60 —-50 —40 -3:0 -20 —1:0 


WEATHER AND ELECTRICITY DEMAND 31 


using actual weather reports. This was done on a day-to-day 
basis and, of course, retrospectively, but before figures of actual 
demands were available. The standard deviation was 1-4°% 
and the maximum error in a period of one year, 5-4°%%, on an 
average demand of 12640 MW. 


(3) DERIVATION OF SPECIFIC METEOROLOGICAL 
FACTORS 


(3.1) Temperature 


Temperature has a large influence on the demand, but owing 
to the thermal storage in the fabric of buildings the demand 
does not respond immediately to temperature change. 

Much theoretical and experimental work has been done on 
the transmission of heat through walls in connection with build- 
ing research. Such studies, which are invaluable in analysing 
special cases, are of little use for assessing the thermal time-lag 
appropriate to the entire consumer population. It is therefore 
not possible to state in advance the precise function of tem- 
perature to use in the regression analysis, and one is obliged to 
proceed heuristically and use the demand record itself as a 
means of establishing the magnitude of the thermal lag effect. 

If Ty is the ambient temperature, the simplest empirical 
equation which expresses the lag of internal temperature 0 is 
the first-order lag equation: 


dé 


dt 


where t = 1/A is the thermal time-constant. This assumes that 
the time-constants for cooling and heating are the same. 
Although novel building elements have been designed for which 
this last assumption is not valid,®° it is a sufficiently close approxi- 
mation for conventional building structures. @ may be con- 
sidered as the temperature of an unheated room in a building, 
which is clearly more closely correlated with electrical heating 
load than is outside temperature. 

Ignoring the transient term, which disappears in the limit, the 
solution of eqn. (15) is 


6 = de | 


0 


t 


EMT (t)dt 


If ¢ is measured towards the past and 0 is the room temperature 
at time ¢t = 0, we may write this result: 


0 = r| e-T (t)dt 
0 


Replacing the integral by summation over sufficiently small 
unit time intervals: 


Gh NT; bie OP ge Tn en OT aie) 


(e) 1:0 2:0 3-0 4:0 5:0 6-0 


ERROR, % 


Fig. 5.—Histogram of errors in forward daily load estimation, 1957. 
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where To, T_1, T_2,... are the external air temperatures at 
times: 71011, 2:5°3,). 4, and putting B =e anda + B = 1, 
then, since we require 0 —> Tp as all the temperatures approach 
equality, we must have : 


6 = a(Ty + BT_1 + B°T_2+ /°T_3+.-.-») (16) 


Calling 6 the ‘effective’ temperature and writing Tz, Tr_-1> 
Tr_2, - - - for its values at times t = 0, deca. . » We See that 
eqn. (16) is equivalent to the recurrence relationship: 


Tr = aT 4p BTz_1 (17) 


In order to evaluate the thermal time-constant 7, this recur- 
rence relationship was used to generate effective temperature 
series from hourly values of air temperatures (weighted as 
explained in Section 2.2) for the year 1956 for values of B between 
0-3 and 0-99. 

The outputs for 0900, 1200 and 1700 hours were then sub- 
stituted as the X, variable in the linear regression equation (1), 
and in each case the partial correlation of demand on effective 
temperature was calculated. In this work the estimated effects 
of the other meteorological variables were first eliminated by 
applying the responses obtained from previous curvilinear 
analyses. For the remaining meteorological factor, the partial 
correlation coefficient is then given, in the notation of Sec- 
tion 2.4, by 


aes L’xyy 
Tegeeroe 
where the prime refers to the reduced sums of squares and 


products. 
Fig. 6 shows the correlation coefficient r plotted against f. 


0-4 


0:5 
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Fig. 6.—Load/effective-temperature correlation coefficient r versus 
thermal lag factor f. 
O——OoO 0900 hours. 


Y--- V 1200 hours. 
(J----( 1700 hours. 


After the 0900 and 17000 hours data had been processed, it 
was evident that there was a sharp peak at around B = 0:95 or 
0-96, so the analysis for 1200 hours was confined to this region. 


. 


The three peaks occur at values of B which are so close togetha 
that we may take their mean, 0-955, as the estimate of its tru 
value. This corresponds to a value of 7 of 22 hours. It 
interesting to note that a value of 24 hours was proposed by 
official committee” as applying to the majority of buildings. 

The final formula for effective temperature is therefore 


T. = 0-045Ty = 09557 ean 


where the Ty’s are hourly air-temperatures, and this is the expre 
sion which has been used to define the X, variable in the loa 
analyses of Section 2. It is expeditious to apply this relation 
the form | 

i= Ty + 0°955tz_} | 


and convert the answer at any stage back into temperature usin 
Tr — 0- 045t E 


Theoretically it is possible to improve slightly upon tk 
concept of effective temperature by adding on the right ¢ 
eqn. (15) a term KL, where L is the total internal heating loa 
instantaneously applied against natural cooling, and K is 
constant which depends, inter alia, on the volume of the heate 
space. §@ can then be interpreted as the internal temperatus 
with respect to heated rooms, and one would expect a clos 
relation between L and 6, say L = L(@, 1), for the whole populé 
tion. The exact form of this relationship is unknown, sinc 
other forms of heating besides electricity are used, but it 
suggested that there is probably a high positive correlatio 
between different forms of heating, so we may take L(@, 2) to F 
the electrical heating load alone. : 

Proceeding as before, the solution of the modified equatio 
(15) is “| 

6=Tzg+KLz (1s 


where the ‘effective’ heating function Ly is given by the recu: 
rence relation 


Lg =Ly + BLe_1 (2( 


Io, L_;, L_», .. . being the electrical heating demands at tim 
t = 0, 1 hour previously, 2 hours previously, etc. In this cas 
K can be interpreted physically as the rise in room temperatut 
per megawatt of electrical heating load contingently applied. 

In application to load estimation this approach requires tk 
construction of a demand-temperature-time surface from 
synthesis of curvilinear analyses, the temperature being in tk 
first instance Tg. This surface is then modified step by ste 
using eqns. (19) and (20) until the 7, axis is transformed t 
one of 0. 

Because of the involved nature of this work, it would t 
premature to say whether or not a definite improvement o 
effective temperature as a basic parameter for load estimatir 
can be obtained. 

Fig. 1 is typical of the relationship between demand ar 
effective temperature. Down to the lowest temperatures whic 
have occurred there is no evidence of demand saturation. 


(3.2) Cooling Power of the Wind 

It is convenient to separate the heating demand into a ‘therm 
storage’ component governed by the direct effects of temperatu 
and a component due to the cooling power of the wind in ass 
ciation with temperature. Experiments on heat transmissic 
through walls have shown that the effect of wind speed 
negligible. Ventilation and infiltration of air are the essenti 
factors causing internal heat losses in wind conditions, rath 
than increased heat transfer at external surfaces. Short-peri 
means of 4 hours were therefore used to study the effect « 
demand of the combined effects of temperature and wind. 


Many experiments on the loss of heat from bodies exposed 
» wind have indicated a formula for the cooling power of the 


where T’ is the ambient temperature, T, the body temperature, 
V the wind speed and ma constant. The number of air changes 
er hour in a building is approximately a linear function of the 
vind speed,? which suggests that m = 1, and this value has been 
d in several investigations on the fuel requirements of build- 
1012 On the other hand, m=4 for convective heat 
ses from cylindrical wires and bulbs.!3_ Heat losses from the 
quman body'* are also given by m = 4, with T, = 98°F, 
_ Because of the uncertainty regarding m, an expréssion of the 
orm (21), with mand T, undetermined constants, was substituted 
nto a regression equation of the form of eqn. (1) and the least- 
E Ee. fit found, with the following solution: m = 0-53, 
j a = e F ° 
_ Since 66° F is close to the generally accepted optimum comfort 
emperature of 65° F indoors in this country, this result strongly 
uggests an analogy with the formula for the cooling of the 
uuman body, where the ‘body’ in this case is the building itself. 
The specific meteorological factor for the cooling power of 
the wind was therefore taken to be 


W165 — T). (22) 
where W is the wind speed in knots and T the air temperature 
n deg. F. 

The typical form of the relationship between demand and 


cooling power evaluated according to eqn. (22) has already been 
iven in Fig. 2. 


(3.3) Daylight Iumination from Sun and Sky 


_ The lighting component of the demand is determined by the 
aylight illumination received at the earth’s surface. The 
incipal factors controlling the level of daylight illumination 
it any one time are clouds and also atmospheric turbidity and 
efiection at the ground. 

The instrumental basis adopted for measuring daylight 
illumination is the photo-electric photometry of a horizontal 
ace exposed to luminous radiation from sun and sky, the 
hoto-cell being fitted with a photopic filter to match its spectral 
esponse to the standard luminosity curve of the average normal 
human eye under light-adapted conditions. 

In applications to load estimating where the demand has to 
be predicted from weather forecasts the reduction of meteoro- 
logical information to equivalent values of daylight illumination 
is necessary. The flux of daylight has been continuously 
recorded at Kew Observatory since 1947. A sample of these 
data in the form of hourly averages, together with the corre- 
sponding cloud observations every three hours in the 7-year 
period 1947-1953, was extracted for the purpose of the present 
investigation. The results may be considered representative of 
typical urban areas in Britain. 


(3.3.1) Cloudless Conditions. 

The first step in the reduction of the data was to determine the 
daylight illumination under cloudless conditions as a function of 
sun’s elevation so as to provide a standard of comparison. The 
results were in close agreement with those obtained by Black- 
well!5-17 ysing the first five years of the Kew observations. _ 

_ When carrying out this work, it was noticed that attenuation 
of light by airborne particles (dust, haze, etc.) was having a 
significant effect, the illumination tending to be higher on 
occasions of good visibility, and vice versa. To examine the 
effects of visibility more fully, the ratio of the illumination on 
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each cloudless occasion to the corresponding value of the 
average illumination was plotted against the reciprocal of 
visibility. The results, grouped according to visibility, are shown 
in Fig. 7 together with the line of best fit to the points. 


0-3 
RECIPROCAL OF VISIBILITY, km! 


0.4 0-5 0-6 0-7 


z RATIO OF ILLUMINATION TO AVERAGE VALUE ON CLOUDLESS DAYS 


. 7.—Ratio of illumination to average values on cloudless days 
plotted against reciprocal of visibility. 
Numbers of observations are affixed to plotted points. 


The reason for using the reciprocal of the visibility was to 
estimate the illumination under conditions of perfect visibility 
from the intercept of the regression line on the y-axis. 

The relation expressed by Fig. 7 was then used to adjust 
the illumination on each cloudless occasion to the illumination 
under conditions of perfect visibility. The information thus 
derived is listed in Table 1. 


Table 1 


DAYLIGHT JLLUMINATION UNDER CONDITIONS OF PERFECT 
VISIBILITY ON CLOUDLESS DAYS 


Sun’s Mean Sun’s Mean 
elevation illumination elevation illumination 
kilolux 

0° 0-5 155 
ik? 1-2 20° 
De 22 Se 
3° S22 30° 
4° 4°5 B99 
5 6-0 40° 
6° PS) 45° 
Te, 8-9 50° 

5D 

60° 


In applications of this Table, the sun’s elevation h is calculated 
from the following formula of spherical astronomy: 


sinh = cos 8cos ® cos H + sin d sin D 
where © is the latitude, H the local hour angle (L.H.A.) and 
L.H.A. = G.H.A. + east longitude, 


the sun’s declination 6 and Greenwich hour angle (G.H.A.) 
being tabulated in the Abridged Nautical Almanac. ; 

In studying the daylight illumination, J, on any specific occa- 
sion, the reference point is the illumination Ixy Which would 
be received on perfectly clear days with cloudless skies. The 

D 
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introduction of an apparent transmission factor f permits the 
ratio I: I, to be expressed as 


T= flou. 


the word ‘apparent’ being used to denote that it refers to observa- 
tions made at the ground. 

The important property of f is that in all of the many cases 
examined there was no statistical evidence to suggest that f was 
not independent of the sun’s elevation. The transmission 
through the entire atmosphere was found to increase with the 
sun’s elevation in both perfectly clear and cloudy atmospheres, 
but the form of the variation was practically the same in both 
cases, so that their ratio remained sensibly constant. 

For the same reason the relation between the apparent trans- 
mission factor fo and visibility on cloudless days represented by 
the data of Fig. 7 was found to be independent of the sun’s 
elevation. fo is extended to values of low visibilities in Table 2, 
as derived from a similar study of illumination in fog conditions. 


(23) 


Table 2 


VARIATION OF APPARENT TRANSMISSION FACTOR WITH 
VISIBILITY ON CLOUDLESS DAYS 


Apparent 


Apparent 
transmission 


transmission 


Apparent 


Visibility Visibility ERG RRR CE A Visibility 


5 


0 
1 
1 
1 
1 
1 
1 
1 
ite 
1 
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(3.3.2) Cloud Layers. 


Single cloud-layer occasions manifestly afford the most 
tractable data for estimating the effects of cloud on daylight 
illumination from observations. A special study was therefore 
made on such occasions, and from this the effects of multiple 
layers were estimated by application of simple theory which was 
afterwards tested by reference to actual observations. 

In considering single layers it was conceptually advantageous 
to divide the sky hemisphere into areas subtending equal solid 
angles at the point of observation using the okta (47 steradians) 
as the unit, and to regard the total flux of illumination at the 
ground as deriving from the vertical flux contributed by each 
okta of the sky separately. 

The separate contributions to the illumination at the ground 
by the clouded and unclouded regions would, of course vary 
with the position of the cloud in the sky and with respect Ve the 
sun, but over all occasions and for all observing points at which 
a definite amount N oktas of a given cloud layer is observed 
the average total illumination J from sun and sky can be 


expressed as 
N N 
eS (1 eed 4 
ale 3) ar bs | d 


where the respective contributions from unclouded and clouded 


(24) 


sky are given by the two terms of this dichotomy. 5b is t 
apparent transmission of cloud and underlying atmosphere a 
thus measures the relative brightness of the cloud as seen fr 
the ground, and we may therefore term it the apparent clov 
brightness; likewise fo is a measure of the sky brightness of t 
unclouded areas in terms of the flux at the ground. 

According to the theory of the transmission of light throus 
scattering media!* 19 the transmission T of fully diffused li 
by a cloud layer is given by 


7 eS 


where z is the optical thickness of the cloud. z depends on tl 
scattering properties of individual droplets, on the droplet sii 
distribution and water content at each level in the cloud, on tl 
geometrical thickness of the cloud and on the reflectance 
the ground. 

For several cloud layers the optical thicknesses are additi’ 
and hence the transmission through n layers is given by 


71-3 (F-1) & 


where T, is the transmission through layer r. 

This formula enables the total transmission through multip 
layers to be expressed at once in terms of the combined trar 
mission of any decomposition of the system into sub-syster 
considered in any order. It may readily be shown that the san 
result holds if transmissions are replaced by apparent transmi 
sions as previously defined. ; 

Regarding the underlying atmosphere as an additional lay 
application of this result to a single cloud layer gives 


Se ee : 
Se oe 5) se te 


and for two layers denoted by suffixes 1 and 2 this becomes 


1 eee 
bin x1 xa fo 


and similarly for a greater number of layers, the 6,,’s denoti 
apparent cloud brightness under conditions of perfect visibili 
at the ground. 

Eqn. (25) does not yield very good results when used 
calculate the transmission through a cloud, except possibly at 
particular sun’s elevation?® of 23°, because the incident light 
not completely diffused. In the present context, however, t 
apparent transmission is independent of the sun’s elevation, so’ 
may expect the formula to hold more accurately; for tenuc 
cloud, where the inaccuracies of the formula are greatest, 1 
reduction in illumination is small anyhow, while if the cloud 
broken the contribution by the unclouded sky is not affected 
the formula in any way. 

Eqns. (24) and (27) make it possible, in principle, to evalu: 
ba from each single-layer observation, but owing to the ser 
tivity of bee to smail changes in the apparent transmissi 
f= Ev it Was necessary to determine the average value o 
on all occasions on which a single cloud layer of given type a 
amount occurred, and associate this with the average visibil 
on those occasions. 

The results, in terms of f,,, the apparent transmission fac 
at infinite visibility, are shown in Table 3 for the following cle 
types: stratus; stratocumulus; cumulus; cumulonimbus; tl 
altostratus and altocumulus; thick altostratus; nimbostrat 
cirrus; cirrostratus. 


2°. ae 


Table 3 


APPARENT TRANSMISSION AT PERFECT VISIBILITY ON Dry 
OCCASIONS. VALUES oF f,, FOR SINGLE CLOUD LAYERS 


Sper | cal Oe, | iis Ns | Ci | Gs 
1 0:94 |0-96/ 1-00 0:97 1:00 |0- 
pe 0:-86/0-88 |0-99 0-92 1-00 or 
5. 0-79 | 0-79 | 0-96 0:85 0-98 |0-95 
4 0-72 |0-72 10:91 |0-85| 0-76 0:95 |0-92 
5 0:65 | 0:68 |0:84|0-74] 0-68 0:91 | 0-88 
6 0-58 |0-62/0-74|0-60] 0:63 0-87 | 0-83 
J} 0-42 |0-47/0-58/0-41] 0:56 ; 0-83 |0-78 
8 0-22 |0-27|0-26/0-15} 0-50 | 0-32 |0-25'|0-79 | 0-73 


From these results it is possible to estimate the daylight 
ination on single-layer occasions in terms of cloud and 
bility. When this was done for different clouds, it was 
und that, owing to the association between b,, and N, the 
arent transmission f could be expressed numerically as a 
action of only two parameters, namely fo and f,. 
The conclusion that the. apparent transmission can be 
xpressed in terms of the visibility and the apparent trans- 
ission at infinite visibility without further regard to the state 
the sky suggests that this function is also applicable to 
ultiple-layer days if f,, can be determined. This was done by 
alculating the sky brightness of each overlapping and non- 
erlapping portion of the sky and then combining the contribu- 
ons on the assumption that the different cloud layers. are 
distbute randomly with respect to one another when projected 
the sky background. 


" After carrying out many of these computations, it was found 
that in every case, whenever identical sets of component values 
of f for the different cloud layers were combined, they always 
gave rise to the same resultant f irrespective of the amounts or 
types of cloud to which they referred. On account of this 
property it was possible to construct numerically the function 
for combining the apparent transmission factors of different 
layers (including the underlying atmosphere regarded as an 
additional layer), and this is given in Section 3.3.3. 

_ For completeness it was also necessary to consider the case of 
clouds from which precipitation was falling. Since most of the 
Wet observations were restricted to large cloud amounts, the best 
that could be done was to determine the ratio of apparent 


} 
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Table 4 


TRANSMISSION THROUGH PRECIPITATING CLOUDS. 
bs ON Wet/Dry OCCASIONS 


RATIO OF 


7 


Rate of precipitation 


Type of cloud 


Slight* Moderate* Heavy* 


0-82 
0-74 


Layer type .. 
Convection type 


* Average precipitation over hour preceding observation: Slight < 0-4mm; 
moderate = 0:4-0-7mm; heavy > 0:7mm. 


transmissions for dry and wet clouds of the same type and 
amount, and in applications assume that their optical thicknesses 
would stand in the same ratio for smaller cloud amounts. The 
results are summarized in Table 4, from which it will be seen 
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that there is a strong association between rate of precipitation 
and optical thickness. 

The standard deviations of error obtained in applying the 
above methods to predict the daylight illumination on a large 
number of clear, cloudy but dry, and wet days were 6, 8 and 
5 kilolux for average received illuminations of 42, 22 and 
9 kilolux respectively. In all three cases the mean error was 
not significantly different from zero. 

The most important factor which has been explicitly omitted 
in the analysis is cloud thickness, but as this is not quoted in 
surface reports, to have attempted to estimate it retrospectively 
would have been impracticable. Other factors which have been 
omitted are the effects of a freshly fallen snow cover and of 
heavy smoke pollution. Owing to the paucity of observations, 
only rough estimates of the latter effects can be made, and 
reference should be made to papers by Kalitin?! and by Helliwell 
and Blackwell.?? 


(3.3.3) Estimation of the Lighting Demand. 


In application to load estimation the daylight illumination is 
expressed on a logarithmic scale defined by 


Illumination index = logi9 I 


where J is the illumination in kilolux. As will be seen from 
Fig. 3, which has been tentatively extrapolated towards an 
asymptotic limit in complete darkness, the relation between 
lighting demand and daylight illumination is only approximately 
logarithmic, but it was found convenient to retain this index as 
a working unit. 

Following the nomenclature of photographic densitometry, 
the apparent transmission factor fin eqn. (23) can be expressed 
in terms of 


D = logio (I/F) 


which we may call the daylight illumination deficit. The process 
of calculating the illumination index on any occasion then 
consists in estimating D from the reports of cloud and visibility 
using Tables 2, 3 and 4 and subtracting it from the illumination 
index on perfectly clear days. 

From a study of the geometry of the surface representing the 
empirical function for combining transmission factors of several 
layers, referred to in Section 3.3.2, it was found that for D, 
and D, both <0-65 the illumination deficit for two layers could 
be expressed to within 0-01 as a sum of functions of the respec- 
tive sums and differences of the illumination deficits D,, D, of 
the component layers: 


D = $(D,; + D2) + WD, — Dy) 


where ¢ and ¢ are given in Table 5. 

For more than two layers, D is obtained by successive applica- 
tions of this Table. In all other cases, repeated application of 
the formula: 


(D; > Do) 


where the suffixes 1 and 2 refer to the two layers being combined, 
was found to give close agreement with the empirical surface. 


(3.4) Precipitation 


As mentioned earlier, the direct effects of precipitation are 
only evident at 1700 hours. The increase in total system 
demand is at present approximately 350 MW/(mm of rainfall 


per hour). 
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Table 5 


COMBINATION TABLE FOR COMBINING ILLUMINATION DerFIciTs < 0°65 
Values of f(D; + D2) | 
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The top row is the second decimal place of the argument. 


(4) CONCLUSIONS 


A comprehensive scheme of practical load estimation is 
provided by the foregoing results of researches on the relation- 
ship between weather and electricity demand. Within this 
framework, meteorological data can be transformed into a 
form to which demands may be directly related for numerical 
processing by statistical techniques. In particular, the time- 
constant of the lag in consumer response to temperature change 
has been shown to be of the order of one day, and basic informa- 
tion is given for translating complex skies coded according to 
standard meteorological practice into equivalent values of day- 
light illumination. 

In general, the relationships between the demand and the 
several meteorological factors to which it is sensitive are non- 
linear in character. The suggested method of deriving these 
relationships consists of a multiple linear regression analysis 
followed by a graphical curvilinear regression analysis. Empirical 
curves are thereby obtained, typical forms of which are illustrated 
in Figs. 1-3, and which can be used as a basis for adjusting 
demands to standard weather conditions. 

In spite of the appreciable arithmetical labour involved in such 
analyses, it is considered that an objective approach on the lines 
given in the paper represents an important step in accurate load 
estimation. 
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SUMMARY 


A brief description of the standard inductors at the National 
Physical Laboratory is given. The principal characteristics of self- 
and mutual inductors are then considered in relation to their measure- 
ment. The methods of inductance measurement at the N.P.L. are 
described; these include the calibration of mutual and self-inductors, 
the measurement of their variation with frequency, the a.c. resistance 
of inductors, and the components of self-capacitance. Emphasis is 
given to the precautions necessary to ensure precision. 


(1) INTRODUCTION 


All measurements of inductance are ultimately dependent 
upon inductors of calculated value. An inductor rather than a 
capacitor is used as a primary reactance standard, since, up to 
the present time, a simple geometric shape that is amenable to 
calculation is realizable with more precision in an inductor. At 
the N.P.L. the primary standard of mutual inductance, designed 
and constructed by A. Campbell, provides the basis for the 
measurement of inductance, resistance and capacitance. This 
paper provides an account of the methods employed at the 
N.P.L. in deriving the values of various standard inductors from 
the primary standard, as well as descriptions of circuits that are 
suitable for measuring or comparing the various characteristics 
of inductors. Some of the methods have been in use for a 
number of years and have been described previously, or are 
well known in principle; these are treated briefly, particular 
consideration being given to the elimination of errors. 

The working standards of inductance comprises a number of 
continuously variable mutual inductors, or inductometers, and a 
set of self-inductors, with values of 1, 2, 5, 10uwH.. . etc., up 
to 1 henry, which can be used at frequencies up to the radio 
range; in addition there are self and mutual inductors designed 
for more specialized applications. 


(2) INDUCTANCE STANDARDS 
(2.1) Standards of Mutual Inductance 


The Campbell primary standard of mutual inductance! has a 
primary winding consisting of two single-layer coaxial helical 
coils and a secondary winding consisting of many closely 
wound turns placed in the mid-plane between the primary coils. 
The value of the primary standard is 10mH; this is found in 
practice to be a convenient magnitude, as it is large enough to 
allow sufficient sensitivity in the most precise measurements, and 
to reduce to insignificant proportions the uncertainties introduced 
by any stray mutual inductances that are likely to be present. 
On the other hand the value is not so large that the effects of 
capacitance in a normal working standard of mutual inductance 
are unduly great. The large self-inductance and self-capacitance 
of the secondary winding of the primary standard render it 
necessary to use a frequency as low as 10c/s if the effective 
mutual inductance is not to differ by more than 1 part in 10° 
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from the value for direct current, for which the value of t 
standard is calculated. 

It is estimated that the calculated value of mutual inductar 
may be in error by an amount not exceeding 10 parts in 1 
the largest contribution to this uncertainty arises from t 
possible errors in the dimensions of the primary coils, while 
smaller, but not insignificant, error may be introduced by unc 
tainties in the precise position of the secondary turns. 

Secular changes in the dimensions of the primary winding ty 
occurred. For example, between 1936 and 1952 the calculat 
value decreased by 17 parts in 10° on this account; but it! 
probable that this was in part a reversion to the dimensions pr1 
to 1936, as changes in dimensions were observed in 1936 durf 
a determination of the temperature coefficient for which f 
primary winding was subjected to rather large and rapid te: 
perature changes. 

In addition to the main secondary winding there are auxiliz 
windings? that provide a continuous variation of mutual indi 
tance up to 100 wH with an accuracy of 0-005 4H or 1 parti 

10*; these windings may be used in conjunction with or ine 
pendently of the main winding. 

Instruments more flexible in their use than the primary ste 
dard are necessary to cater for a range of mutual inductar 
values and to extend the frequency range; for these purpo: 
continuously variable mutual inductors are used. The m: 
stable of these is the one constructed in 1938 by Astbury 2 
Ford;?»* it has a range of 11-1mH, which is covered by th 
decade dials and a continuous scale, and readings to 0-01f 
may easily be made. This instrument has shown no tender 
to drift in value at the maximum setting, and during the 1 
ten years there have been random variations within an extre; 
range of 0-15 wH (15 parts in 10°). Thus it will be seen ti 
the stability at this setting is not greatly inferior to the prim: 
standard. The temperature coefficient is +12 x 10~°/degC 
the 10mH setting. At intermediate settings of the larg 
decade there has been a small, steady drift in their relative valu 
this is a maximum at the 5mH setting and amounts to abe 
0-03 4H per year. This instrument may be used at frequenc 
up to a few kilocycles per second provided that a correctior 
applied; the correction is approximately proportional to (f 
quency)” and it depends to some extent upon the setting: 
1kc/s and a setting of 10mH it is about +3-2 parts in 10+. 

Other variable mutual inductors are also available, one wit' 
maximum of 111 mH and another of 1-1 mH; however, these. 
less stable instruments, and they have larger temperature coe 
cients and larger frequency corrections. 

All these instruments have closely wound coils which nal 
consequence large self-capacitances, and because some of | 
capacitances are associated with tapped coils their effect on. 
mutual inductance is complex. Therefore, for the measurem 
of mutual inductance above power frequencies it is necess 
to have a set of auxiliary standards of mutual inductance w 
simple coils having small capacitances; from a knowledge 
the capacitances it is possible to calculate the change of effect 
inductance produced by them. The auxiliary standards con 
of a number of fixed mutual inductors, up to 10mH in val 
for use in the audio-frequency range. They have air-spa 


| 
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of finely stranded wire, so that both the capacitances 
d eddy currents are minimized; the various component capaci- 
Ss have been measured and the corresponding frequency 
fficients and impurities calculated.5 In addition, the effect 
ddy currents in the terminals has been determined (no other 
parts are used in the construction). In the case of the 
mH inductor, the capacitive frequency correction at 1 ke/s 
a negative mutual inductance (i.e. the mutual inductance 
luces the self-inductance) is about +1 part in 10° and that 
o eddy currents in the terminals is —1 part in 105; the sum 
these gives the effective coefficient, which is zero for this 
ticular condition. 


(2.2) Standards of Self-Inductance 


e set of working standards of self-inductance, ranging from 
HH to 1 henry, are of commercial manufacture;® they have 
yaced stranded windings on formers designed to give compensa- 
ion for temperature changes. These inductors exhibit small 
ges of value with changes in temperature or atmospheric 
ve humidity, but if both the humidity and temperature are 
tained constant an excellent stability is obtained. 
The terminals of the inductors are 1 in apart and are mounted 
brass blocks; these carry a second pair of terminals which may 
connected together by a link to short-circuit the winding in 
definite and reproducible manner. The inductance is the 
ncrease of inductance introduced into a circuit when the link 
ompletely removed; it is assumed that there is no coupling 
een the inductor and the rest of the circuit, or if coupling is 
mesent that it is allowed for by reversal. The provision of the 
K greatly reduces the uncertainty that arises from the incom- 
eteness of the circuit of the inductor due to the small gap 
stween the terminals, and it is particularly advantageous with 
€ low-value inductors. In the case of the inductors of 10 4H 
‘Jess the resistance of the link is not negligible in comparison 
vith that of the winding, and a significant fraction of the current 
“ill pass through the winding when the link is in position. This 
faction depends upon the ratio of resistance of the link to that 
f the winding (provided that the frequency is not so high that 
he reactances determine the current distribution), and if the 
hort-circuit inductance is to be definite the current ratio—and 
herefore the resistance ratio—must be kept constant. In the 
ase of the 1 wH inductor a tarnish film on the link may increase 
he link resistance by 0-1 milliohm and this will produce an 
acrease of the inductance with the link in position by a few 
housandths of a microhenry, thereby giving a smaller than 
ormal inductance change on removing the link. 
The eddy currents in the stranded winding have an effect on 
he inductance that only becomes appreciable towards the upper 
nd of the audio-frequency range. However, eddy currents in 
he rather large terminal blocks and the screws produce detect- 
ble effects on both the inductance and resistance even at low 
udio-frequencies. 
“The fixed mutual inductors may be used in addition as self- 
iductors with values up to 100mH. The low-frequency 
roperties of these are slightly superior to those of the inductors 
1entioned above, as there are no screws in their construction 
nd their terminals are smaller. 


(3) INDUCTOR CHARACTERISTICS 
(3.1) Self-Inductance 


Before proceeding to describe the methods of measurement it 
fill be convenient to outline the characteristic parameters of 
ductors. Considering self-inductors first, the simplest equiva- 
nt circuit comprises a self-inductance, L, a resistance, R, and a 
If-capacitance, C, as shown in Fig. 1(q). This circuit of lumped 
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Fig. 1.—Equivalent circuits of self-inductor. 


impedances is found to be applicable for frequencies up to self- 
resonance,’ provided that the parameters R and, to a small 
limited extent, L are considered to be dependent upon frequency 
on account of eddy currents; C is independent of frequency, 
except in so far as it is a capacitance associated with solid dielec- 
tric of which the permittivity changes with frequency. Fig. 1(b) 
gives the circuit of an inductor which has earth capacitances and 
no direct earth connection, as, for example, in a bridge with 
Wagner earthing arms. The capacitances of Fig. 1(b) are inde- 
pendent of one another, and if the terminal A or B is connected 
to earth, the self-capacitance of the coil is obtained by adding 
Cpr Or Cp, as the case may be, to C43; if the inductor is isolated 
and free of any earth connection, C4, and Cg, will be in series. 

The effective series resistance, Rs, and inductance, Ly, of the 
inductor shown in Fig. 1(@) are given by 


R 

Bee = ery Ss Ge ee ne 
ii “ 

Ly = LA = @LO CR? 0) 


> (lS wrk reeeOC hic. ee 


At frequencies well below that of self-resonance, i.e. w*LC < 1, 
the following approximations may be used, 


Ry ~ RO + 2w2LC) 
Ls =~ LO + wLC) 


In any circuit, whether a bridge or a resonant one, the effective 
values are the only quantities which can be directly determined, 
and where no statement is made below, this is to be understood. 
If the parameters R and L are required, they must be derived from 
measurements made at two or more frequencies by application 
of the above formulae; for this the parameters must either be 
constant over the frequency range or vary in a known manner. 
It is usually possible, by extending sufficiently the frequency of 
measurement, to find a range over which L is sensibly constant 
so that C can be determined by fitting eqn. (2) to the observations 
in this range. This value of C may then be applied at lower 
frequencies and also in eqn. (1) for the determination of R. 


(3.2) Mutual Inductance 


In the case of mutual inductors consisting of two coils, each 
coil will in general have the capacitances of a self-inductor as in 
Fig. 1(b), and in addition there will be four capacitances between 
the ends of coils as shown in Fig. 2(a). Since in most networks 
involving mutual inductors the two coils can be connected 
directly together, thereby short-circuiting some of the capaci- 
tances, the equivalent network can usually be reduced to the 
system given in Fig. 2(d). 

The effect of the capacitances C,, Cy and C; can be regarded 
as modifying the mutual inductance to give an effective value, 
M,, and, in combination with the resistance of the windings, 
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Fig. 2.—Equivalent circuit of mutual inductor. 


introducing a resistive component or impurity, 9g; into the 
mutual impedance; these quantities are given approximately by* 


M. = M =a Ry RoC 12 + w[C,L;M + C,L,M 
+ Cy(L; + M)(L2 + M)] (3) 


o= w{C,R\M + C)R2M + Cy[ RL; + M) 
+R(L,+M)}} . @) 


The component capacitances in Fig. 2(a) between the two coils 
will be different, and therefore the capacitances C;, C, and Cj 
in Fig. 2(b) will vary for the different connections of the coils. 

The effect of the earth capacitances shown in Fig. 2(6) can only 
be analysed by considering the whole of the network of which 
the mutual inductor is a part. When the analysis is attempted 
it will be found that the expressions are usually too complex for 
direct application; the better solution to the problem is to elimi- 
nate their effect from a measurement, as far as possible, by 
employing Wagner earthing arms. In most networks two of the 
earth capacitances can be eliminated in this way, while the 
effect of the third can often be estimated experimentally if its 
value is approximately known. 


(3.3) Resistance of Self-Inductors 


The resistance, R, of a self-inductor will normally increase as 
the frequency is raised, on account of eddy currents, both in 
the conductor of the winding and in any metal in the neighbour- 
hood of the inductor, and also on account of dielectric loss in 
the insulating material in the electric field of the inductor. The 
increase in resistance due to eddy currents in a straight cylindrical 
conductor® is given by R= R)(1 + F), where Ro is the d.c. 
resistance and F is a function of a parameter depending upon the 
diameter, conductivity, permeability, and frequency, f, At low 
frequencies F oc f*, and at high frequencies F oc f 1/2, with a range 
of transition in between. For a stranded conductor consisting 
of a number of separate, insulated wires the general characteristic 
is similar to that of a single wire, except that the transition range 
is somewhat lower than for a similar wire in isolation. The 
eddy currents induced in the terminals and other large metallic 
parts will be developed at a much lower frequency because of 
the large cross-section, and the increase in resistance which they 
produce at low frequencies will be relatively greater than the 
increase due to eddy currents in the conductor. 

Fig. 3 shows in a general way the increase in resistance, 5R, 
from the d.c. value, with variation of frequency. At low fre- 
quencies, a-b-c on the curve, dR is almost entirely due to losses 
arising from eddy currents in the terminals, etc.; these losses are 
initially proportional to f? and they still predominate up to c. 
Above c skin effect in the conductor of the winding makes a 
greater contribution; at first this is proportional to f2 and then 
above d, to f1/2, Ate the resistance contribution due to dielectric 
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Fig. 3.—Increase of inductor resistance with frequency. 


loss becomes significant; this produces an increment proportio 
to f3 if the loss angle of the dielectric is independent of freque: 
The effect of dielectric loss is only likely to be significant! 
frequencies approaching that of self-resonance, and in a w 
designed coil having a small amount of insulating material 
good quality it may still be small at the self-resonant frequ 

It is unlikely that all the portions on the curve of Fig. 3 \ 
be apparent in a single inductor. The point b may be at af 
tens or hundreds of cycles per second, while e or even d 
be above the self-resonant frequency; in many cases d will 
above the point at which dielectric loss will become appreci 
and the upper inflection of the curve will be absent. On acco 
of the complex nature of the characteristic, caution should 
exercised in any extrapolations of an observed resistance chaa 
with frequency. 

A conductor having insulated strands with one or more 
the strands broken will show an anomalous decrease in resista1 
from direct to alternating current, since with direct current 
broken strands do not carry current but with alternating curm 
the inter-strand capacitances allow them to carry their : 
proportion of the current. 


(4) INDUCTANCE MEASUREMENTS 


(4.1) Comparison of Mutual Inductors 


The comparison of two mutual inductors, one of which 
be adjustable, is readily made using the circuit due to Hartsh 
shown in Fig. 4. The conditions at balance are 


M,+M™M,+1=0 
0; + G2 Pp =O 


_ Their mutual inductances must be of opposite signs, a 
since / is normally negligible, equal in magnitude; if it is dest 
to compare two instruments with mutual inductances of 


Fig. 4.—Comparison of mutual inductances. 


sign, a substitution of one for the other may be made 
th a third inductor of the opposite sign on the other side of 
bridge. 
power frequencies the effects of capacitance are usually 
ignificant and it is only necessary to take precautions to 
oid stray mutual inductance. Coupling between the two 
tual inductors can be minimized by placing them well apart 
their axes perpendicular and one inductor on the axis of 
other; the error due to coupling is eliminated if the mean 
t is taken of observations made with a reversal of both the 
ils of one of the inductors. Stray mutual inductance between 
> coils and the leads connecting them can be eliminated if the 
ds are twisted flex or coaxial cable. If the latter is used 
h the outer conductor of each lead connected to the potentio- 
ster, r, there is no contribution to the capacitance between the 
ds of the coils, that is, to the capacitance C;, in Fig. 2(b). At 
er frequencies it may be necessary to allow for the extra 
pacitance across the two coils which the leads introduce; these 
pacitances are added to C, and C, of Fig. 2(b) and their effect 
ay be calculated by means of formulae (3) and (4). 
In addition to the capacitances across the coils of the mutual 
ductors there will be capacitances from them to earth. The 
hing arms are adjusted to bring the resistor r to earth 
mtial and earth capacitances from this point do not affect the 
ance; earth capacitances from the supply points of the bridge 
e effectively included in the earthing arms. The only earth 
pacitances that require further consideration are those from 
€ points connected to the detector. Astbury has shown that 
ese cause no error at low frequencies provided that the earthing 
are correctly balanced.2 However, at audio frequencies 
they may cause appreciable errors which are related in-a complex 
Way with the various resistances and inductances of the circuit, 
ht which are directly proportional to the earth capacitances. 
ff these are known it is simpler to determine their effect by 
experiment rather than by calculation. Since the errors are 
proportional to the capacitances, if to each side of the detector 
a capacitance to earth is added equal to that already present an 
equal additional error which may be measured is introduced, and 
allowance can be made for the original earth capacitance error. 
- At power frequencies the simplest form of detector is the 
vibration galvanometer: it has adequate sensitivity and does not 
mtroduce large earth capacitances. An amplifier is usually 
necessary to provide high sensitivity at audio frequencies, and 
this will normally be connected to the bridge through a trans- 
former. It is desirable that the transformer should have an 
sarthed screen between its windings and that the capacitances 
between the screen and the ends of the input winding should be 
small and approximately equal. Since these screen capacitances 
sonstitute the largest components of the detector to earth capaci- 
ances, a knowledge of them alone usually suffices; they may 
96 measured in the same manner as the earth capacitances of 
elf-inductors as described later. 

An alternative way of dealing with the detector earth capaci- 
ances is to maintain the screen of the transformer at the same 
Jotential as the detector points. A cathode-follower with an 
Aput capacitance of less than 1 pF and a gain of 0:99 has been 
lesigned for this purpose;!° its input is connected to one of the 
letector points and the screen to the cathode. This device 
educes the effect of the earth capacitance by a factor of 50. 
t is desirable to have an independent earthed screen around the 
ransformer output winding so that there is no capacitive 
oupling between this winding and the screen maintained at the 
widge detector potential. 

When determining the change in effective mutual inductance 
vith frequency it is not permissible to reverse the coils of a 
putual inductor, since doing this may alter the capacitances 
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upon which the change with frequency depends. Therefore, the 
frequency change must be measured without any alteration in 
the circuit. 

It was mentioned above that auxiliary air-spaced mutual 
inductors, which constitute the standards for frequency changes, 
are affected slightly in the audio-frequency range by their 
terminals. The magnitude of this effect has been measured by 
observing the changes in mutual inductance and impurity which 
occur when an identical set of terminals is placed in a similar 
position near the inductor. The magnitude of the eddy-current 
effects is not dependent upon the sign of the mutual inductance 
or the sense in which the coils are connected. 


(4.2) Derivation of Self-Inductance from Mutual Inductance 


At the N.P.L. the Campbell—Heaviside bridge provides the 
link between mutual inductance and self-inductance. This net- 
work is incorporated as part of the Astbury bridge for the calibra- 
tion of capacitors,!!, !2 and provision is made for the insertion 
of a self-inductor into the circuit. 

For the most precise measurements a bridge with equal ratio 
arms is preferred, since any small inequality may be allowed for 
by reversing them and no measurement of the ratio is necessary. 


Fig. 5.—Measurement of self-inductance. 


The bridge with its screening is shown in Fig. 5. With equal 
ratios the inductance, L, is given by 


Bem AMM) ce lols ee, Ae 


where the suffixes 1 and 2 refer to the values with the self- 
inductor in and out of the circuit respectively. The resistance, 
R, of the inductor is balanced by an equal increase in the resis- 
tance, r, which is the value of a resistor with decade dials and a 
continuously variable slide-wire. The residual inductance of 
these has been measured!? and is known to +0-01uH. For 
measurements at audio frequency it is necessary to apply a 
correction for the change in mutual inductance with frequency. 
The most accurate procedure is to determine the overall correc- 
tions to be applied to the bridge from measurements on self- 
inductors having negligible or known frequency coefficients. 

The Wagner arms eliminate the effects of earth capacitances 
from the detector points of the bridge, and screening within the 
bridge eliminates internal earth capacitances from points other 
than the detector and supply terminals. A coaxial lead con- 
nects the inductor to the bridge, and the only earth capacitance 
which needs consideration is that from the end of the inductor 
which is not at the detector potential. The error due to an 
earth capacitance, Cx, at this point is CxR’R; R’ = 1:5 ohms 
in this bridge, and for the 10mH _ sub-standard inductor 
R = 4-4 ohms and Cx = 5pF, so that in this case the error 
is 30 x 10—!2H, which is negligible. 
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In the Astbury bridge the greatest value of self-inductance 
which can be measured with equal ratio arms is about 10mH, 
because the maximum value of M is about 11 mH and the value 
of M, which is required to balance L’ is about 5-7mH. While 
self-inductances less than 10 mH may be measured, the accuracy, 
expressed as a fraction of the value, becomes progressively less, 
and it is more satisfactory to compare other self-inductors with 
the 10mH inductor. Inductors of value greater than 10mH 
can be measured using unequal ratios of 10:1 or 100: 1 
which are incorporated in the bridge, but it is more accurate 
and usually more convenient to make a comparison of self- 
inductors as described in the next Section. 


(4.3) Comparison of Self-Inductors 


‘The bridge shown in Fig. 6 is used to compare self-inductors 
in the range 14H to 1 henry at power and audio frequencies. 


Fig. 6.—Comparison of self-inductances. 


L, and L, are the inductors being compared; the one with 
the higher ratio L/R is in series with the resistance r of a 
five-decade resistor adjustable in steps of 0-1 ohm. A-~con- 
tinuous adjustment of the resistance is provided by the 0-1-ohm 
slide wire pg. The ratio arms R3 and Ry, consist of a Kelvin— 
Varley potential divider and are continuously variable; the total 
resistance is 1000 ohms and the scale is divided to 0-001 ohm. 
At balance the conditions to be satisfied are 


L, +1, = pl, +bh+Ar(R,+r+n4+p] . (8) 
Ri tr,+9=p[Ro+r+nm+p—wArL,] . (9) 


where p= R,/R3; Ar Fa Rd Nae aaa 14] R, = 1,/R3; ry and a) 
represent the resistances of the leads in arms 1 and 2, and /, 
and /, their inductances; Av, the difference of time-constant of 
arms 3 and 4, has been measured by methods already described 
and is known with an accuracy of 1 x 10-9H/ohm for all 
except the extreme ratios.!3 The resistance calibration of the 
potential divider is determined for about thirty settings which 
are commonly used; the accuracy with which the ratio is known 
is 1 part in 10° or better for any ratio p, between 1/10 and 10/1. 

The inductances of the leads in arms 1 and 2 must be known 
and their measurement is described below. The variations with 
setting of the residual inductance of the slide-wire Pq and the 
resistor r have been measured and are known to 0-001 LH or 
0-002 wH/ohm, whichever is the greater. 

In order to achieve high precision the wiring should be dis- 
posed so that any loops are made as small as possible; the 
inductors should be well separated and arranged to minimize 
the coupling between them; the other components and the 
connections should be in earthed screens. Therefore, to each 
of the inductors there is a pair of individually screened leads 
about 60cm (24in) long, and the supply and detector points 
are screened and close together, the leads to them also being 
screened and twisted. The Wagner arms eliminate the effects 


and 


of all the earth capacitances except for Cx in Fig. 6 from 
junction of L, and r; this increases the equivalent inductance 
arm 2 by rR,Cx, which, however, is usually negligible compar 
with Lp. 

The error due to any residual mutual inductance between t 
inductors is eliminated by taking the mean of measureme 
made before and after reversing the connections to one of t 
inductors, care being taken not to move the inductors. Whi 
measuring small inductors the changes in inductance inciden 
to reversing the connections are usually greater than the stré 
mutual inductances with the inductors positioned carefully, ar 
no reversal is made. 

Unscreened inductors may have stray capacitances betw 
them. These can be considered as four capacitances betw 
their terminals; two of the four have little effect, one being acro; 
the supply and the other at the ends adjacent to the detecto: 
the other two will augment the self-capacitances of the inductor 
one being added to each. Since the capacitances are likely + 
be unequal, at high frequencies large inductors should be c 
nected when possible so that the larger capacitances have 
smallest effect on the bridge, and it is advisable to eliminate 
determine the stray inductive coupling between the inductors t 
a measurement at a frequency which is low enough for the eff 
of capacitance to be negligible. 

The procedure adopted for the calibration of the sub-standay| 
inductors is as follows. First, the 10mH inductor is measure 
on the Campbell-Heaviside bridge; then the other inducto: 
between 1 and 100mH are compared with it and with of 
another in all the cases for which the ratio of the values does n: 
exceed 10:1. By similar inter-comparisons, within a 10%: 
ratio, the range is extended down to 20H and up to 1 henr) 
Thus the value of each inductor less than 10mH is derive 
from comparisons with the three next larger inductors, ar 
similarly each of the inductors greater than 10mH is derive 
from the three next smaller ones. In general, over the rang 
100 H to 1 henry, it is found that the individual comparisos 
give results which are within 1 part in 10° of the mean value « 
an inductor, and that in no case does an individual result di 
by more than 2 parts in 10° from the mean. It is estimated th 
the value of any inductor in the range is known to 5 parts in 1 
The uncertainty in the inductance of the bridge leads becom: 
increasingly important as the inductor value is reduced ar 
inductors of 104H and below are compared only with tt 
100 wH or 50 4H inductors. For inductors of about 1 wH agr 
ment with other methods to 0-0005,H is obtained, and for: 
10 wH inductor the accuracy is about +0-0024H. When < 
accuracy of +0-01H or better is required it is essential + 
measure the inductance of the bridge leads without disturbi 
them. Except for one or two of the larger values, the ratio : 
L/R of the standard inductors steadily decreases with the valu 
and the smaller of any pair being compared must be placed | 
arm 1; therefore it is only necessary to measure /, with tl 
highest accuracy. The value of /;, which is about 1 wH with) 
short-circuited coil in arm 1, is measured with the 50 or 100 p! 
inductor in arm 2, so that no great accuracy is required for tk 
residual inductance in this arm. Although under these conditios 
the convergence of the bridge at 1kc/s is poor, it is possible + 
measure J, to within 0:0005,H. The residual inductance 
arm 2, with the dials of the resistor r set at zero, is about 2 wk 
having obtained the value of J,, that of 1, can be obtained t 
comparison with it when the short-circuiting link on the induct 
in arm 2 is inserted. Again the convergence is poor, but ¢ 
accuracy of 0-005 wH is readily obtained. The variation of #1 
inductance over the range of the slide wire pq has been dete 
mined from measurements of the residual inductances at vario 
settings; the inductance variation is 0:20uH/ohm over ¢ 


ange of the slide wire (0-1 ohm) and for small resistance changes 
f up to 0-01 ohm it may be estimated to 0-000 1 pH. 


(5) MEASUREMENT OF SMALL INDUCTORS 
(5.1) Self-Inductors 


_ Some of the methods for measuring the residual inductance 
resistors may be adapted and are convenient for the measure- 
ment of small values of self-inductance, four-terminal inductors 
and mutual inductors of low or medium value. 

_ The bridge shown in Fig. 7 may be used to measure self- 


Fig. 7.—Measurement of small self-inductances. 


inductors up to some tens of microhenrys at audio frequencies 
od up to a few millihenrys at power frequency. It is essentially 
a bridge with four resistive arms, and in one of these the induc- 
tance, L, being determined is counter-balanced by a capacitance, 
Cj, across a resistance, R,;. The ratio arms R; and Ry, consist 
of a Kelvin—Varley potential divider and are variable; the 
Tesistor R, is fixed in value and is conveniently about the same 
value as R,. The experimental procedure is as follows: first 
‘with the inductor out of circuit or short-circuited the bridge is 
balanced by adjusting C; and the ratio R,/R3; it is sometimes 
Mecessary to place a small, fixed capacitor across R, in order 
‘to achieve this balance. The inductor is then connected in the 
circuit and the bridge rebalanced by adjusting C, and the ratio. 
Let the suffixes a and b denote the values of these after and 
before inserting the inductor. The inductance is then given by 


7, = R2 Cia Cio 4 
1 + w?R?C?, 1 + w?RIC?, 


+ (Ar, — Az;)R; + At,R + Ly(p, — po) (10) 


Where p = R,/R;, At = 7, —73 and Ly, is the equivalent 
inductance of arm 2. The last three terms in eqn. (10) are 
small quantities: (Av, — Az,) may be kept small by altering only 
the lower dials of the potential divider between the a and b 
balances, and therefore R, should be selected so that a change 
in the first dial is avoided. It is also desirable to arrange the 
Settings of the divider so that Az is small to minimize the next 
term in the equation. In the last term, (p, — p,) is approxi- 
mately proportional to R for given values of R; and Ro, and it 
is usually found that L, can be estimated with sufficient accuracy. 
With regard to the terms in the square brackets, Cj, is usually 
small and the expression w*R?Cj, in the denominator negligible; 
the expression w?RjC?, in the denominator of the first term 1s 
approximately equal to w*L?/R?, and if the correction it intro- 
duces is not to exceed a fraction «, R; must be not less than 
wL]|\/x. That is to say, R; should be increased as the frequency 
or the inductance being measured is increased, and C,, should 
be reduced. 

The presence of an earth capacitance Cx at the junction of R, 
and L makes the measured inductance too large by an amount 
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RR Cx; because of this, the value of R, should be low for small 
inductances, and since for these it is permissible to make Cire 
large, stray capacitances are not important in this case. When R, 
must be large and C;, small, it is advisable to screen the various 
components and connections; it is better in this case to connect 
the screens of R,, C,, and the lead between them and L, not to 
earth but to the supply point, as shown in Fig. 7. 


(5.2) Mutual Inductors 


Mutual inductors can be measured by a method which is a 
development of those described by Astbury!* and Ford.!5 The 
circuit is shown in Fig. 8; arm 1 comprises a parallel combina- 


Fig. 8.—Measurement of small mutual inductances. 


tion of a known resistor R,; and an adjustable capacitor C in 
series with one coil of the mutual inductor; R, is fixed and of 
about the same value as R,, and the Kelvin—Varley potential 
divider is again used for the ratio arms. The bridge is balanced 
by varying Cand the ratio p = R,/R; with the detector connected 
first to the point a and then to 5; using these as suffixes to denote 
the values at the two balances, with the notation above, we have 


Cy C, 
1+ w?R?CZ 1 + w*RIC2 


+ (Az, — Ar,)(Ri + 1) + Eo(o, — pp) (11) 


As the ratio only requires a slight adjustment between the two 
balances, to allow for the alteration in the effective series resis- 
tance of R, and C, the second and third terms are nearly always 
negligible. The effects of earth capacitances from the points in 
arms 1 and 2 which are at neither supply nor detector potential 
are the same for the two balances and no error is introduced. 


M(1 + pp) = ri 


(6) FREQUENCY VARIATION OF SELF-INDUCTORS 

Measurements of the variation of inductance with frequency 
are ultimately dependent upon the constancy of capacitance of 
an air capacitor with frequency, the effects of series inductance 
being allowed for if necessary. 

An air capacitor can be used direct at radio frequencies by 
forming a simple resonant circuit, and the technique required to 
achieve high precision by this method has been fully described.” 
The frequency may be extended downwards to some extent by 
using mica capacitors, but at audio frequencies, bridges are more 
accurate and convenient. 

The Maxwell inductance-capacitance bridge shown in Fig. 9 
can be used over a wide frequency range as the balance is inde- 
pendent of frequency to a first order. The conditions for 
balance are 


L, = R,R,C3[1 = W774 == (T2 a0 T4)/C3R3] . (12) 
RRs R.RAL = altar, + (r2 + 74)C3Rs]} : CLS) 
es RR, = w(T2 ate T4)C3R3| . (14) 


and 
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Fig. 9.—Measurement of variation of inductance with frequency. 


where 7, and 74 are the time-constants of arms 2 and 4, At 
high frequencies the effects of these time-constants require 
consideration; when each of them is small compared with 
C;R3, as will normally be the case, TT, will be small com- 
pared with (7, +7,)C;R3; and the approximate equation (14) 
may be used. If they are approximately equal in value and if 
their sum is such that the resistive balance is independent of 
frequency to a first order, their effect on the inductance will be 
negligible to a second order. The required time-constants may 
be obtained experimentally without difficulty; the time-constants 
of R, and R, may be compared and adjusted to equality without 
a knowledge of their absolute values. They can be further 
adjusted to be approximately zero by satisfying the condition 
that there is no change of resistive balance with frequency. 
These adjustments are facilitated if the resistors are initially 
slightly inductive and small trimmer capacitors can be connected 
across them. The condition used as the criterion for the adjust- 
ment to zero assumes that the resistance of the inductor does not 
change appreciably with frequency, and this has been true of the 
inductors which have been measured with the circuit. However, 
if a small error should arise from this cause it will usually be 
proportional to w*, and will appear as an alteration to the 
self-capacitance rather than to the inductance as calculated from 
eqn. (2). 

A screened variable air-capacitor is used for C3; and a value 
of 1000pF is convenient. The variable resistor R3 will be of 
high value, between 0-1 and 1 megohm probably, and its shunt 
capacitance must be independent of frequency and setting; a 
resistor satisfying these requirements has been constructed by 
mounting a carbon track of the appropriate value from a 
commercial potentiometer on a former of good dielectric 
material and enclosing it in an earthed screen. The resistors R, 
and R,4 may be comprised of a few fixed values, from which the 
ones appropriate to the inductor under test can be selected; they 
should be wound with fine wire to minimize skin effect, and their 
terminals should be close together; the resistors and terminals 
should be in individual screens. The inductor should be placed 
at some distance from the other components—about 15in is 
suitable—and the leads to it should be separately screened and 
twisted; the change of inductance of the leads may be significant 
when measuring small inductances; it can be measured in the 
same way an an inductor and an allowance made. 

Measurements on the smaller-value inductors have been carried 
out on this bridge at frequencies between 1 and 100kc/s; for the 
larger values the approach to self-resonance sets the upper limit. 
A few of the larger inductors have been measured at frequencies 
down to 60c/s, but here the method is limited by the difficulty 
of obtaining a sufficiently fine adjustment of R; so that C3 may 
be set with the requisite accuracy. At low frequencies it is 
permissible to use larger, mica capacitors, thereby enabling the 
value of R; to be reduced so that a decade resistance box may 
be used; as only small changes in the resistance are required the 
time-constant will not be altered and need not be known. It is 


necessary to know the variation of the capacitance C3 wi 
frequency. : 

At high frequencies it may be necessary to allow for the indu 
tance in series with C3, to determine the effective capacitance 
the arm; the inductance is best obtained from a measurement 
the self-resonant frequency of the capacitor and its leads wi 
these short-circuited at the bridge terminals. 


(7) MEASUREMENT OF THE A.C. RESISTANCE OF | 
INDUCTORS | 

At high frequencies the resistance of an inductor is most readi 
measured by forming a resonant circuit with an air capacito: 
the resonant technique may be extended to lower frequencies fc 
the larger values of inductance by using mica capacitors, and : 
this case it is advantageous to use the resonant circuit in a bridg 
network. The resonant circuit may be either of the series ¢ 
parallel type; with the latter, the effective parallel resistance 
high and very dependent upon frequency, being given appro 
mately by w*L?/R. In the former type the resistance is lo 
and varies only slightly with frequency, but it has the dis 
vantage that errors may be introduced by stray capacitan 
from the junction of the capacitor and inductor. In practic; 
it is found that the series-arm bridge is to be preferred, provi 
that the earth capacitance Cx in Fig. 10 can be estimated 
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Fig. 10.—Series-arm bridge for measuring the a.c. resistance 
of inductors. 


allowed for. All the bridge components except the inductc 
should be screened; the screen of the capacitor and of the 1 
between it and the inductor should be connected to a termin: 
of the capacitor and not to earth, in order to avoid any additio 
to the earth capacitance Cy. The capacitance Cx will then oni 
consist of the capacitance to earth from this end of the inducto 
The effect of the earth capacitance is to modify the dir 
impedance of the arm, which becomes 


Z, =r + RU + Cg/C) + jfoL + Cx/C) — 1fwc] . (a! 


where R and L are the effective series resistance and induc 
tance. It will be observed that the earth capacitance intra 
duces an error in the resistance proportional to Cx/C; sind 
C ~ 1/w°L this term is approximately proportional to th 
square of the frequency, and the error is small at low frequencié 
for which the greatest accuracy in resistance measurement | 
likely to be required. The equivalent series resistance, r, of t 
capacitor is obtained from the power factor, y, according to t 
usual expression r = y/wC ~ ywL; it is therefore proportiona 
to the frequency if the power factor is independent of frequenc? 
While the power factor is likely to vary with frequency to a sm 
degree, the expression serves to indicate that at lower frequenci 
the loss in the capacitor may be of relatively greater importan¢ 
when measuring resistance changes which vary as the square ¢ 
the frequency. 
The bridge is balanced by adjusting the capacitor and one < 
the three resistors; the total effective resistance in arm 1 is give 


R; = R,R,/R3. If it is desired to obtain a precise measure- 
nt of the increase in the a.c. resistance over the d.c. value, a 
measurement should be made immediately following the a.c. 
e. This can be done using the same bridge circuit with the 
pacitor short-circuited and a d.c. supply and detector sub- 
ted for the a.c. ones; if provision is made for a rapid change- 
r, by means of convenient switches or plugs, any change in 
resistance of the inductor due to temperature variations is 
imized. 
The Maxwell bridge, Fig. 9, described above, may be used 
tr measuring the resistance of large inductances at frequencies 
to a few tens of kilocycles per second. A mica capacitor 
ither larger than for the inductance measurements is required 
order that the value of R; may be reduced so that its value 
may be known accurately. It is necessary to know the power 
ctor, 3, of the capacitor, and, at the higher frequencies, the 
ne-constants of R, and Ry. The expression for the resistance 
in arm 1 is 


— RRX1 a w[ 7274 + (7 + 74)C3R3] M(1/R; + wC373) 
(16) 


if +, and 74 are small their product may be neglected as before. 
_ This bridge is convenient for measurements at low frequencies, 
ad it is particularly appropriate for determining the d.c to a.c. 
istance change, since both balances can be made on the bridge 
ithout any alteration to it. 
_ Having determined the resistance of an inductor over a range 
if frequencies, the inductor may then be used as a standard 
‘om which the resistances of other inductors of different values 
ay be obtained for the same frequency range. The bridge 
own in Fig. 6 may be used for this comparison. For high 
precision it is desirable to reduce the errors due to uncertainties 
in the temperatures of the inductors and to follow the a.c. balance 
by a d.c. balance, thereby obtaining a comparison of d.c. to a.c. 
changes of resistance of the two inductors. The procedure is 
first to balance the a.c. bridge in the normal manner, by adjusting 
‘ ratio, and r and pq, and then quickly to substitute a d.c. 
supply and detector and to rebalance the bridge by means of r 
and pq. The resistances of the inductors are related by the 
iovics equation, in which each of the terms with 6 is the 
excess of the a.c. value over the d.c. value; for example, 5R, is 
the increase in the effective resistance of the inductor in arm 1 
:. d.c. to a.c., and dr is the difference of reading of r between 
the d.c. and a.c. balances. 


SR, + 6r; = p(SR, + Or, + Or — w?L Art) + (p + 1)6p. (17) 


The changes in the resistances of the leads, dr, and 6r2, are usually 
negligible compared with the other terms. 

When using this bridge for the resistance comparison the 
sffect of an earth capacitance Cx requires further consideration. 
[In addition to the increase of inductance in arm 2, mentioned 
above, such a capacitance modifies the effective series resistance 
of the arm and this becomes R, + r(1 — w?L,Cx); the error 
ntroduced may be significant if r is of the same order as R,. To 
‘educe the earth capacitance the screen of r, and of the lead 
setween it and L,, should be connected to the adjacent detector 
s0int for resistance measurements; this alteration introduces a 
apacitance across r, and, although it produces an error in the 
nductance, the series resistance is not affected. 


(8) SELF-CAPACITANCE OF INDUCTORS 
It was pointed out above that, to obtain the values of L and R 
¥f an inductor from the measured effective values, a knowledge 
Mf the self-capacitance, C, is necessary. The self-capacitance will 
Ye definite and fixed in value for an inductor with a screen 
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which is connected to one of its terminals; for an unscreened 
inductor, or one with an isolated screen, the capacitance depends 
upon the manner in which the inductor is connected relative to 
the earth or the screen. Furthermore, with an unscreened 
inductor the external capacitances will depend to some extent 
upon the closeness of other metallic objects. In circuits where 
the earth capacitances are eliminated, the self-capacitance only 
comprises the distributed winding capacitances and is less subject 
to the influence of nearby metal. 

The self-capacitance can often be obtained most readily by 
determining the self-resonant frequency of the inductor in the 
appropriate conditions. For example, self-resonance in an induc- 
tor with one terminal earthed may be observed by means of a 
high-impedance voltmeter connected through a small capacitor of 
known value; for this the inductor is energized from a variable- 
frequency high-impedance source. An alternative method is to 
find the frequency at which the inductor has zero reactance or 
susceptance when it is connected to a suitable bridge or other 
circuit. 

The component capacitances of an inductor can be measured 
with a Schering bridge having Wagner earthing arms.!2_ When 
the bridge supply frequency is near to that of self-resonance of 
the inductor, its impedance will appear as a high resistance in 
parallel with a small capacitance, C’, which will be positive or 
negative depending upon whether the frequency is above or 
below self-resonance. Thus the capacitance C4p [Fig. 1(b)] of 
the inductor is given by 1/w?L + C’; in this expression the low- 
frequency value of L may be used. 

The capacitances C4z and Cp, are eliminated from the above 
measurement; one of these is between a bridge detector point 
and earth and the other is between a supply point and earth.* 
The latter is thus across a Wagner arm and, on connecting the 
inductor to the bridge, necessitates a reduction in the Wagner 
aim capacitor. This reduction will give the earth capacitance 
from one end of the inductor winding; the capacitance from the 
other end is obtained with the inductor reversed. 

The screen-to-winding capacitances of a transformer or a 
screened inductor can be measured by this method, the screen 
being connected to earth. They may also be measured by 
connecting the winding between one of the bridge detector 
points and earth, and connecting the screen to the junction of 
the two capacitance arms; one of the winding-to-screen capaci- 
tances is thrown across a bridge arm, enabling it to be measured. 
In this method the frequency is not restricted to that near self- 
resonance and any convenient frequency may be used. 
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SUMMARY 


“4 

The first part of the paper is concerned with the choice of the 
ptimum filter for the extrapolation or interpolation of a signal which 
contaminated by noise. The problem has been completely solved 
y Wiener in his book on the subject. The method used here for 
ving the integral equations is different and leads to the solution 
r the lagging case without having to approximate «—?* by the ratio 
polynominals in p. Laplace transformations are used and lead 
ectly to the solution. The second part of the paper deals with the 
lution of the optimum filter when the error is minimized at a par- 
lar time after switching on, the averaging being taken over an 
emble. Examples of each problem are given. 


(1) INTRODUCTION 


The problem of filtering and prediction has been the subject 
of much study during the last few years. Many papers have 
been written on the subject; there are some in the form of 
heuristic expositions and others concerned with generalizations 
of the problem first solved by Wiener.* This is yet another; it 
is the outcome of much effort in trying to solve the optimization 
problems with engineering mathematics, in particular by the use 
of Laplace-transformation techniques. The variational part of 
the problem is repeated along the lines proposed by Wiener. 
[t is repeated here because the arguments used depend upon the 
fact that the formal variational procedure does not include a 
variation of the impulse part. Section 2 deals with the case in 
which the error has to be minimized when averaged over an 
infinite time. Section 3 contains the solution to a more practical 
problem in which the error has to be minimized at a particular 
ime when averaged over an infinite ensemble. This case 
ncludes the first as a special case. 


2) THE MINIMIZATION OF THE MEAN SQUARE ERROR BY 
USE OF A CONSTANT-PARAMETER LINEAR NETWORK 
WHEN AVERAGED OVER ALL TIME 


(2.1) The Permitted Operator 


The linear operator which represents the operation of the 


etwork is 
t 


[ © ome = dar (1) 
0 
vhere h,(f) is permitted to be any function with a finite number 
f discontinuities for positive time and equal to zero for negative 
ime. The function may contain any finite number of impulses 
f any finite order either at the origin or elsewhere. 
The problem is to find the weighting function h,(t) which, 
yhen used in the operator (1) to operate on the signal plus noise, 


* Wiener, N.: ‘The Interpolation, Extrapolation and Smoothing of Stationary 
ime Series’ (Wiley, 1950). 
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will minimize the mean square deviation between the resultant 
and the signal either at the current time or future or past time. 
The first mathematical process to find h,(t) involves a mini- 
mization procedure; this is more straightforward if h,(s) is 
separated into two parts, h(t) and h,(f), which are respectively 
the part of h,(¢) which is free from impulses and the impulses. 
If h,(t) contains impulses at the origin, the resultant due to 
this part of h,(7) will be the signal plus noise and the derivatives 
thereof with appropriate constant multipliers. Impulses other 
than at the origin produce terms in the resultant due to the 
signal plus noise being delayed and the derivatives thereof. 


(2.2) Mathematical Statement of the Problem 


Let the signal plus noise be represented by g(t) and the signal 
by s(t); then the problem is to minimize £,, where 
1 th! oO 2 
| | [ s@—ohi@ar — so | dt Q) 
T 0 0 ip 
—> co 
In egn. (2) the limit of the integration has been extended to 
infinity; this has to be done since the signal and noise are sup- 
posed to have started indefinitely far in the past. Expanding 
eqn. (2) and including with FE, the mean square of the signal, 
which is independent of h,(7), to form EF, gives 


1 ht oe) 2 2 1% © 
ne “ah ii a(t — Ona dt — a so] a(t— u(r | dt 
rT 


ioe) 


Changing the order of the last two integrals and substituting 


T 
x(n) =a) alt — as(oae 
gives ; 
T ) 2 oo 
E, = =| | g(t — hy rr Ohi = 2] hy(z)x(7)dr (3) 
Onan 
T>o 


(2.3) Variation of h,(t) 


As mentioned in Section 2.1, the impulse response h,(7) will be 
written as the sum of two terms, h(t) which is finite and h,(7) 
which has no continuous parts and contains impulses only. 
(The impulses can be of any finite order.) The reason for this 
is that the variational procedure which will be used does not 
include a variation of the impulse part. As a result of applying 
the variation technique to h(r) only we obtain the Wiener—-Hopf 
equation. 


| Mae = par x6) (4) 
0 


as being a necessary but not necessarily a sufficient condition on 
h,(7). It is obvious that the solution to the Wiener—Hopf 
equation is not unique, since the solution, h,(7), not necessarily 
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zero if impulsive, can be multiplied by an arbitrary function of 
s and added to a particular solution of eqn. (4): 


[ n@der — ar =0 
0 


However, by a variation of the impulse part of h,(7) the 
unique solution can be found. The procedure then will be to 
arrive at eqn. (4) as being a necessary condition on h,(7) but 
still having to vary the impulse part to give a sufficient condition. 
The general solution to eqn. (4) will be obtained, and then, by 
varying those parts containing impulses, the arbitrary constants 
will be determined. 

Substitution of h(r) + h,(7) for h,(7) in eqn. (3) gives 


1 ay oe) 2 Dr co 2 
E, =F . i g(t — andr dt + sh [ [eens dt 
Te (ee) co 
4 2 J i a(f=ahG)dr i a(t— (or | dt 


— 2] h(x(dr — 2] by@xCdr 6) 
° T>o ‘ 


In egn. (5) the terms containing h,(7) can be written in terms 
of the delayed derivatives of the appropriate functions if 


cd n Bn ee, 
J at — amar = 3S = 8). 
Then 
Se n Bn: —— 
: h,(7)x(dr7 = > a Ga bey 


1=0 

Substitution of eqns. (6) and (7) in eqn. (3) to make it look 
simpler gives 

it 


foo) 2: 1 T 
Ey => | i sa— nar dt + a [gi(4) dt 


viaticla pes © 
ss a J a(t — Dh(r)dre(dt — 2 | hex(r)dr — 2K (8) 
0 


Now since the impulse part h,(f) is not going to be varied, 
g(t) will remain constant together with K, and these may be 
included in E, to give E in eqn. (9): 


1 £ 2 2. 9 & peo 
E= a | J a(t— nC dt+s J J a —nncrydreiodr 
T—->o 


—2| hinx(ndr 9) 
a) 


In eqn. (9), for a chosen impulse part h,(f), the finite part 
h(7) can be varied to make E a minimum; then replacing h(7) 
by h(r) + ek(r) will produce a new error which will be greater 
ee for either sign of e. Using this fact leads in the usual 
way to 


i his)f(s— r)ds + | hy(s)h(s — r)ds = x(2). (10) 
0 
for 7>0 


as a necessary condition on h(s) and h,(s), where ¢(s — 7) is 
given by 


1 T 
Hs — 2) =) a — nate — sar (11) 


Eqn. (10) is the usual Wiener-Hopf equation, which has he: 
been shown to be a necessary condition. There is, in fact, on 
one solution to eqn. (10) which leads to a finite r.m.s. value fo 
the value of the output of the filter; this will be seen when ¥ 
obtain the general solution. 

The particular solution giving this finite output will be obtaine¢ 
by varying the arbitrary constants occurring in the impulse part 


(2.4) General Solution of the Wiener—Hopf Equation 

The statement of the problem [eqn. (2)] was the filtering cass 
with zero prediction. If instead of the filtering case the filtering 
and prediction case had been considered, then instead of eqn. (22 
we should have had 
17 


B=>| 
0 


ao ee 
| ot — Dhar — se »| dt. (12 
0 
which would have led to 
[ node —Dd =x +a forr>0. . Gl 
0 


instead of eqn. (10), where v is positive for prediction and negativ: 
for the lagging case. 

To solve eqn. (13) we multiply by e—?* and integrate over @ 
positive 7; i.e. taking Laplace transformations of both sides give; 


XO, ies | em | hy(s)¢(s — r)dsdr (144 
0 0 


2 


7 ieee i} e-P?x(v +.7)dr 
0 


In eqn. (14), if the order of integration is changed and thi 
substitution r = s + tf is made, we have, since ¢ is even, 


where a's 


X(p, 0) =| hy(se™ | ef (t)dids (16 
0 —s 


In eqn. (16) J é-?'d(t)dt is a known function of s and p 
=F: 


Writing this as 


| erbe@ar = Oe, ») (17 
eqn. (16) becomes 
X(p, v) = | Ph, (s)P(p, s)ds (is 


0 


Now, for most cases of practical importance 4(f) can b 
expressed as 


$0) = BS) Aerell, owed ak 


where ~, may be complex. If ¢(t) contains terms like |r"|¢—*!: 
these can be considered as limiting cases of exponentials; fo 
example if : 
| 


P(t) = |t|e—“I‘l + other terms 
this can be considered as being 


elt 


P(t) = — 
e 
e—0O 


which is covered by eqn. (19), the limiting process being le 
until the optimum filter is found in terms of e. Multiple pole 
in ®(p) can be included in the same way. If d(f) is expresse 
as a sum of Laguerre polynominals, a similar process can be use 


e—(e+a)|t 


-+- other terms 


Substitution of eqn. (19) in eqn. (17) and then eqn. (17) in 
jn. (18) gives 


a n 2 a 1 1 Eons 
“X(p, v) = A,, | hy,(s)} e7?5 = 
: 2 J | arp ea) +o | 
a H 
X(p, v) = > 4,| (Dp H,(,) As HO) | (20) 
hon Pe, Pp Xp 
here H,(p) = | € Sh, (s)ds (21) 
0 
BY } ransposition of eqn. (20) gives 
x H 
X(p, ¥) — & 4,200 
Hy”) = —— : (22) 
ay 
= Ang Op 


‘where the H(«,,) are as yet arbitrary constants to be determined 
by variation of the impulse part of h,(#). 

_ Before giving examples it is necessary to consider the form in 
hich X(p, v) appears. x(f) will again be represented by sums 
of exponential terms, but since x(f) is not necessarily an even 
function it will be more general to define it separately for positive 
‘and negative time; thus let 


m 
x(t) 7 2; bot 55 Ymt 


(23) 
10 

x(2) = >) Get? (24) 
t<0 

D> Cr — 2 Ch (25) 


The last condition of eqn. (25) must hold for real physical 
variables, otherwise there would be a discontinuity in the cross- 
‘correlation between the signal and the noise at the origin. 
By inspection of eqn. (13) it is clear that if x(7) can be split 
‘into separate additive parts the h,(7) can be found for each part 
eparately and then added to give the complete h,(7). Thus it 
s sufficiently general to solve eqn. (22) for the X(p, v) correspond- 
ing to x(t) with one exponential term for ¢ greater than zero 
and another exponential term for ¢ less than zero. 
By using eqn. (15) together with eqns. (23) and (24) the 
neral case of X(p, v) is 


m EPr n ern” epv 
i =>, C =F ‘Be ; 7 (26) 
X02 nT, z Gil a ca) 
for v< 0. 
F m a E7 Ym (27) 
‘9 X(p, ”) = 3d m+ Yn 
for v> 0. 
, (2.5) Examples of the Method 
Example 1. x(t) = Ce—“It| v =0 (filtering case) 
i f(t) = Ae 
\ From egn. (27), X(p,0) = eas 
_ From eqn. (20), 
4 ae jee , M@ _ Huo 
; Dae oY See yee Sie? 
| | C (p+ ap — 2) 
or H,(p) = Hy(@)(p + ©) — ay Eee (28) 
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The inverse Laplace transformation of eqn. (28) gives the 
time-function which satisfies eqn, (13), i.e. 


oe Ee e na 8‘(t) 


yc oti Pen 
+ Ec + a d(t) + Reg en ie 
where 0(t) and 6’(#) are respectively a Dirac delta function at the 
origin and its derivative, and H(«) is an arbitrary constant. 

The impulse response given by eqn. (29) would in the example 
taken lead to an infinite output mean power unless H(a) were 
chosen to make the derivative of the impulse vanish. This is 
ar ite variation of the impulse part of h,(¢) mentioned 
earlier. 


Choosing H,(«) to give the finite output power means that 


CG 
BO) Fae 


and h,(t) becomes 


‘h@) = le + y)d(t) + (2 — y)e— YF] (30) 


Example 2. Let x(t) = x Cie i, v <0 (Lagging case) 
t>0 5 
xf) =>) Cer a r=20 
Ht) = Ae~ait 
Again from eqns. (26) and (22), 


m C. ep n CEG. Ciepr 
H A igi m ai nN 5 n = | 
1(P) [ee oe caer 
D, Pe 
p’—@ 
ae tie aie H,(«)(p aa a) (31) 


Again the arbitrary constant H,(«) must be chosen to give a finite 
mean square output power from the filter. Thus, if H,(p) is 
expanded in partial fractions, the value of H,(«) must be chosen 
to make the coefficient of p vanish, otherwise again an infinite 
output power will be obtained. 

It is worth noting that eqn. (25) must hold, otherwise there 
would be a term pe” in H,(p) which would again lead to an 
infinite output power. 

Choosing H,(«) to eliminate the term in p due to 


BC sae pea a) 


P—Yn 2aA 


1 pene 
gives H(a) = ay SG ema nen (2) 


And substitution of this in eqn. (31) together with eqn. (25) gives 
1 2 | yn to | 
ee eee (rs, (eres : g 
Hy(p) Dry A (. {3 oir py»; Be Me 


&e Ym % Leh Shige 1% — Yap +) 33 
Se (m= VN Scie v= OP +4)) ay 
> m D+Ym vm) ty pak Dp Vv, 


It will be noted that this transfer function will give rise to 
exponentials with positive exponents in the impulse response. 
The exponentials however will cancel for times greater than 
t=v. 
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Example 3. 
v > 0 Prediction case 
et x) Ce YItl 


f(t) = Ae~#ltl + Cel 


Again from eqn. (22), we have 


— [Cx2e-¥ — Aya) — Co?Hy(y) |p + [Cyo?e—” + Aay?H,(«) + Cyo?H(y)] 
— p(2Aa + 2Cy) — (2Aawy? + 2Cyat) 


Ce-%* AH,(o) —CHirCy) 
Pty @-« @-yYy 34 
H,(p) as 2Aa “ 2Cy ) Sai 
(3 ial aay 
or 
[Ce-*e — AH,(@) — CH,(y)]p3 — [Cye-%” + AoHy(@) + CyHi(y)] 0° 
H,(p) = 


Now H,(p) must have no p term, otherwise this will give an 
infinite power out of the network; therefore 


AH, (a) = Ce-%” — CH(y) (36) 
Using eqn. (36), eqn. (35) becomes 
ap*> + bp+C 
= 37 
where 
a= Cye—™ + Case — Cah) + CyH 1) 
b = Cote—*” — Cy*e— + Cy?H,(y) — Co?H(y) 
© = CyateY? + Caye—%? — Cay*Hy(y) + Cya?H,(y) 
d = 2Aa + 2Cy 
e = 2Aay* + 2Cya? 
Dividing out, eqn. (37) gives 
xX we 
Hy(p) =] Oe fe be ie (38) 
Oia 
e e 
where 
woe oe 
X=4]b =|,¥=4|/6+— 


Now H,(p) must not contain divergent exponentials which do 
not cancel after a finite time; therefore H,() must be chosen by 
variation of the impulse part to make X equal zero. Putting X 
equal to zero and substituting the value of H,(y) so obtained 
gives 


a (4) :. | E a ey") 


2yc(a + ye~"St 2yC(a + 2 ed Co = (dje)!/?]e—@lert 


d\(2)" +7 {(Q" +7] 
(40) 


The advantage if any in the method is in the lagging case where 
it was not necessary to factorize e~?”, i.e. in cases like Example 2. 


and 
h@)) = 


PREDICTION OF 


AT A PAB 
3) OPTIMUM FILTER FOR MINIMUM ERROR 

os TICULAR TIME WHEN AVERAGED OVER AN INFINIT 

ENSEMBLE : 

(3.1) Statement of the Problem 


The problem is to find the transfer function of the similar ne 
works which when connected at time zero to separate signa 
contaminated by noise will produce outputs at time ty whic: 
have the minimum mean square deviation from their signals 2 
the time t, + when averaged over the infinite ensemble 
networks. (h may be either positive for the prediction ca 
or negative for the lagging case.) The signals and the nois 
are ergodic. By the ergodic property the infinite ensemble c 


networks can be replaced by a single network which is use? 
| 


Gs 


an infinite number of times. Fig. 1 shows the system undes 
investigation. 

The switch S, is closed at time t = 0 and the output at th: 
time t =f, is measured. The measured output is subtractee 
from the signal at time ¢ = ft; + and the error is noted. Thi 


Ss 
k(t 
NOISE (t) 


NOISE 


SIGNAL 


SIGNAL 
PLUS NOISE 


INPUT TO 
THE NETWORK 


OUTPUT FROM 
THE NETWORK 


TIME ———» 


Fig. 1.—System under consideration. 


switch is again opened; all the currents and charges in the net 
work are reduced to zero; the experiment is repeated, and nev 
errors are obtained. We seek that network which will give : 
minimum mean square error over an infinity of experiments 
Stating the problem in mathematical form, we have for th 
filtering case, v = 0, 


E 1 Sa ty : 
ae S,0 Al [S,(t —7) +N,(¢ — “yk, ar} (41 


where k(t,, 7) (the impulse response of the network with f, as. 
parameter) must be chosen to minimize the mean square error EF 
The number M is the number of experiments. S,,(7) is the signa 
as a function of time during the mth experiment. N,,(f) is th 
noise as a function of time during the mth experiment. 


(3.2) Variation of the Operator 


Multiplying out the square in eqn. (41) and changing the orde 
of integration where necessary, we have, on making the followin 
substitutions, 


(hea 
VO) = 572 NON ste 


M—->o 


| 2=M 
(7) ae M >») S,AOS,(¢ = 7) 


ff z= 
X,(7) = M >>} S,ON,(t mx T) 
7% ty th 
a $0) — 2 J bi()k(ty, dt — 2[ X,(7)k(t,, 7dr 
te path ¢ 
+] [be — ete, eC, shares 
+ J J [x\(7 — s) + x,6 — Dk(t, T)K(t, s)drds 


ft Att 
a J J vi(t — S)k(t,,Dk(t,, s)drds (42) 


If the operator k(¢,, 7) in eqn. (42) is chosen to minimize E, any 
ther operation will produce a greater mean square error. A 
iation of the impulse response from k(¢,, 7) to k(t,,7) + eh(7) 
will produce an error greater than E independently of the sign 
f e. 
_ Substitution of the variation in eqn. (42), letting e tend to 
zero and making use of the fact that the new error must be 
greater than E leads to the condition 


ptt ty 
fre [te —9 + 17 —9 +07 -9 
“0 0 + x,(s —7)]k(t, 7dr — (5) — x,(s) = of 


o(7 —5) + y(7 —5) + x7 —53) + xs —TD) = (7 —S) 
and fi(s) + x,(s) = x(s) 


ae i be — s)k(t,, 7)dr — x(s)ds = 0 
0 0 


‘And, for this to be satisfied for arbitrary h(s) (not containing 
impulse derivatives), we have 

— ty 

i} | P(t — s)k(t;, 7)dr = x(s) forO< s<t (43) 
r 0 

‘Tf, instead of the filtering case, the filtering and prediction or 
- filtering and lagging case had been taken, we should have instead 


: of eqn. (43) 


4 
4 i) ne — s)k(t,,7)d7 = x(s + v) forO< sxc (44) 
’ 0 


“(it is seen that the Wiener-Hopf equation is obtained when 
a > 00. This means that the problems solved in Section 2, i.e. 
Wiener’s case, could have been stated differently, i.e. to minimize 
the error at infinity when averaged over an ensemble.) We seek 
here a solution to this equation for any positive value of ¢;. 
“The minimization procedure which led to eqn. (44) did not 
include a variation of the impulse part of k(t,,7) should it con- 
tain them. The impulse response k(¢,,7) should have been split 
“into two parts as in Section 2, but the variation follows along 
exactly similar lines, and this procedure has therefore been 
omitted here. It is important to note, however, that eqn. (44) is 

only a necessary condition on k(t,,7), and the impulse part 
k(t,,7) will have to be varied later to give the optimum filter. 
‘The solution to eqn. (44) will contain an arbitrary constant 
“multiplied by the solution of 


ty 
[ $7 — kt, Dar = 0 (45) 
0 
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The extra conditions required to eliminate the arbitrary constants 
due to the solution of eqn. (45) are obtained by a variation of the 
impulse part of k(t,,7) contained in the solution of eqn. (44). 
This, in some cases, only amounts to making the mean square 
value of the output from the network finite in the steady state. 

Eqn. (44) is solved by developing from it an algebraic equation, 
solving that, and then reversing the transforms to obtain k(¢,,7). 
The algebraic equation is eqn. (64). 


(3.3) Solution of the Integral Equation 

By inspection of eqn. (44) it is clear that there is no require- 
ment on the desired optimum filter response k(t,, 7) for values of 
T > t, and is thus arbitrary there. 

The network need not in fact be stable (if rendered inoperative 
before t = 0), unless a condition of steady-state ultimate output 
is imposed. 

In eqn. (44) let s = rt, — u, thus 


ty 
P(t, — u — k(t, dr = x(t; —u+v) O<uK<t, 
0 


Multiplying by «—?” and integrating with respect to u from 
u=0 tou =t, we have 


tN ty ty 
i k(t, 7) | f(t, — u —T)eP*dudr = i é P4x(t; — u + v)du 
On fm. beegeants HES) 
ty 


In eqn. (46) the function i e “f(t; — 7 — u)du is a known 


: 0 é ; ; 
function of t;, p and 7. Also, using the fact that p is even, it 
can be split into two parts, one a function of t; — 7 and p, and 
the other a function of r and p. Thus 

qY 
i Ee Pud(t, — tT — udu = e~P\4-VY[D(p, ty — 7) + O(— p,7)] 
° (47) 
: ; 
O,(p, t) = | eP5h(s)ds 
0 


where (48) 


Substitution of eqn. (47) in eqn. (46) gives 


| Kee, neo ID(p, ty — 7) + O(— per 
0 


t 


= | eP¥x(t; — u + v)du 
0 


and the é~ 74 cancels to give 


t 


ty 1 
| K(t,, T)E”*[D(p, t—7) + ®,(—p, 7) Jar =| Psx(s +-v)ds . (49) 
0 


0 
Multiplying both sides of eqn. (49) by e~%1 and integrating over 
all positive t, gives 

0 ty 
if ena | éP*k(t,, T)O,(p, t; — 7) + O(— p, r)drdt, 


0 0 
t 


ice) 
= i ean | EPSx(5 + v)dsdt, 
0 0 


(50) 


The right-hand side of eqn. (50) is a known function of p, ¢ and 
v and may be written as X(p,g,v). The first part of the left- 
hand side of eqn. (50) is 


ive) oT 
onan | e?*k(t,, TO, (p, tt t)drdt 
0 0 
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which is equal to 


[ e-eb(p.1)| em @ PK, + 1 7dr 
0 0 


Writing | e- G-P*k(t, +7, T)dt = K(q—p,t) - (51) 
0 


and noting that if we subsequently solve for K(q, ty) we can 
obtain k(t, + 7,7) and hence k(t;, 7) by use of the inversion 
theorem, 


k(t, +7,7) = | eTK(q, t)dq . (52) 


We thus have, on substitution in eqn. (50), 


roe) ty 
e-ai| @(p, t)K@ D5 ty) aia i} k(t, TEP" (— P; or fat 
0 0 
= X(p, q, v) (53) 
Using eqn. (52), we have 


1 
k(t) = 5] eK (ay 1 — day (54) 


where C; encloses the poles of K(q,, t; — 7) (meanwhile qg has 
been changed to a new dummy variable q,). Now k(t,,7) as 
given by eqn. (54) may be substituted in eqn. (53) giving 

oe) 


I pre O10, ti)K@ — p, ty) 


0 


1 é: , 
ee 009K Cth — 7) — prrddrda, Jay =X(p,4,0) 
a0 
(55) 


ine) 


If we define i é V4K(@, t))dt,; = Ky(q, 41) 
0 


(56) 


and solve for K,(q, g;) we can obtain K(q, t;) by the use of the 
inversion integral 


1 
Kl t) = 5 [ emK (a, andar (57) 
2 


where C, encloses the poles of K,(q, q). 

Subsitution of eqn. (57) in the first part of eqn. (55) and of 
eqn. (56) in the second part, after inverting the t,, r order of 
integration, gives 


sl [Ke pad) ¢ - WD, (p, t)dt,dq, 


er | Kian q) |e ear (— P, mtd | = X(p, 4,0) 


(58) 
Note that | e-@-an@ op, t)dt; = O@ — 4 — p) 
0 (@— 4) 
and | e@ -A- PA (— D, ty)dt, nA O@— a) 
0 Oe! Sere N 1 
where O(p) = i e Pd(t)dt . (59) 
0 
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Making the substitutions we have 


sa) Ki(q — Pp, 11) Pa = 1 — Pig, 


q—-%1 
OG — 41) bp 
op | Kiang = anes aan X(p,9g,¥) .- 
for P(t) given by é 
$(t) =D A,e lt 


where «, may be complex eqn. (60) can be reduced to an algebras 
equation since the contour integrations can be evaluated withou 
knowing K,(q;,q). The contours C, and C, enclose the Tt 
of K,(q — p, gy) and K,(qj, 9). 

[We note that if | 


| 

1 | 
hes to @=n tp Ke) 

where C encloses only the pole at p; = «, we get the same valu 
for the contour integral as if we consider the contour to enclos 
the pole at p,} =p + and not the pole at «. This metho 
can be extended with suitable conditions on the integrand to § a 
equation of the form 


if H(p,)G(p — py)dp; = Iy(p) 


If the contour includes only the poles in H we can evaluat 
the integral by taking instead the residues, with a change c 


sign, at the poles of G(p — p;).] t 
Thus, continuing, from eqn. (61) O(p) is given by a 
— : 

OC). = 3) 6 
Fe eri (62 


and substitution of this in eqn. (60) gives 


K,(q — D, 4) 
Ea | @—aq —a— Ps G@—aq—-1 — Pree 


=. K,(q1, 9) 
¢g@—q—p@—q +=) 


Evaluating the contour integrations we have 


pan | = X(p,q,v) . (6 


s Ae —P,q—p+a) Ki@—p,q) 
D— & p— &, 
KG — p,q) Kyl@ ae tee 
om *s 5 = . 
aos eee X(p,q,v). (6 
Thus by transposition 
Ki(q — p,q) = 
* ,{|Si@+o,9) Ki@—p,q—pt on) 
A nD? 1 ’ nh nl 
» 4 pta, pee + Xp, q, 7 
n 1 1 
LA eee 
By substitution of p = «, and p = — «, we find that the fun 


tions K,(q + «,, q) and Kg —p,q—p+4,) are not define 
and therefore they may be replaced by arbitrary functions; thi 


SA aman F,(q fee sepa 


2 Ay a -=--) 


Ki@ — p,q) = . 6 


| The arbitrary functions arise because the solution of eqn. (44) 
ontains the solution of eqn. (45), which is given by eqn. (65) 
en X(p, q, v) = 0. In our problem F,(qg) and F,(q — p) will 

e defined by a variation of the impulse parts of k(t), 7). 


(3.4) Example of the Method 
The following simple example will show the method of inver- 


ion from K(q, q;) to k(t,, 7). We will take the simplest case, i.e. 


P(t) = Ae! —x(7) = Be Fel 


_ From eqn. (50) it follows that X(p, g, v) is given by 


B. B 
X > , 0 = — 
(P, 4,0) (p—q—P)\p—P) (Bq 
om eqn. (65), 
19,4) = 
Fi(qp F,(q) | 
A 1\41 iD 7x e 
x fae qemes + X(q — 41,49,%) 


eh 1 1 
A 
“ “errs ar) 
(66) 


And, for the simple example taken, eqn. (66) becomes 


4 Fi(qy) ; 
=o 2 
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OG). ; BY o'G, —7) 
Ss @ + o)f(t, — 7) — 4 
— 200 = 7) + REP d(t, — 7) Noes Rapes 
q + B) (q@ + B) 
Using eqn. (54) gives 
116 [es df. 
k(t,,7) = a8 (t; — 7)fx(r) — S(t, — 7) 2 
df(t; — ; 
+ alt — IO) — ITE? + SoM —9 
B 
+ «d(r)f,(t, — 7) — Glen — te" — 26(t, — r)dr 
+ 2Bd(t, — r)e~°* — Bdr + (82 — sae] (69) 
The whole of eqn. (69) satisfies eqn. (70): 
ty 
A| e-aIk(n, Ndr = Be“P§ OS s< (10) 
0 
The terms containing arbitrary functions satisfy eqn. (71): 
ty 
[ nate (1, dr = 0 (71) 
0 


FL@) Joa, 
a —qa—a]' |@—a—P)@+B) 


1 
Ca on 


a ere 
la — gq)? — o& 
a 1 B Qwaa 2 
F Ki, 41) = Hea =g + o)r xg) — (qi — ¢ — OF iq) — AG FAG yg Zi - ) (67) 


Inverting eqn. (67) according to eqn. (57) gives 


df, (ty) 
dt, 


<3 


q ‘5 = A {lee esa 
é B 

+ (gq + «)f,(t,) — AQ +B) 

ich = 2h - (68) 


aS) ae 


“where 8“(t,) and 4(t,) are the derivatives of a Dirac delta function 
and the function respectively, and f,(7,) is an arbitrary function 


of ft. 
The next step is to invert according to eqn. (54); we must 
therefore change the variable to give 


- 
K(, f= 77)= Bea — 7) — q — x) d(t; — 7)]F (9) 


df(t, = T) i 2 base! 
a + (q + a)fy(t, — 7) 
; = ae pli = 9) = 248 = 2) +4? — 22 


Putting the second term in partial fractions in g gives 


Ko, t,—7) = BACK +) — (q — w)d(t, — 7)|F2(q) 


If the solution which we seek is the one with a finite output 
spectrum (i.e. having an output which builds up to a steady 
state of finite fluctuation after a long time), then since the input 
spectrum taken is given by 


A 


S\(w) = A ae 


the filter must not contain differentiators without smoothing 
between the input and output, and therefore the functions 
f,(t; +7) and f,(7) must be chosen to eliminate the derivative 
terms, i.e. 


B 
{,(7) = eo 


B 
and ti G) 7 


With these choices of f,(7) and f,(7) the solution becomes 


B ee 

k(@,7) = Be ql B)8(t,—t)e~ 9 + (a + B)S(r) + (@?— Be ™] 
(72) 

Eqn. (72) gives the required solution uniquely determined in 


the range 0 < 7 < t, which satisfies eqn. (70). (It is so simple 
that it should have been possible to guess it.) 
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As t, — 00 the result is 
K(c0,7) = 52 Ae + PISA) + @ — Pe} 


which is the correct result for the Wiener-Hopf equation. 
For more complicated values of x(7) or for the lagging and 
prediction cases, the values of x(r) may be expressed as the sum 


of terms like 
x(t + v) = Be~ Pletal 


In the lagging case, i.e. for v negative, X(p, q, v) will contain 
delay functions ¢??; these will shift the positions of the impulses 
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when inverting the transforms. The individual terms ~ 
X(p, q, v) may be taken separately and the resultant values — 
k(t, 7) added to give the complete impulse response. In the cas 
when (7) consists of several terms, a little more algebra will | 
required to give the answer, but the working is straightforwar¢ 


| 


(4) ACKNOWLEDGMENT | 


The authors wish to thank the Directors of Vickers Ltd. fe 
permission to publish the paper. | 


385.032.213: 621.315, 
315.59 The Institution of Electrical Engineers 


Monograph No. 317 R 
Nov. 1958 


© 


THE CONDUCTIVITY OF OXIDE CATHODES 
Part 6. Conductivity in a Magnetic Field 


By G. H. METSON, M.C., D.Sc., Ph.D., M.Sc., B.Sc.(Eng.), Member. 


(The paper was first received 28th February, and in revised form 30th July, 1958. It was published as an INSTITUTION MONOGRAPH in 
November, 1958.) 


SUMMARY 


fin this Part the conductivity of the oxide-cathode matrix in an S-type 
ve in the presence of a magnetic field is examined, and it is shown 
that the matrix exhibits a powerful magnetic-resistance effect. How- 
ever, the effect occurs only when the electron transfer is by free flight 
through the hollow pores of the matrix and when the magnetic field is 


in a transverse direction, and the solid-particle phase of the conduction 
mechanism shows no measurable magneto-resistance effect. 


LIST OF PRINCIPAL SYMBOLS 


V4, = Potential across matrix, volts. 
I, = Electron current through matrix, in absence of magnetic 
field, mA. 
1, = Electron current through matrix in presence of magnetic 
field, mA. 
H = Magnetic field, oersteds. 
0 = Angle defining direction of magnetic field with respect 
to the S-type assembly (see Fig. 1). 
Ty = Matrix temperature, deg K. 
R, = Matrix resistance in absence of magnetic field, ohms. 
Rj = Matrix resistance in presence of magnetic field, ohms. 
p = Resistivity of a conductor, ohm-cm. 
Ap = Change in p due to application of magnetic field. 
o = Conductivity of matrix, millimhos. 
oy = Pore conductivity of matrix, millimhos. 
__ a, = Solid (particle) conductivity of matrix, millimhos. 
~ Tax = Temperature of maximum value of f(R), degK. 
Tint = Temperature of intercept of conductivity phases, 
deg K. 
T, = Critical temperature for f(R) = 0, degK. 
Jy = Vacuum element of matrix current, mA. 
| Is = Solid conduction element of matrix current, mA. 


(1) EXPERIMENTAL PHENOMENA 


(1.1) Experimental Arrangements 


The experimental observations discussed in the present Part 
“result from a straightforward application of a magnetic field to 
_a standard S-type assembly.* A schematic of the assembly in 
‘relation to the direction of application of the field is shown in 
Fig. 1, from which it will be seen that the field of strength H 
is applied parallel to the shorter working edges of the rectangular 
‘metal box cores. Arrangements are available, however, for 

rotating the assembly about a central axis AB, so that H can 


aan ewe ye 


* Specification of standard S-type assembly: 
Cores: Active nickel or pure platinum. : ‘ 
Matrix: Co-precipitated equimolar barium-strontium oxide. 
Matrix density: About 1-0. 
Matrix thickness: 150 u. 
Matrix area: 0:45 cm2. ; 
The assemblies are vacuum-processed to the standard schedule detailed in Table 1 


| of Part 1. 


Thi i tinuation of Monographs Nos. 221 R and 243 R, published in 
Biorunry and June, 1957 (see 104C, pp. 316 and 496), and Nos. 268 R, 269 R and 289R, 
published in December, 1957, and February, 1958 (see 105 C, pp. 183, 189 and 374). 
Correspondence on Monographs is invited for consideration with a view to 
publication. ; 
- Dr. Metson is at the Post Office Research Station. 
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Fig. 1.—Arrangement of S-type assembly in the magnetic field. 


(@) Elevation: H is normal to the plane of the paper. 
(6) Plan. 


be inclined at any angle 0 to the normal to the direction of flow 
of electrons between the two core faces. With 6 = 0° or 180° 
the electrons cross the lines of magnetic force normally and 
experience their greatest lateral force; with 9 = 90° or 270° the 
electrons move parallel to the magnetic field and the lateral force 
is zero. 

The magnetic field used in the measurements has been derived 
from a large electromagnet calibrated over a range of 
0-2 500 oersteds. For work at fixed field strengths a permanent 
magnet of 2700 oersteds has been employed. 


(1.2) Method of Measurement 


The method of measurement is shown in Fig. 2. A current, 
I,, is driven through the matrix at a potential V4. The magnetic 
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Fig. 2.—Test circuit. 
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field strength, H, is now raised from zero to some convenient 
level and the new value of current, 1j, is noted with V4 main- 
tained across the core faces. Then the resistance increment 
function, f(R), is defined by 


RAR 
CN ia cates 


where Ry = Vall and Rj = V4/14. The function f(R) is 
therefore a measure of the relative increase in resistance on 
application of the field. 

Two minor practical points in the experimental arrangement 
are perhaps worthy of mention. The d.c. power source 1s 
arranged to have a resistance which is negligible in relation to 
that of the S-type assembly. This useful arrangement leaves 
the potential across the device unchanged following a current 
decrement AJ,, consequent on application of the magnetic 
field. The second point concerns the current carried by the 
voltmeter, which may be greater than the current through the 
matrix under certain conditions. To avoid the computation 
necessary to exclude this current it is convenient to set the volt- 
meter to the required reading and then eliminate the instrument. 
from the circuit by means of the key shown in Fig. 2. 


(1.3) Field Direction 


In this first experiment a standard S-type assembly with 
platinum cores is activated in the usual manner and is mounted 
on a turntable between the pole-pieces of the electromagnet. 
The initial orientation of the assembly with respect to the 
direction of the magnetic field is that defined in Fig. 1 with angle 
@ =0°. With zero magnetic field strength the oxide matrix is 
raised to some convenient temperature and a current J, is driven 
through it by a voltage V,. After the initial current J, has been 
noted, H is increased from zero to 2000 oersteds and the 
depressed level of current, 14, is recorded. With H and V, held 
constant the assembly is now rotated and the variation of 14 
with @ is measured over a full cycle of four quadrants. 

The derived characteristic of f{(R)/@ is shown in Fig. 3 and leads 
to the following conclusions: 

(a) When the magnetic field is parallel to the normal electron run 
the resistance of the matrix is undisturbed by the field. 

(6) When the magnetic field is at right angles to the normal 
electron run the resistance of the matrix is increased by the presence 
of the field. 

The direction of normal electron run is assumed to coincide 
with the shortest distance between the two core faces. 


(1.4) Influence of Matrix Temperature 


In this second experiment a standard S-type assembly with 
platinum cores is set up between the pole-pieces of the electro- 
magnet in the manner of Fig. 1. The angle 0 is arranged to be 
zero, so that the normal electron run in the matrix is at right 
angles to the direction of the magnetic field, ie. the maximum 
conductance decrement is achieved. The matrix temperature is 
controlled by variation of the common heater voltage applied 
to the insulated core heaters, and is measured by a thermocouple 
welded to the back of one of the cores. The experimental 
sequence is as follows. The heater voltage is set to give some 
convenient matrix temperature, 7,,, the magnetic field strength 
being left at zero, and a current, Jy, is driven through the matrix 
by a voltage V4. With V, constant the field strength is now 
raised from zero to 2000 oersteds and the new debased level of 
current, I4, is recorded. The two currents give the value of 
f(R) for this particular temperature setting. The experiment is 
now repeated for a new temperature setting, and so on until 
the range 400-1 000° K has been covered. The resulting varia- 
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Fig. 3.—f(R) as a function of the direction of the magnetic field. 
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Fig. 4.—Variation of f(R) with temperature of the matrix. 
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tion of f(R) with Ty, at constant V, is shown in Fig. 4 for tw 
typical samples. 

From experiments such as the above the following conclusio: 
may be drawn: 


(a) A critical temperature (approximately 570 + 30°K) exist 
below which the value of f(R) is always zero. (The zero value ; 
taken as one too small to detect on the moving-coil instrument 
employed, i.e. less than 0-2 %.) 

(b) Above the critical temperature, f(R) increases up to a max 
mum in the range 750-800° K. 

(c) Above 800° K, f(R) falls at first rapidly and then more slow! 
to make an asymptotic approach to zero as the temperature - 
progressively increased above 1 000° K. 


There seem then to be three bands of temperature in whic 
f(R) behaves in significantly different fashion. These banc 
vary with individual valves, but the figures set out in Table 
cover all cases examined. 

The object of the present Part is to examine these temperatut 
trends of f(R) and to interpret them in terms of the conductivit 
state of the matrix. 


Table 1 


TEMPERATURE CHARACTERISTICS OF f (R) 


Temperature range Characteristic behaviour of f(R) 


Below 500° K Always zero 


500°-800° K Increases with increasing temperature 
Above 800°K | Decreases with increasing temperature 


(1.5) Influence of Current Density 


Since the previous experiment is carried out at constant applied 
voltage, the current J, increases as the matrix temperature is 
increased. There is therefore an obvious possibility that the 
relationship between f(R) and the matrix temperature is depen- 
dent upon J, at that matrix temperature. This possibility is 
examined in the following way. A standard S-type assembly is 
fixed between the pole-pieces of the electromagnet with 0 = 0 
for maximum current decrement. With zero magnetic field the 
temperature is first set at some value below the critical tempera- 
fure—the particular value chosen for the sequence set out in 
Fig. 5 is 515°K. With H = 2700 oersteds the value of f(R) is 
now explored over a range of currents by varying V,. The 
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_ Fig. 5.—Variation of f(R) with current at temperatures above and 
below the critical temperature. 


resulting characteristic (Fig. 5) shows that, below the critical 
temperature, f(R) remains zero for all values of Ly. 

The temperature is next raised to 750°K, where maximum 
current decrement occurs, and the experimental sequence is 
‘repeated. Fig. 5 shows that here, too, the magnitude of f (R) is 
invariant with J4. It clearly follows that the characteristics 
shown in Fig. 4 would be unchanged by arranging the experi- 
“mental sequence at constant current instead of constant voltage— 
in short, f(R) is determined primarily by matrix temperature or 
some parameter dependent on temperature. 


; 


wey) oS eee oe 


(1.6) Influence of Matrix Resistance 


The parameter of the S-type assembly most obviously depen- 
dent on temperature is its resistance, Rj, and the magnitude of 
_R, is determined by the density of the electron cloud within the 
vacuum pores of the matrix. The density of this cloud will, of 
course, increase with temperature at a rate determined by 
'Richardson’s law, with a magnitude at any one temperature 
_ depending on the concentration of electron-emitting centres on 
the pore walls. If at any one temperature the concentration of 
_ pore-wall emitting centres is decreased by an oxygen attack, the 
electron-cloud density falls and the resistance rises. A pertinent 
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question now arises: at a given temperature and under an 
oxygen attack, does f(R) change in sympathy with R,? If such 
a correlation is observed, there will be reason to suppose that 
f(R) and electron-cloud density are interdependent. 

The idea has been put to experimental test, and some typical 
results are given in Fig. 6 as the variation of f (R) with the 
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Fig. 6.—f(R) as a function of heater voltage for several values of Ry. 


common heater voltage at constant V, and an applied field of 
2700 oersteds. The resistance indicated on each characteristic 
represents the R, of the tube measured with a heater voltage of 
6:0 volts (i.e. at a nominal 1 020° K) in the absence of magnetic 
field. The higher resistances are obtained by subjecting the 
matrix to a controlled oxygen attack from a heated barium- 
peroxide spiral. From such experimental results the following 
conclusions are drawn: 


(a) Above 700°K, and in conditions affecting the electron-cloud 
density in the vacuum pores of the matrix, f(R) and Ry move in 
apparent sympathy. A characteristic of f(R)/Rg at constant tem- 
perature, 7,4 = 926°K, is extracted from Fig. 6 and shown in 


Fig. 7. 
(6) Below 700°K Rg has little effect on f(R), and for this reason 
all characteristics in Fig. 6 have been included in a common envelope. 
(c) The position of the critical temperature, T:, is hardly affected 
by Rg. 


Since 600°K is the temperature at which the matrix begins 
to give appreciable thermionic emission, it seems reasonable to 
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Fig. 7.—f(R) as a function of matrix resistance at constant temperature. 
Ty = 926°K. 


suppose that f(R) is associated only with the movement of free 
electrons in the vacuum pores, and furthermore that f(R) 
decreases as the density of the electron-cloud increases. 
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(1.7) Influence of Magnetic Field 


Measurements of the variation of f(R) with H is a simple 
matter. A platinum-cored S-type assembly is arranged with 
8 =0 between the pole-pieces of the electromagnet. The 
matrix temperature is set at 750°K, where maximum current 
decrement can be expected, and a constant potential V4 = 1:0 
volt is applied between the core faces. The field strength is 
now raised from zero to some convenient value and the measure 
of f(R) is taken: this sequence is repeated until the range of field 
strength covered is 0-2 300 oersteds. The resulting variation of 
f(R) with H is given in Fig. 8 and shows that the relation is linear 
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Fig. 8.—f(R) as a function of magnetic field. 
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Fig. 9.—f(R) as a function of the square of the magnetic field. 


above about 900 oersteds. Fig. 9 shows f(R) as a function of 
the square of the field strength over the range 0-900 oersteds. 
The relation between f(R) and H is thus seen to follow a square 
law at low field strengths and a linear law at higher field strengths. 


(1.8) Correlation of f(R) with Conductivity State 


It was shown in Table 1 that f(R) has three distinctive forms 
of behaviour linked to specific temperature ranges, and an 
attempt will now be made to correlate these forms with the two 
conducting states of the matrix. The inquiry is carried out on 
a standard S-type assembly with platinum cores fitted with 
thermocouples. The tube is first measured for conductivity over 
the temperature range 400-1 100° K, and then for f(R) over the 
same range using an ‘on-off’ field strength of 0-2 700 oersteds. 
Both characteristics are plotted in Fig. 10 against the reciprocal 
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Fig. 10.—Correlation of f(R) with conductivity state. 


of the absolute temperature, using a logarithmic scale fop 
conductivity and a linear one for f(R). 

The conductivity characteristic, which is quite typical for ie 
platinum-cored assembly, consists of two straight-line phases 
intercepting at 600° K. The f(R) characteristic has its critical tem- 
perature at 515° and its ‘maximum’ temperature at 700°K, anc 
these two significant points are marked on Fig. 10 to emphasize 
the conjugate points on the conductivity characteristic. It now 
becomes reasonable to extend the subdivision of the aera 
characteristic from two to three phases, in which the upper a 
lower are concerned with simple vacuum and solid conductions. 
respectively, while the intermediate phase of 515°-700°K is 


- identified with mixed vacuum and solid conductivities in com- 


parable magnitudes. The three phases are indicated on the righ: 
of Fig. 10, the shaded area representing the mixed conductivity 
phase. Examination of the characteristic shows that the twe 
conductivity phases intersect at 600° K and that this is approxi 
mately equal to the mean of the two temperatures limiting ths 
phase of f(R) which increases with increasing temperature. Then 


Cig ee Tet? WOR: 
= Tngx — 100° 


max 
in round figures. We now have a tentative numerical relation: 
ship between the conductivity characteristic and the reaction o 


the matrix to an applied magnetic field. Table 1 can thus bi 
generalized into the form of Table 2. 


Table 2 


f(R) IN RELATION TO CONDUCTIVITY STATE, AS A FUNCTION 
OF TEMPERATURE 


Temperature range Behaviour of f(R) Conductivity state 


<(Ting — 100°) Always zero Solid 
(Tint — 100°) to Increases with tem- Mixed 
(Tint + 100°) perature 
>(Tint + 100°) Decreased with tem- Vacuum 


perature 


It s on the basis of Table 2 that the experimental results will be 
discussed in Section 2. 


(1.9) Influence of Core-Metal Variation 


It will have been noticed that all experiments so far described 
the present Part have employed S-type assemblies with plati- 
m cores, This deliberate choice of a diamagnetic core 
aterial avoids the appearance of disturbing mechanical forces 
ch might be set up across the oxide matrix when ferro- 
Magnetic core pieces are inserted in a magnetic field. 

7 The behaviour of the active-nickel core assembly is broadly 
similar to the platinum case, as will appear from the charac- 
istics set out in Fig. 11. Above 620°K, f(R) rises swiftly to 
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_ Fig. 11.—f(R) as a function of heater voltage for S-type assemblies 
with active-nickel cores. 
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Broken line represents the behaviour of a typical platinum-core assembly. 


_a maximum near 850°K, and then falls asymptotically towards 
0 with rising temperature. The one significant difference here 
is that the temperature for maximum f(R) is about 100° higher 
than it is for the platinum assembly. The characteristics 
‘between 620°-1 050° K are essentially stable, but below 620°K 
_ this stability is lost, with f(R) assuming large positive and 
“hegative values in apparently random fashion. The shift of 
Tax 20d the low-temperature instability will now be considered 
separately. f 
_ It was suggested in Section 1.8 that the temperature for peak 
values of f(R) was related to that at which the two conductivity 
phases intersect. If this relationship (Tj, = Tingx — 100°) holds 
for the S-type assembly with active-nickel cores, then any shift 
of Tmax Telative to the platinum case should be accompanied 
by an equal shift in respect of T;,,. Fig. 12 shows that such is 
the case and that movement of the peaks of the two f(R) charac- 
teristics is closely correlated to movement of the intercept points 
of the conductivity characteristics. The reason for the higher 
value of Ty, for the active-nickel cores is thus due to the higher 
‘level of solid conductivity of the matrix obtained with these 
‘cores. The two conductivity characteristics can be regarded as 
_typical.* 
_ The instability of f(R) below 620° K for the active-nickel case 
is explained in the following terms. Conductivity below 620°K 
becomes progressively more dependent on solid-state conduc- 
tion, where f(R) is always seen to be zero for the platinum case. 
In the nickel-core case, however, the conducting matrix is sub- 
jected to mechanical force when the field H is applied. These 
forces affect the packing of the 3-dimensional web of particles 
which make up the solid-state conductor, causing its resistance 
to change in random fashion. Changes in Jy, result, therefore, 


* Some of the factors controlling the level of solid conductivity in the S-type 
assembly will be described in a later Part of the paper. 
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Fig. 12.—Comparison of temperature characteristics of conductivity 
and f(R) for S-type assemblies with (a) platinum, and (0) active- 
nickel cores. 


from mechanical rather than electromagnetic causes and 
measurements of f(R) cease to have meaning. The change from 
stable to unstable state is surprisingly sharp and may depend 
on the passing of the Curie point of nickel at 633° K. 


(1.10) Summary of Experimental Results 


It has been shown that the resistance of the matrix increases 
in a transverse magnetic field and that the magnitude of the 
change is represented by f{(R). The observed properties of f(R) 
may be summarized as follows: 

(a) £{(R) is always zero (or less than 0-2%) when the electron 
transfer mechanism is a solid-state one. 

(b) £(R) increases with increasing temperature when the transfer 
mechanism is a mixed one of solid-state and vacuum in comparable 
magnitudes. 

(c) £(R) decreases with increasing temperature when the transfer 
mechanism is preponderantly vacuum-wise. 

(d) The temperature at which the two conductivity phases inter- 
sect determines the temperature at which f(R) is a maximum. 

(e) The magnitude of f(R) at any one temperature is an inverse 
function of the electron density in the vacuum pores at that tem- 
perature. The matrix resistance and f(R) are therefore determined 
by the same basic phenomenon and must themselves be directly 
related. 

(f) £(R) is independent of current. 

(g) f(R) is a quadratic function of H at low values of H anda 
linear function at high values. 

In addition to the above it will be recalled that turning the 
transverse magnetic field through 90° to bring it parallel with 
the line of current flow results in f(R) falling to zero (or less 


than 0:2%). 
(2) DISCUSSION OF RESULTS 


(2.1) Magnetoresistance 


The results of the previous Section will be discussed in terms 
of the phenomenon known as magnetoresistance, defined as the 
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resistance change experienced by a conductor when placed in a 
magnetic field. Magnetoresistance is closely allied to the Hall 
effect, but its underlying mechanism is much more obscure. 
Suppose that a current is passed through a conductor which is 
situated in a transverse magnetic field. Electrons will tend, 
under the Lorentz force, to build up a space charge on one side 
of the conductor, and this will give rise to a transverse electric 
potential known as the Hall voltage. In equilibrium the result 
of the Hall voltage is to balance the Lorentz force, so that the 
electrons pass through the conductor without deviation. Such 
a picture is, of course, valid only if all electrons have the same 
drift velocity, and such a mechanism will give rise to no magneto- 
resistance effect. If, however, the electrons possess a velocity 
distribution, the transverse Hall potential will balance the 
electrons only under an average Lorentz force—electrons faster 
than the average will suffer deviation in one direction and slower 
electrons in the other direction. Deviated electrons will thus 
experience more collisions in completing their passage than will 
undeviated electrons, and the effect will be that of shortening 
their mean free paths. The overall result of a velocity distribu- 
tion is thus to introduce a distribution of mean-free-path lengths 
and a corresponding increase in longitudinal resistance. With a 
longitudinal magnetic field replacing the transverse one, the 
magnetoresistance should be zero on the velocity-distribution 
model. If the resistivity without magnetic field is p, it is usual 
to write magnetoresistance as Ap/p, where Ap is the increase on 
application of the field. Thus, in the terminology of the previous 
Section, we have 


f(R) -= x 100 


Work on magnetoresistance can be digested on the following 
lines. For metallic conduction in a transverse magnetic field 
Kapitza! finds that Ap/p oc H? for weak fields and Ap/p oc H 
for strong fields, and that Ap/p is about 0-1 x 10~° for the 
better-conducting metals at 1000 oersteds. For semi-metals the 
value may be much higher. When the magnetic field is turned 
into a direction parallel to that of current flow, Kapitza shows 
that magnetoresistance is still present although on a somewhat 
reduced scale. 

Harding? has studied magnetoresistance in semiconductors and 
finds the same general reactions as Kapitza. The magnitudes 
of Ap/p are, however, very much greater for semiconductors, 
and there may be little difference between the cases of transverse 
and longitudinal magnetic fields. Information on temperature 
dependence is very limited, but, assuming a similarity to behaviour 
of the Hall coefficient, it might reasonably be expected that Ap/p 
will fall with increase of temperature or charge density. Dunlap? 
shows, for example, that the logarithm of the Hall coefficient 
varies linearly with 1/T for p-type germanium. 

An obvious weakness of the simple velocity-distribution theory 
is its failure to account for magnetoresistance in metals and semi- 
conductors in a longitudinal magnetic field. 


(2.2) Three Cases of f(R) 


The three observed phases of f(R) will now be discussed. 
The solid-conductivity phase for temperatures less than 
(Ting — 100)°K needs little comment. Under the strongest 
available field (H = 2700 oersteds) the experimental method 
employed is insufficiently sensitive to detect any magnetoresis- 
tance effect. In the solid state f(R) is less than 0:2. ie. 
Ap|p < 0-002. 

The mixed-conduction temperature range (T,,, + 100)°K 
shows f(R) increasing with increasing temperature. This rather 
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surprising phenomenon proves on examination to be based o9 
a false premiss—the method of calculation of f(R) set out i 

Section 1.2 assumes that a single phenomenon is involved 
whereas in the present temperature range we have contributio na 
from two quite independent phenomena. Suppose that th 
current with constant voltage is composed of a vacuum-conduc 
tion element, Jj, and a solid-conduction element, Is. Or 
application of the magnetic field the current falls to I 4, and the 
decrement (I, — 14) occurs only in respect of I, since f (R) = 
for Ig. The true value of f(R) in the mixed range must then be 
derived from Jy and Al,, where . 


Al, =1,-—I4 


| 

and this value will be much greater than the apparent value of 
f(R) which has been used so far. 
An attempt has been made to derive the true value of f(R 
on the grounds that 


oy 
SY yee 3 

A Pen ee 
where G,[(o, + a,) is the ratio of vacuum to total conductivity, 
This ratio can be extracted from the two straight-line con 
ductivity characteristics shown in Fig. 10; the result is shown 
in Fig. 13, together with a characteristic for f(R). The deriva- 
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Fig. 13.—Temperature characteristic of (a) f(R) and (6) cy/(ey + as) 


tion of the true value of f(R) in the range 500-700° K is now 
simple, but unfortunately the numerical result is useless, since 
it depends largely on small differences in the already small 
temperature displacement of the two characteristics over the 
interesting temperature range. All that can be said, then, is that 
the true value of f(R) over the mixed-conductivity range is much 
larger than its apparent value and that it may indeed fall rather 
than rise with increasing temperature. 

We come now to the last temperature range, above (T; 
+ 100)°K, wherein f(R) falls continuously with increase of 
temperature. The bulk of experimental evidence lies here anc 
is clearly consistent with the usual properties of magneto- 
resistance. The magnitude of the effect is a quadratic functior 
of magnetic field in weak fields and a linear function in stronger 
fields. The decline of f(R) with increasing temperature and it: 
growth on suppression of pore electron-cloud density are likewise 
to be expected. The one point in which the oxide matrix differ: 
significantly from metals and semiconductors is its reaction tc 
a longitudinal magnetic field. In this respect the matrix behave: 
in the manner predicted by the simple velocity-distribution model 


(2.3) Conclusions 


The oxide-cathode matrix is capable of showing a powerfu 
magnetoresistance effect in a magnetic field, but the effect occur: 


ly when the electron transfer mechanism is by free flight 
ugh the hollow pores and when the magnetic field is arranged 
transverse direction. The magnitude of the effect is deter- 
ined by the magnetic field strength and the electron-cloud 
ity. 

a magnetoresistance effect occurs in the solid-state conduc- 
mn phase, it is very small, with Ap/p < 0-002. 
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SUMMARY 


The paper presents a comparison of Millington’s method and the 
equivalent numerical distance method with theory. It is shown that 
Millington’s method may be used in most practical problems of ground- 
wave propagation. For overland paths the errors of this method are 
very small; for land-sea paths they may be larger, up to about 2°:7dB 
for 2-section paths, up to about 5-5 dB for 3-section paths, and up to 
about 2:5dB for each land-sea boundary for very long paths. In 
most cases the equivalent numerical distance method shows con- 
siderable errors. This method may be used for paths representing 
small numerical distances, especially for overland paths. It may also 
be applied to longer paths when the differences between the electrical 
parameters of the sections are insignificant. 


LIST OF PRINCIPAL SYMBOLS 


E = Effective value of normal component of 
electric field strength, volts/m. 
D = Length of path, m. 
xj;-1, X; = Distances from the transmitter to the ends 
of the jth section (x) = 0), m. 
I, = Length of the jth section of the path, m. 
[,, 1, = Lengths of land and sea sections, respectively. 
a = Earth’s radius, m. 
A = Wavelength, m. 
k = 2n/X = Propagation coefficient in free space, m~!. 
o = Conductivity of the ground, mhos/m. 
«’ = Complex relative permittivity of the ground. 
p = Sommerfeld’s numerical distance. 
y(p) = Sommerfeld’s attenuation function for plane 
earth. 
s = Factor transforming geometrical distance 
into numerical distance. 
Subscripts of s denote: 
1, 2, . . . = Number of respective 
sections. 
1, s = Land and sea, respectively. 
w = Attenuation function. 
Subscripts of w denote the method of 
calculation: 
t = Theoretical (correct) value. 
M = Value according to Millington’s 
method. 
p = Value according to equivalent 
numerical distance method. 
i8o,6 = Parameters in residue series [see eqns. 
(20)-(24)). 


To — 


(1) INTRODUCTION 


The theoretical analysis of the problem of ground-wave 
propagation over an inhomogeneous earth may be carried out 
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in several ways. In an earlier paper! (referred to hereafter é 
Part 1) an analysis based on approximate boundary conditior: 
for the field vectors led to an integral equation for the attenuatio: 
function over an inhomogeneous spherical earth. It was show 
in Part 1 that the integral equation obtained may be solved i 
every case when the path is composed of a number of home 
geneous sections; the calculations are, however, generally ver 
laborious.. A simplified method of calculation was propose 
based on the concept of equivalent secondary sources. It make 
possible an easy and rapid computation of the attenuation func 
tion in such mixed-path problems when only a few equivaler: 
secondary sources need to be introduced. In complicated case 
however, this method also becomes laborious. This is a diree 
consequence of the process of multiple scattering which co: 
stitutes the physical background of mixed-path propagation 
when the number of interacting path elements grows, the com 
plexity of the calculations increases rapidly. { 

The laboriousness of existing theoretical methods is a gré 
disadvantage in practical applications. In this respect 
so-called semi-empirical methods are very convenient. Mam 
investigations have been devoted to their experimental verifi 
tion. However, in order to compare any method with exper 
ment, an exact knowledge of the earth constants over the pa 
is necessary. While some methods have been developed whici 
make possible the measurement of the earth constants fa 
homogeneous or stratified soil, their applicability to the generz 
case of horizontally and vertically inhomogeneous ground he 
not yet been investigated theoretically. In many cases, tH 
changes of the earth constants are so rapid that it is necessar 
to introduce suitable average values; how to compute them ig 
however, not yet sufficiently clear. Serious complications 4a 
also caused by irregularities of the earth’s surface. Thes| 
circumstances make an exact comparison with experiment c 
any mixed-path methods of calculation, including semi-empiri 
ones, extremely difficult. In most of the existing experimented 
investigations, the conductivity of the soil has, in fact, only bees 
estimated. The errors which have been thus introduced ar 
unknown, and under such circumstances it is very difficult 
decide whether the approximate method of calculation unde 
examination may be used in practice. 

Another possibility of determining the errors and limits al 
application of semi-empirical methods is to compare them wi 
theory. This paper presents such a comparison, based on th 
theory in Part 1. 


ot 


(2) COMPARISON OF MILLINGTON’S METHOD WITH 
THEORY 


(2.1) Preliminary Considerations 


The so-called Millington method has been proposed 
Millington? for the amplitude of the wave, and later by Pressey] 
Ashwell and Fowler? for the phase of the wave. If, howeve: 
we introduce complex quantities, the initial formula of Millingta 
comprises both cases. 

[ 62] 


Millington’s method consists in applying Eckersley’s method* 
e, first with the transmitter and receiver at their proper 
ices [electric field strength E’(D) and attenuation function 
(D)], and secondly with the transmitter and receiver inter- 
aged [electric field strength E’’(D) and attenuation function 
(D)\. The field E(D),, and the attenuation function w(D),, 
then calculated as the geometrical mean from both results; 
subscript M denotes values calculated according to Milling- 
m’s method. For a path composed of n homogeneous sections 
acterized by parameters s = 5), 5>,...s, the electric field 
engths and attenuation functions are 


E'(D) aie E4(%1) E,o(X2) Eine lyetn— i) 


Eya(x1) E43(X2) a Eek 1) E,(D) (1) 
dd E,,(D ro. Xn—1) 
=D) — d 
2 Eyn—1(D — Xn—1) 
Egqn—1)(D - Xe a) E,,(D a x1) 
eee Dene EOE x) Sie 
E(D)y = V[E(D) . E’(D)] (3) 
’ Ws1%q) Wer(%2) Won —1(Xn—1) 
Dy = I Weak) Ws 1) 1 D 
sh ‘ W9(X}) W53(X2) Won(X%n—1) Wank ) @) 
4 Wsn(D Be es) 
w (D 
- Wont — x, 1) 
by 
. Ws(n—1)(D as Xn—2) Ws(D is x) 
Ws(n—2)(D ts Xn—2) ti W,4(D 7 xy) ©) 
4 wD) = V [w'D)w'"(D)] ©) 
& PA Seapaveae 
a Pre sd; SS ye = 1) = (7) 
_ The arguments in parentheses are the distances. The sub- 


script s denotes that the field strength or attenuation function 
should be calculated as for homogeneous earth characterized by 
a given parameter s. The time factor has been assumed to be 
of the form «'?, 

_ For a plane earth and small real numerical distances, Milling- 
ton’s method is equivalent to Eckersley’s,> at least as regards the 
amplitude of the field. In fact, for small real numerical dis- 
tances the Sommerfeld attenuation function y(p) may be 
described by the following empirical formulae: 


According to Norton.® 


Por p< 4-5 |y(p)| ~ exp (—0°43p + 0:01) (8) 


According to Sacco.’ 


_ For p<3 |y(p)| ~ exp (—0-43p) (9) 
For p<5 |y(p)| ~ exp (—0-4p) (10) 

.e. for small numerical distances 
|y(p)| ~ exp (—Kp) (11) 


where « is a certain coefficient. The substitution of formula (11) 


n eqns. (4) and (5) gives 
w'(D)| = |w’’(D)| 
= exp {— K[ Spx + S242 — X41) +... + 5,(D xn_1)]} 
(12) 


|E(D)| = |E’(D)| = |ED) al 
|w'(D)| = |w’(D)| = |wD)adl 


nd thus 
(13) 
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As Millington’s method is twice as laborious as Eckersley’s, 
the resulting technique may be of value for practical computa- 
tions, It must be stressed at this point that the limits for the 
equivalence of Millington’s and Eckersley’s methods are Sci 
not by the magnitudes of the numerical distances of particular 
sections of the path, by the overall numerical distance of the 
path or by the geometrical length of the whole path, but only by 
the condition that all numerical distances appearing in Milling- 
ton’s formula must be sufficiently small. 


(2.2) General Discussion 


As the first problem, we will discuss the changes of the attenua- 
tion function on passing the boundary between two different 
sections of the path. 

First we will consider a 2-section plane path of overall length 
D, with the second section of length 6. According to eqn. (56) 
in Part 1, the attenuation function at short distances from the 
boundary is equal to 


w(D), = v5.0), | + v8.5 V8) | : (14) 
VS 
The subscript ¢ denotes the theoretical (correct) value. For very 


short distances, (sd) may be replaced by the first term of the 
corresponding expansion (see eqn. 34 in Part 1), which gives 


F/52 — Vanv | 


According to Millington’s method [see eqns. (4), (5) and (6)] 


¥(syD) y(s,D)'? 
a poomesy cage 


For small numerical distances p, Sommerfeld’s attenuation 
function may be expanded in a well-known series: 


y(p)'= 1 — h/Grp) — 2pF = (17) 


Similarly the functions y[s,;(D — 6)] and y[s,(D — 5)] may be 
expanded in Taylor series about the point D. We thus obtain 
for w(D),, an expression containing terms in 61/2, 6, 63/7, ... 
Neglecting all terms with higher powers of 6 we finally derive 
for small distances from the boundary: 


w(D), = 45,0) es (15) 


wD ae = {fsxD 9)] 


w(D)u ~ M45,D)|1 re Ma/s aa vsov| (18) 

Comparison of eqns. (18) and (15) shows that, for points 
near the boundary, Millington’s method gives a correct trend of 
the changes of amplitude and phase of the field, but the changes 
are too small® by about 21:5%. It follows from the discussion 
in Part 1 (see eqns. 74 and 85 and the remarks in Section 6.3) 
that this result is independent of the number of sections in the 
path and is always valid when the distance from the end of the 
preceding section is comparatively very short, not only for short 
paths but also for longer ones when the curvature of the earth’s 
surface must be taken into account. 

According to the reciprocity theorem the transmitter and the 
receiver may be interchanged. Consequently the results of the 
above discussion will also apply to a path with a very short 
first section. Thus the influence of a very short first section 
when calculated according to Millington’s method is correct as 
regards its character but too small in magnitude by about 21-5 ys 

As the second problem, we will discuss plane paths for which 
all numerical distances in Millington’s formula (6) are very 
great. Accordingly, the first and the last sections of such paths 
must represent very great numerical distances, and for no section 
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can the parameter s be very small. For great numerical dis- 
tances y(p) = — 1/(2p), and thus 


: a Saeco marriys S22: 
24/(515;,)D 
This result is in agreement with eqns. (61), (72) and (73) from 
Part 1.8 It must be stressed, however, that those formulae are 
only approximate; with regard to their errors we refer to the 
discussion in Part 1. 

As the third general problem, we will consider paths composed 
of n very long sections. We assume the lengths of the sections 
to be so great that, when a transmitter is placed at one end of a 
section, the other end is within the diffraction region. The 
calculation of the attenuation function for distances reaching 
into the diffraction zone is very simple, since only the first term 
of the residue series needs to be taken into account. The 
attenuation function over the homogeneous earth is then of the 
form 


w(D)_ = — 


w(D) = (/D)C exp (1D) (20) 

with C= Ba Seta Fi (21) 
T) = & — iP. (22) 

be hatin, =) lian = By) OD 

5 é (ka)'® ia (24) 


~ ka) BE — 12 ~ Cas)" 
Values of % and By have been given by Norton’; a is the earth’s 
radius. 

According to eqn. (105) in Part 1 the attenuation function for 
such a path is 


ovis A/8> = gaa Ss V's3 
w(D), = (\/D)C nae Fas FG ah : 
ol V5n- ite / Sn 
j eee ae 


exp [2,x, + h(x, — x) +... +4(D — x,_)] . 25) 


The subscripts 1, 2, . . . denote the parameters of the first, second, 
etc., sections of the path. 
According to Millington’s method, 


WD) = / Dv/(C,C,) 
exp [t1x1 + h(x. — x1) +... +4,(D — x,_y)] (26) 


Using the notations of the homogeneous earth theory we obtain 
for the ratio w(D),,/w(D), 


WD) _ 271 — 1/87)"(ro2 — To1)(2702 — 1/83) 1/2 
w(D), 1/5; — 1/9, 
(2792 — 1/63)'?(793 — T92)(2T93 — 1/63)1? 
1/5, — 1/63 
[ZF l/ones |! *[ Ton — To(n—1)|(2Ton — 1/82) 12 
1/5,_4 a 1/6, 


(27) 
The ratio w(D),,/w(D), depends on the product of n — 1 factors 
B;,, of the form 
ree (2719; — 1/87)"/?(rox — To(2T9x% — 1/82)? 
ik 
; 1/3; = 1/5; 


(28) 
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According to Bremmer,!° when discussing the magnitude of fi 


factors B;;, we may put 
for |6| <1 
T) ~ 70,0 — 8 — 370,09 700 = 1-856e-"/3 
for |5| > 1 
1 1 1+ 3G) BE 
70% 70 Frogd Stab “2h 
oo = 0: 808e GE g, > 2 De ee 
We then obtain | 
for |6;|, (Og) Dy gem 1 $79 9(8; — cor. ee @ 
for |S], [Sx] > 1 Bix & 1 —* seat se) 


When one of the parameters 5;, 5, is very large and the ot 
very small, 


Bix a in/ (270,0(T0,0 — 


According to eqn. (28) B;, = By; Consequently, in the caj 
considered, the errors of Millington’s method do not depez 
on the relative positions of the sections but only on the fact thi 
there is a boundary between two different media. Eqns. (31 
and (32) show that, when the differences of electrical paramete 
of sections are small, the errors of Millington’s method, 
as regards the amplitude and the phase of the wave, are ve 
small. In the case of large differences of 6, e.g. for land-ss 
boundaries, the phase of the wave is correct but considerali 
amplitude errors appear; they may amount to about 2-5dB fi 
each boundary. Consequently, for very long 2-section land-ss 
paths the errors of Millington’s method may be as high as abal 
2-5 dB, for land-sea—land paths about 5dB, and so on. | 

As the last general problem, we will consider the changes 
the attenuation function very far from the last boundary, i.e. fi 
large distances D — x,_;. As shown in Part 1, it is th 
possible to reduce the path to a homogeneous ground by: 
suitable modification of the magnitude of the primary source | 
radiation, The attenuation of the wave with distance is th: 
the same as over a homogeneous earth with the parameter . 
This conclusion is valid: (a) for a plane earth when x,_, <- 
(b) for very long paths when the th section is also very long ( 
more precisely, when, after interchanging the transmitter a 
the receiver, the first, second, . . . and (” — 1)th sections lie; 
the diffraction zone). 

It may be easily shown that the same is true for Millington: 
method, except for the magnitude of the modified primay 
source, which is different from the theoretical value. Thus 
large distances from the boundary, Millington’s method correct 
describes the attenuation of the wave with distance. Cons 
quently, at large distances from the boundary, the errors | 
Millington’s method cease to change and reach some limiti 
value depending on the parameters of the preceding sections. / 


T0,0) = 1-337.0° 6. 


(2.3) Discussion of Numerical Examples 


In the preceding Section, Millington’ s method has been <a 
pared analytically with theory in some simple cases; furt 
discussion must be based on suitable examples. Using Millix 
ton’s method, especially large errors may be expected where 
difference between electrical parameters of the sections are ve 
great, e.g. for land-sea paths. This follows from the fact t 
Millington’s method gives correct results for homogeneous pat! 
and from formula (13) in Part 1 for the magnitude of seconda! 
sources; subsequent discussion will confirm this conclusic 


Iay assume, therefore, that the errors of Millington’s 
od may be regarded as greatest in the case of land—sea paths. 
e errors of Millington’s method for paths composed of very 
sections have been discussed in the preceding Section. We 
d now consider very long paths composed of some long 
some short sections, and then short paths. However, as 
m in Section 4 in Part 1, the influence of a short section 
he path depends very much on its location. It is smallest 
r sections located in the middle of the path, and largest for 
iose lying close to the transmitting or receiving antenna, i.e. 
hen such a section is the first or the last one. In the case of a 
long path with a short first or last section the influence of 
a short section is, however, approximately the same as for 
he plane earth (see Sections 6.2 and 6.3 in Part 1 and the 
narks at the end of Section 2.2 of the present paper). There- 
when discussing numerical examples it seems sufficient to 
asider only comparatively short paths, i.e. to assume the earth 
© be plane. This assumption has been made in all examples in 
he present Section. 
or 2-section paths representing real numerical distances not 
eater than 5, an interesting comparison of Millington’s method 
h theory has been made by Wait.!! In the cases he considers, 
he errors of Millington’s method for land-sea paths do not 
nerally exceed a few per cent in amplitude and about 3° in 
yhase; only in two cases, for land-sea paths with comparatively 
hort sea sections, are the errors larger, amounting to 10-15%. 
M Overland paths with small differences between the electrical 
rameters of the sections the errors of Millington’s method are 
all or even practically negligible. 
Wait has compared Millington’s method with theory only for 
aths representing comparatively small numerical distances. In 
wder to extend the range of parameters, Millington’s method 
as been compared with theory for a number of 2-section land-sea 
hs representing different numerical distances; the results are 
arized in Fig. 1. Where the land section represents 
rge numerical distances, the theoretical attenuation function 
(D), has been computed according to a formula derived by 
feinberg!2: 13; 


5 BD — iD vl (55) 


dé 
fhere /;, 1,, 5;, 5, = Lengths and parameters of land and sea 
sections, respectively; s, = 0. 


(34) 


a the remaining cases |w(D),| has been calculated by means 
graphs given by Furutsu!*!> or according to eqn. (55) in 
art 1. As follows from Fig. 1(a), large amplitude errors appear 
hen |s,J,| is very large and |sj/| is greater than about 2. 
issuming a very unfavourable condition, /,/J, = 00, the ampli- 
ide errors of Millington’s method have been computed for 
ifferent values of s)/,, Fig. 1(c). The largest errors, amounting 
) about 2-7dB, have been found for s;/; ~ 5 and s; real. 
When |s7/,| and |s;/,| are very large, the first term in formula (34) 
x w(D), may be omitted with reasonable approximation. 
cording to Millington’s method in such cases 


i sl (4) 


ad consequently w(D),,/w(D), ~ +/(7/2). The phase of the 
ave when calculated according to Millington’s method is then 
“rect, but the amplitude is too great by about 2dB;® 13 this 
sult is in agreement with Fig. 1(q). 

According to Fig. 1(a) large errors amounting to about —2dB 
$0 appear in cases of land-sea paths with sj/,; real and very 
rge and s,/, ~ 2. 

In Fig. 1(5) are shown the phase errors of Millington’s method 

VoL. 106, Part C. 
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2345 7 10 15 2030 1000 


Fig. 1.—Comparison of Millington’s method with theory for 


two-section land-sea paths. 
zis the phase angle of sz[s;}= |sz| exp (— id]; ss = 0 
(a), (6) w(D)u/w(D), = f(sils). o 
i) |siy| = 3 Gi) sqly = 40; (iii) syly = 5; (iv) silj = 1. 
(c) |\w(D)a/w(D)i| = f(sil) for Isl = 0. 
yi = 0°; —--— dy = 90°. 


for land-sea paths with land sections representing very large 
numerical distances and various lengths of sea sections. In 
agreement with the previous discussion, the phase errors at 
large distances from the shore (i.e. for large s,/,) are small, but 
at shorter distances may be as big as about 18°. 

In order to obtain some indication of the errors of Millington’s 
method for small and moderate imaginary numerical distances, 
the attenuation function w(D), has been calculated by numerical 
integration of eqn. (7) in Part 1 for a number of 2-section land— 
sea paths. The values of the attenuation function according to 
Millington’s method [w(D),,] have then been compared with 
w(D),; the results are summarized in Table 1. The Table also 
shows the results of the calculation of the attenuation function 
w(D), according to the equivalent numerical distance method; 
this method will be discussed in the next Section. 

In the preceding examples the discussion has been limited 
mainly to land-sea paths; overland paths have been considered 
only for small numerical distances. In order to obtain some 
indication of the dependence of errors of Millington’s method 
on the degree of inhomogeneity in the case of longer paths, the 
attenuation function w(D), has been computed for a number 
of paths of varying inhomogeneity and compared with w(D)y, 
and w(D),; the results are summarized in Table 2. This Table 
and the graphs of Wait indicate that the errors of Millington’s 
method diminish rapidly with decreasing inhomogeneity of the 
path. According to Table 2 the agreement of Millington’s 
method with theory becomes very good when the numerical 
distances of the sections are very large. This is a direct con- 
sequence of the fact, discussed in Section 2.2, that for paths 

3 
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Table 1 


COMPARISON OF MILLINGTON’S METHOD AND EQUIVALENT 
NUMERICAL DISTANCE METHOD WITH THEORY FOR TWwo- 
SECTION LAND-SEA PATHS 


w(D)o 
w(D) 


I 
{sili| vy ah 


/-73° [0:97 7+7? | 0-91 7 —41° 
Z=TE | 0:95 743° | 0-93 7 —38° 
/ =82 | 0-95 7-1 | 0-94 7 —33° 
Bs eh CGE eaten NAY Ree EF 
7 =36° | 1:02 7+3° | 0-63 /—21° 
7-3 10-98 7+1° | 0-67 7-19 


[0-37 7 —as° 
0-41 7 19 
0-49 7 72 


7/452 [1:13 744° | 0-30 7 —36° 
—4P | 1-10 744 | 0-34 7-34 
WEE ate! 


Ss = 0; zis the phase angle of sz [sz = |s7| exp (—ivy)]. 


Table 2 


COMPARISON OF MILLINGTON’S METHOD AND EQUIVALENT 
NUMERICAL DISTANCE METHOD WITH THEORY FOR Two- 
SECTION PATHS OF VARYING DEGREES OF INHOMOGENEITY 


$l, +Sal2 w(D); 


0-065 / —178° 


0-091 7 —168° 
0-115 7 —152° 
0-15 7—101° 


0-029 / —181° 
0-040 7 —119° 
0-058 /—172 
0-095 7 —98° 


0-014 / —181° 
0-018 7 —182° 
0-025 /—181° 
0-064 7 —96° 


1, = 1; both s; and sp real. 


composed of sections representing very great numerical distances 
Millington’s method gives correct results. 

The results of the discussion of 2-section plane paths also 
make possible the estimation of the errors of Millington’s method 
in the general case of multi-section plane paths. As shown in 
Sections 4, 5.3 and 5.4 of Part 1, the influence of a section of a 
path depends very much on its position and is largest for sections 
lying close to the transmitting or receiving antenna. The same 
is true according to Millington’s method. In fact, when com- 
puting the field according to Millington’s method we apply 
Eckersley’s method twice. In each case the first section has the 
largest influence because the greatest differences in the rate of 
change of attenuation function occur at small distances from 
the transmitter. Consequently the influence on the field of a 
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short section lying close to the beginning or the end of the pi 
is, for a 3-section path, approximately the same as for a con 
sponding 2-section path. Consequently, for a 3-section pi 
with first and third sections relatively short, the amplitude err 
of Millington’s method expressed in decibels are approximat 
equal to the sum of the errors for the two corresponding 2-secti 
paths, whereas the phase errors add together arithmetically. 
follows from the discussion of 2-section paths, the largest ern 
are those for land-sea paths. Thus the maximum errors | 
Millington’s method for 3-section paths with relatively short fi 
and third sections may be estimated from the curves in Figs. 1] 
and 1(c). The results may be summarized as follows: 


(a) For land-sea-land paths with a long sea section and c 
paratively short land sections the largest errors, amounting to abo 
5-5dB, will be found for paths with land sections representing r 
numerical distances equal to about 5. When the numerical distans 
of land sections decrease toward zero the errors do the sar 
when they increase to infinity the errors decrease asymptotice 
to about 4dB. p | 

(b) For sea-land-sea paths with a long land section (|sj/j| lar 
and short sea sections (sul small) the largest errors, amounting 
about —4 dB, appear for s;/; large and real and sj/; equal to abous 

(c) For sea-land-sea paths with a very long land section ({4 
very large) and much shorter sea sections, for which, howey 
|sjls| is also large, the errors may be as high as about 4 dB. 


Conclusions in (c) and in (a) for |s;/;| > 1 are in essent 
agreement with the results of Feinberg’s discussion.!* 

When considering 3-section land—sea paths with first and 1 
sections not very much shorter than the second one, we may 1 
two formulae derived by Feinberg:!2 


_ (i) Sea-land-sea paths. 8, = 53 = 0; s) = 573 |5(x2 — x,)| S. 


ee ee 


w(D); = 


+ aE — are sin ee eee od Bk a ‘ ( 
7 x>(D = x;) 


(ii) Land-sea-land paths. s; = 8; = s,; 8. =03; |sx,| > 
|s(/D - X2)| > 13 
| 


ey ees 1 { D= fe DBD 2x \ | 
; / 1 2(s,D)3/? V [x1(D meat /[x2(D = x>)] | 


se pe D(x5 — x}) x,(D — x2) | 
aa | 2 = = | " baie | 22 x =A ; 


For the present purpose of comparison of Millington’s meth 
with theory we will assume for simplicity that the first and th 
sections are of equal lengths with |s,D| very large (|s;D| + © 
the results of the calculations are shown in Fig. 2. As tt 


1-6 


wi(D)m fw) 


Fig. 2.—Comparison of Millington’s method with theory for 
three-section land-sea paths. 


1, =1; 


ve ee paths; sj = 53 = 0; sp =; |sil2| > 13 |sil1| = |sil3| > 132 
(6) Land-sea-land paths; s; = s3 = sj; sy = 0; |syl;| = |sq/3| > 1; |szD| very lar 


far we have discussed only 2- and 3-section paths. In 
ww of the small influence which the middle parts of the path 
on the field, it seems, however, that the results obtained 
also be used as an estimate of the errors of Millington’s 


r 
ve 
. 


ay 


DISTANCE METHOD WITH THEORY 
(3.1) General 


The equivalent numerical distance method, some modification 
hich represents the so-called equivalent conductivity method, 
been proposed and discussed by a number of authors.!®&24; 7,5 
method is limited to comparatively short distances over 
h the earth may be regarded as plane. According to this 
stthod the attenuation function [for which we will use the 
station w(D),] for a path composed of m homogeneous 
ctions is 


w(D), = V(Peq) 
Pk 
=I] 


(38) 


Peq = (39) 


k 


where p, = Sommerfeld’s numerical distance for the kth section. 
(Peg) = Sommerfeld’s attenuation function for the equiva- 
lent numerical distance p,,. ; 


for well-conducting soil and low and middle frequencies the 
placement current may be disregarded as an approximation 


7 
Pk = Sxl, ~ \o,/« . (40) 
where /, — Length of the kth section. 
“ o, = Conductivity of the ground for the kth section. 
A = Wavelength. 


fe may then introduce the so-called equivalent conductivity 
eq) Of the ground: 


i 7 D = 7 fi lk : 
Peq = 6002 am 60A2 j=1 %, : 
Ps D 
ind thus Seq ahs pear? 
p> ho, 


(41) 


(42) 


l 


(3.2) Comparison with Theory 


: 

- to eqn. (39) the attenuation function w(D), depends 
nly on the equivalent numerical distance of the path; this has 
hree consequences. First, the influence of a section on the field 
loes not depend on its position along the path. Secondly, the 
ections with a very small parameter s (e.g. sea sections) have 
egligible influence on the attenuation function, however long 
hey may be. Thirdly, with increasing distance the equivalent 
umerical distance must always increase, and consequently the 
ttenuation function must always diminish: thus the method does 
ot admit the possibility of the so-called recovery effect. As 
sllows from the discussion in Part 1, all these conclusions are 
n sharp contradiction to theory. We may thus conclude that 
2€ general picture which the equivalent numerical distance 
aethod gives of the process of mixed-path propagation Is 
ssentially wrong. However, in certain cases the simplicity of 
ne method may offset its errors. It is the purpose of this 


' 
; 
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Section to show under what circumstances the method may be 
used for engineering practice. 

According to eqn. (11), for small real numerical distances 
|v(p)| ~ exp (—«p). After substitution in eqns. (38) and (39) 
we obtain 


|w(D),| ~ exp[—xK(p) +p. +...+ ,)] - (43) 


It follows from comparison with eqns. (12) and (13) that the 
equivalent numerical distance method is equivalent to Milling- 
ton’s’ for small real numerical distances. As Millington’s 
method is in such cases approximately correct, so also will be 
the equivalent numerical distance method. The limits for the 
equivalence of the two methods are set, not by the magnitude 
of the numerical distances of particular sections of the path, 
but by the overall numerical distance of the path and by the 
condition that all numerical distances appearing in Millington’s 
formula must be sufficiently small; it is a similar condition to 
that given in Section 2.1. 

As for Millington’s method (see remarks at the beginning of 
Section 2.3), so for the equivalent numerical distance method, 
the errors will be small when the differences of electrical para- 
meters of sections are not great, and they will be especially large 
when these differences are very great, as for instance with 
land-sea paths. 

The results of calculations for a number of land—sea paths 
with land sections representing small and moderate numerical 
distances are summarized in Fig. 3; the theoretical values have 


Fig. 3.—Comparison of equivalent numerical distance method with 
theory for two-section land-sea paths with land sections repre- 
senting small and moderate numerical distances. 


sj real; ss = 0. 
|w(D)i|: (@_ ills = 20; () li/ls ey TAO fils = 1; 


its 3 (e) hi/ “= . 
—-~— |w(D)p | Gndependent of the ratio lj/Is). 
been taken from graphs given by Furutsu.!*4)!>5 The results of 
computations for some land-sea paths with land sections repre- 
senting real and imaginary numerical distances may also be 
found in Table 1. In Fig. 4 are shown the results of calculations 
for land-sea paths with land sections representing large and real 
numerical distances. The theoretical values have been com- 
puted according to eqn. (34). 

Figs. 3 and 4 and Table 1 show that, even in the case of 
land-sea paths with land sections representing small numerical 
distances, the errors of the equivalent numerical distance method 
may be appreciable; when the numerical distances of land 
sections are great the errors are generally very large. In order 
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| WD) p/'w(d)¢| 


1,/D 


Fig. 4.—Comparison of equivalent numerical distance method with 
theory for two-section land-sea paths with land sections repre- 
senting large numerical distances. 


sj real; ss = 0. 
(@) sily = 20; (6) silt = 50; (c) syzy = 100, 


to examine the influence of the degree of inhomogeneity of the 
path upon the errors, the attenuation functions for a number of 
2-section paths of varying degrees of inhomogeneity have been 
calculated; the results are summarized in Table 2. Simple dis- 
cussion is also possible for overland paths with both sections 
representing very large numerical distances (|s,J,| > 1; |s/|> 1). 
In such cases 


1 
251, + sol) 


1 
w(D), = — M5 )D’ w(D), = (44) 


Fig. 5 shows plots of w(D),/w(D), for various ratios of s>/s;. 
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Fig. 5.—Comparison of equivalent numerical distance method with 
theory for two-section overland paths with sections representing 
large numerical distances. 


|siZ1] > 1; |s2l2| > 1; s2/s; real. The numbers denote the value of the ratio S2/s1. 


According to theory, for 3-section paths the attenuation 
function depends strongly on the location of any particular 
section along the path. According to the equivalent numerical 
distance method, the position of the section has no influence on 
the field; thus the errors of the method may be very great. Very 
large errors may be expected, for example, where, in the middle 
of a well-conducting path, there is a section of considerably 
smaller conductivity. The attenuation function is then of the 
order of unity [see, for instance, eqn. (36)], while according to 
the equivalent numerical distance method the attenuation func- 
tion will be very small. 

It seems that the above discussion will also hold in the general 
case of a multi-section path. Consequently the equivalent 
numerical distance method may be used for practical computa- 
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; 


tions only when the inhomogeneity of a multi-section path — 
very small. 


TV 


(4) CONCLUSIONS 


It follows from the discussion in Section 2 that the errors « 
Millington’s method diminish rapidly when the inhomogeneit 
of the path becomes small. Thus his method may be used wit 
success for practical computations in cases of overlan 
propagation. | 

Millington’s method may give considerable errors in tt 
presence of great differences between the electrical paramete 
of particular sections, e.g. in the presence of land-sea bo 
daries. Making final estimations, we may disregard the sul 
division of land into parts with somewhat different conductivitie 
and will take into account only the division of the path int 
land and sea sections. For 2-section land-sea paths the erro 
of Millington’s method may be as high as about 2:7dB. Fx 
practical purposes such errors may be regarded as general 
acceptable. For 3-section land—sea paths the errors may amoul 
to about 5-5dB; in most cases they will, however, be somewh: 
smaller. Such errors must be regarded as considerable, althous 
for routine computations they will as a rule still be tolerabl 
For very long paths with a number of land-sea boundaries tl 
errors may be about 2-5dB times the number of boundari 
and Millington’s method can be used only to estimate tl 
order of the ground-wave field strength. However, the receiv 
lies far in the diffraction zone, the attenuation of the groun 
wave is very large, and consequently a simple although not ve 
exact method of calculation may be of practical importance. : 

‘We may thus conclude that Millington’s method, because 
its simplicity and comparatively small errors, may be used 
most practical problems of ground-wave propagation. 

The main advantage of the equivalent numerical distan 
method is its simplicity. It is approximately equivalent 
Millington’s method only for paths representing small numeric 
distances; in other cases it is distinctly inferior to Millingtor 
method. For longer paths it may be used only when t 
differences between electrical parameters of the sections a 
insignificant. The method fails completely for most land-—s 
paths with land sections representing large numerical distanc 
The use of the method is limited to comparatively short pat 
for which the earth may be regarded as plane. 

Because of its simplicity, the equivalent numerical distan 
method is frequently used for routine calculations when a gre 
number of field strength computations have to be made. 
such cases the practical engineer may be advised to make cont: 
calculations from time to time, e.g. by means of some theoretic 
curves or by Millington’s method, in order to find out if he 
using the equivalent numerical distance method well within 1 
limits of its application. 

It must be stressed that the discussion in this paper has be 
based on an assumption of a regular, i.e. a plane or spheric 
earth surface. The irregularities of the earth’s surface may he 
a profound influence on the field; this must be taken into accot 
when considering the possible use of any method of computatic 
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THE HEAVISIDE PAPERS FOUND AT PAIGNTON IN 1957 
By H. J. JOSEPHS, Member. 


It was published as an INSTITUTION MONOGRAPH in January, 1959.) 


(The paper was received 2nd May, 1958. 


SUMMARY 
The papers unearthed dealt mainly with problems connected with 
the flow of electromagnetic energy, and showed that Heaviside had 
extended Maxwell’s theory so that gravitation could be fitted in with 


electromagnetism. ead 

It was also found that Heaviside had evolved a rigorous justification 
for his ‘operation’ of extracting the square root of the process of 
partial differentiation; for he had discovered the conditions under 
which his differential time operator p lost its original significance and 
became the transform parameter of an infinite integral of the Stieltjes 
type which obeys all the laws of algebra and analysis. 


() INTRODUCTION 

Oliver Heaviside lived in Paignton from 1889 to 1897, and 
towards the end of 1957 a collection of his papers was found 
under the floorboards of his room in the house where he lived. 
This collection consisted of a large number of loose sheets 
of paper containing his formulae and notes; it also contained 
many annotated galley proofs, marked page proofs, scraps of 
old letters, envelopes, postcards, technical publications, etc. 
Altogether the collection filled three sacks. In spite of the 
decayed state of some of the papers, it was a simple matter to 
sort them and connect them with the corresponding parts of 
Heaviside’s published work. This showed that most of the 
collection could be associated with the publication of Volumes 1 
and 2 of his ‘Electromagnetic Theory’.! 

Early in 1891 the publishers of the Electrician proposed to 
Heaviside that his series of articles* on ‘Electromagnetic Theory’ 
just begun in that journal should be brought out later in book 
form. The publishers allowed Heaviside great freedom as to 
what he wrote in his serial articles, but they insisted that, after 
the first publication in their journal, not a word could be changed 
for the later publication as a book. This restriction was imposed 
in order to keep the costs of production down (for Heaviside’s 
books were not expected to pay), and also because the type set 
up for the original articles had to be carefully stored (sometimes 
for years) until the corresponding sections of the book were 
printed. 

Since this restriction thus prevented Heaviside from revising 
the text, it follows that the annotated galley proofs and manu- 
scripts found at Paignton are of great interest; for they repre- 
sent Heaviside’s second thoughts and show the way he could 
have revised his text had he had the power to do so. He could 
have described his new additions to the mathematical theory of 
the transfer of energy; also he could have shown how Maxwell’s 
theory can be extended to include both electromagnetic and 
gravitational phenomena within a single mathematical framework. 

To give, within the space of a few thousand words, a complete 
and satisfactory report of the significance of the mathematical 
work on the scattered sheets in the sacks of paper Heaviside left 
behind at Paignton is well nigh impossible. The most that can 
be done in this Monograph is to outline the features which 
became significant during a careful examination of his 
calculations. 


Correspondence on Monographs is invited for consideration with a view to 
publication. 
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(2) HEAVISIDE’S DUPLEX EQUATIONS 


The pencil annotations on the galley proofs, together with tha 
analysis on the backs of the page proofs, gave a clear indication 
of the progress Heaviside made during the years between thi 
first publication of his serial articles in the Electrician and thet: 
later publication in book form. This progress lay in thi 
development of new and improved methods of applying hi: 
duplex circuital equations to electromagnetic problems and thi 
consequent extension of Maxwell’s theory. But before detaill 
of these new developments are given, something should be sais 
about Heaviside’s two circuital equations by way of preface. 

While Heaviside was living in Camden Town he wrote . 
series of articles? for the Electrician entitled ‘Electromagneti 
Induction and its Propagation’ which he concluded in 1887, tws 
years before he moved to Paignton. Heaviside stated that hi 
object in writing this series was to present Maxwell’s theory in > 
practical form and to give an adequate discussion of the flow a 
energy in the electromagnetic field. 

A few years before Heaviside started this series, Maxwell 
expounding Faraday’s ideas, had clearly stated that the flow ic 
energy depended.on the association of two vectors, namely th: 
electric force E and the magnetic force H. But in ‘A Treatis: 
on Electricity and Magnetism’, Maxwell* did not develop thi 
analytical consequences of this energy concept; his pages an 
filled with descriptions of early Victorian ideas about the natur 
of electrical energy; moreover, these ideas were expressed in | 
maze of symbols representing quaternionic formulations o 
scalar and vector potential functions, etc. The result was tha 
engineers found Maxwell’s chapter on the general equations o 
the electromagnetic field practically unreadable. 

In his Camden Town series? Heaviside showed engineers the 
the descriptive equations of the electromagnetic field can easil 
be based upon the vectorial formulation of two circuital laws 
The first states that the electric current J is the curl of th 
magnetic force H, while the second states that the magneti 
current M is the negative curl of the electric force E; in symbols 


J>cunlAa 2S eee 


and M = — calE* 3. Pe 
Eqns. (1) and (2) are what electrical engineers call ‘Maxwell’ 
equations’. These equations, however, are not to be found i 
any of Maxwell’s books or papers: they were introduced b 
Heaviside to act as the basis of a mathematical model of Ma» 
well’s theory; they have therefore been called ‘Heaviside’s equ: 
tions’ in this Monograph, and the technical reasons for th 
change are given in the Appendix. | 
Heaviside’s eqn. (1) is the vectorial representation of the wel 
known equation defining electric current in terms of magnet 
force; eqn. (2) was introduced as the proper companion of tt 
first in order to make a complete duplex system suitable fe 
engineers to apply to practical problems. Heaviside showe 
that this system, based upon the two measurable variables 
and H, readily expresses Maxwell’s concept of the flow of eners 
in the electromagnetic field. He also pointed out that the syste) 
has the advantage of being quite independent of the unmeasurab 
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quaternionic formulations of scalar and vector potential functions 
ntroduced by Maxwell.4 

Many of the pencil calculations on the loose sheets found at 
aignton arose from Heaviside’s applications of his two equa- 
ions to engineering problems. These calculations showed that 
e always kept the duplex features of electromagnetism in mind: 
the first place his analysis was naturally symmetrical, since it 
s based upon postulated electric charges and magnetic poles 
nd because the inverse-square law was used to define and cal- 
ilate the relevant quantities; furthermore, he manipulated his 
quations in a balanced manner, for he always wrote the electric 
ind magnetic currents in eqns. (1) and (2) as 


J=D+J,andM=B+M, 


Tere the electric force E and the magnetic force H are related 
0 the two fluxes D and B by 


D=kE and B= upH 


where k and yp represent permittivity and permeability respec- 
vely. Also J, and M, represent electric and magnetic conduc- 
tion-current densities and are related to the two forces by 


J, = cE and M, = o,,H 


vhere o and o,, represent electric and magnetic conductivities 
espectively. It was only in the final computing stage that 
feaviside took account of the zero value of the magnetic con- 
uction-current density; in all his algebraic manipulative work 
¢ maintained the symmetry of the electrostatic and magneto- 
tatic systems. 

_ In these pencil calculations Heaviside wrote the scalar and 
vector products of his two vectors E and H as EH and VEH 
espectively; but this notation is now obsolete, and in this 
Monograph these two products are written in the usual way 
E.H and E x H. The vectors E and A are reckoned per 
mit length and D and B per unit area. The electric energy, 
U, per unit volume and the magnetic energy, T, per unit volume 
are given by the scalar products 


ae 
7 U =4E.Dand T=4H.B 


: 
tite the power-flow vector, P, per unit area is given by the 


_ product 
. (PSIG Sal 
, An examination of his calculations showed that some of them 
‘Were connected with the solution of transient problems in cable 
elegraphy or telephony: it also became clear that, no matter 
* problem Heaviside was working on, the question of the 
mechanism of energy transfer was touched upon from one angle 
‘or another. In these applications he took the space integrals of 
U and T to be 4CV? and 4LI’ respectively: for he treated the 
electric-energy density 4£ . D as the elemental part of the total 
electric energy 4V. CV, where V is the potential between the 
plates of a condenser whose charge is CV, while he treated the 
magnetic-energy density +H . B as the elemental part of the total 
magnetic energy 4/. LI, where J is the current in a coil of total 
induction LI. V and I were taken as the line integrals of E 
and H respectively. ee 
- One piece of work was connected with Heaviside’s effort to 
make the electric and magnetic energies of a telegraph circuit 
equal (as they must be for distortionless transmission). In such 
a circuit the electric energy tends to be excessive, and his remedy 
was to increase the magnetic energy by increasing the inductance 


or to diminish the electric energy by leakance. 


a 
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é For dealing with the transmission of plane waves ina telegraph 
circuit Heaviside wrote his circuital equations as 


oH oF ry oy oH 

oe aaa and — 5— ae 

from which he obtained the partial differential equation known 
as the ‘equation of telegraphy’. Various solutions of this 
differential equation were found among the scattered papers in 
the Paignton collection; many of these solutions had been 
published by Heaviside, but one unpublished note of particular 
interest was found. This showed that he regarded the para- 
meters in his duplex equations (1) and (2), not as constant 
quantities, but as statistical distribution functions; to him the 
problem of measuring such a parameter was that of determining 
its law of distribution and finding its most probable value. 
Moreover, he regarded his duplex equations as the basis of a 
tractable model of Maxwell’s theory which can be used by 
engineers to predict the results of electrical experiments yet to 
be made. 


(3) HEAVISIDE’S UNIFIED FIELD THEORY 


Between 1883 and 1885, both Heaviside and Poynting> did 
much to establish the mathematical laws describing the flow of 
energy. During this period they independently covered much 
the same ground, and discovered that the rate of energy transfer 
in an electromagnetic field is given by the vector product of E 
and H. In 1884, Poynting’s paper containing this theorem was 
published a few months before Heaviside’s paper; consequently 
the theorem bears Poynting’s name. 

Poynting’s method of establishing the theorem called for the 
modification and manipulation of Maxwell’s original equations, 
and some heavy mathematical work was involved. Heaviside’s 
method, however, was relatively simple and did not call for 
quaternionic manipulation; after writing the rate of energy loss 
per unit volume of the field as 


dvP = — 2 GE. D+4H.B) 


he used his equations (1) and (2) to obtain 
divP = H.curlE — E.curlH 


Recognizing the right-hand side as the expansion of div (E x A), 
he saw at once that the rate-of-energy-flow vector is 


P= ESCH EGY eae GB) 


where G is an arbitrary vector representing a circuital energy 
flux. In 1884, when he established his theorem, Poynting over- 
looked the existence of the energy flux G; Heaviside, however, 
while recognizing it, assumed that it represented useless energy 
which could be neglected. 

The calculations found at Paignton showed that, within ten 
years, Heaviside had altered his views about the uselessness of 
G in egn. (3); for he had found that it could be made to satisfy 
the mathematical requirements of a flux of gravitational energy 
and that all the energy absorbed by matter in a unified field 
founded on eqn. (3) could be supplied by the Poynting flux 
(E x H)alone. Thus, Heaviside appears to have postulated a 
unified field [based on eqn. (3) and consistent with his views 
about the electrical constitution of matter] as a means of extend- 
ing Maxwell’s theory to include gravitational phenomena. 

Heaviside’s expression for the energy density of his unified 
field consisted of the sum of a number of distinct terms. One 
term denoted the rate of increase of an electromagnetic energy 
density at a point (in the empty or materially occupied space he 
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was considering); other terms represented the rates of increase 
of various localized energy densities; such as heat, chemical 
energy, etc. (which he regarded as being due to the electromag- 
netic field). His expression also contained terms representing 
the rate of doing work of certain ponderomotive forces acting 
on moving matter per unit volume at the point in question. In 
these terms, p was taken to represent the density of matter and 
e to denote the intensity of a gravitational force which satisfies 
Newton’s law; Heaviside treated e as the space variation of a 
potential which depended upon the distribution of matter in his 
unified field. The product pe expressed the moving force on p 
and has its equivalent in the increase of momentum. 

Since the law of inverse squares was involved throughout, 
Heaviside found that the circuital flux of gravitational energy 
can be expressed as (pu — cé), where u represents the velocity of 
p and c is a constant. Expressing this energy flux as the curl 
of a vector hf, Heaviside wrote 


(4) 


where the divergence of the vector hf is arbitrary and may be 
made zero. Heaviside took eqn. (4) as a valid gravitational 
law based upon eqn. (3). 

The unpublished notes found at Paignton showed that Heavi- 
side made considerable use of his vector algebra in the develop- 
ment of eqns. (3) and (4). A good idea of this vectorial treat- 
ment can be obtained from Appendix B of the first volume of 
‘Electromagnetic Theory’.! This Appendix, however, was writ- 
ten before Heaviside had obtained his generalized energy 
formulations from eqn. (3), upon which he based his unified field. 

Many of Heaviside’s energy calculations were rather involved 
and difficult to interpret, and some of his elemental energy-flow 
vectors were such that only their total quantity (obtained by 
integrating over all space) was observable. It was interesting to 
note that Heaviside occasionally manipulated his energy-flow 
vectors as operational determinants. For example, he wrote the 
divergence of his gravitational energy-density vector as 


h.Vxe—e.V xh 


and then expressed this in its determinantal form as 


curl h = pu — ce 


hy hy h; ey €2 &3 
Vi V2 V3! — | Vi V2 V3 
C4 (2) 63 hy hy hz 


where Vi, V2 and V3 are the components of the Hamiltonian 
differentiator V. After replacing the right-hand determinant by 
its transformed equivalent 


hy hy hy Vi V2 V3 
Vi V2 V3) — |e1 €2 23 
ey (3) 3 hy hy hy 


he obtained the determinantal form of Y .(e x h). From this 
result he obtained the energy-density vector (e x h) expressing 
his flux of gravitational energy to which other circuital energy 
fluxes may be added (see Section 9.3). 

Other examples illustrating Heaviside’s gravitational calcula- 
tions could be given. In this connection it is interesting to see 
the plate facing p. 13 of ‘The Heaviside Centenary Volume’,® 
which is a reproduction of a photograph of an unpublished 
gravitational analysis involving his unified field theory; the 
analysis was probably made in 1896 and appeared in one of 
Heaviside’s notebooks which was acquired by The Institution 
in 1927. 

Heaviside’s unified theory discernible in the papers unearthed 
at Paignton appears to be a straightforward extension of Max- 


well’s theory. It is based upon a dichotomy of a generalize 
energy law he obtained from eqn. (3), one part producing equa+ 
tions describing the electromagnetic field, and the other thos 
describing the gravitational field. It is interesting to compar 
Heaviside’s ideas with those embodied in Einstein’s theory’ of 
the unification of electromagnetism and gravitation publishe 
more than half a century later. Einstein’s theory shows that i 
a Euclidean field the quantities concerned separate into a sym- 
metrical and an antisymmetrical tensor, one set satisfying equa- 
tions of the electromagnetic type and the other those of ei 
gravitational type. Furthermore, Einstein’s analysis shows 
clearly that the ideas of curved space are unnecessary for the 
development of a unified field theory. Thus it appears that 
Heaviside’s attempt to correlate gravitation with electromag 
netism in 1895 has a lot in common with Einstein’s attempt 
in 1950. | 


(4) HEAVISIDE’S EXPANSION THEOREM 


Some of the rough calculations found at Paignton indicated 
that Heaviside was trying to extend his expansion theorem ta 
include cases containing fractional powers of his time operator p) 
Notes were found in which he had written his operationas 
equation as 


f@ _f© .% f@ 
A@ AQ * > Gd@re” @) 


where q is a function of p and F(t, q,) is the equivalent of the 
operational expression q/(q — q,). Here q1, qo, 93, . . . represen’ 
the roots of AG) = 0, while A’G@,) is the result of substituting 
qr for g in dA(@)/dq. 
If gq is replaced by the differential operator p (= 0/0d¢) the 
function F(t, p,) becomes equivalent to exp (p,t) and the inter- 
pretation of eqn. (5) is a simple matter. But when Heaviside 
replaced q by 1/p his function F(t, p,) became equivalent to 


[1 + erf (p,»/2)] exp (p,,/1)? 


and the interpretation of eqn. (5) bristles with mathematica: 
difficulties. 

The Paignton papers gave no evidence for supposing tha? 
Heaviside overcame the difficulties embodied in the applicatior 
of eqn. (5) to fractional operators. It is highly probable, how: 
ever, that he abandoned the idea of using it, because in one of his 
notes he wrote ‘. . . I don’t care much about the expansior 
theorem now, it is so tame...’. 

Heaviside’s original expansion theorem [obtained from egn. (5 
by putting q = p] has had a peculiar history. It was forgotter 
and unused for many years; then it was rediscovered and many 
engineers regarded it as the subject of the whole of the opera: 
tional calculus. Heaviside himself, however, regarded it simply 
as one useful theorem in the general subject of electric-circui 
theory; for it was the first formula to give easily and directl 
both the transient and steady-state responses of a network with 
out calling for the determination of arbitrary integration con 
stants from initial conditions. 

In order to trace Heaviside’s method of obtaining solution: 
directly in terms of initial conditions, the unpublished analysi 
on some of the loose sheets found at Paignton was examined ii 
detail. These sheets were carefully selected, for it was th 
study of energy subsidence in an n-mesh electromagnetic systen 
which led Heaviside to his expansion theorem. In these case: 
the solutions were based upon the set of n differential equations 


Do; EA; =0 
02 r) 
where f Be = rss 72 = bss, + Crs 


in this set X, represents the dependent variables and the coeffi- 
sients a,., b,, and c,, are mesh parameters. 
The classical method of solution available to Heaviside was 
to substitute for X, the form a, exp (y), where a, and y are 
onstants. He required n equations for the a, with a consistency 
ndition which determines the 2n possible values of y. Heavi- 
e soon found, however, that it was impossible for him to 
ormulate the m equations from the knowledge that, at reference 
‘ime ¢ = 0, all the currents in the inductors and all the charges 
the condensers are zero. He also found that in the general 
ase it was impossible for him to determine the 27 possible values 
of y. It was at this point that Heaviside parted with classical 
“methods and invented his own calculus. ~ 

_ Heaviside’s method was to use p instead of d/d¢ and then to 
‘consider the equations 4 


>> EX. = > [(@,sp” ite bysP)Us ay ays? Vs | 
s 


“where u, and V, are the values of X, and dX,/dt when t = 0. 
‘He then solved for the X, by algebra as if p were a number, and 
obtained a quasi-algebraic solution in the form 


_ f,<(p) 


5 Sie 


4 he 
prs at 
i Dp 5 pr-1 nit 
-_ Go @—D! 
from which he obtained the desired result 
| PQ) ee On se epi (0) 


(5) HEAVISIDE’S FRACTIONAL DIFFERENTIATION 


In eqn. (6) H(p) represents the operator Heaviside obtained 
from his ‘algebrized’ differential equations, and its conversion 
‘into the explicit time function C(f) constituted his principal 
problem. F 

In the original differential equations from which H(p) was 
derived, p” represents 0”/0f”, and its reciprocal p~” denotes 
corresponding multiple integrations, while the index n is always 
‘integral. But it sometimes happens, as the result of formal 
algebraic manipulation, that non-integral or fractional powers 
of p arise in the operator H(p). This led Heaviside to seek a 
meaning to 0”C/0r” when 7 is fractional. “There is a universe 
of mathematics’, he wrote, ‘lying in between the complete 
differentiations and integrations.’ 

Apparently nobody told Heaviside that ‘fractional differentia- 
tion’ was an old subject which had been introduced by Leibniz 
in 1695 and developed by great mathematicians like Euler, 
Liouville, Gregory, Kelland and others. But Heaviside did not 
have access to these authorities, for the reference facilities 
available to a poor man working alone in Paignton over 60 
years ago were practically nil. Nevertheless, he developed the 
subject of fractional differentiation much further in some direc- 
‘tions than any of his illustrious predecessors. 

Heaviside started his attack on the problem by trying to 


generalize the equation 


k—n 


ere 3 
Dry eal 
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to fractional values of n. After putting k = 0 in this equation 
he invented his inverse factorial function g(—m) and established 
the theorem 


n7g(n)g(—n) = sin na 


for all values of nm. Putting m = 1/2 in these equations he 


obtained the result 
VP = 1/\/(rt) 


where 1 represents his unit function (zero before, unity after, 
time t= 0). All the algebraic details are given in the second 
volume of ‘Electromagnetic Theory’.! Here Heaviside states 
that he first discovered the value of +/p experimentally; he 
illustrated this by showing how its value can be deduced from 
the known solution of a heat-flow problem obtained by classical 
methods. This discussion, however, did not appeal to mathe- 
maticians, since Heaviside’s argument did not conform to the 
standards of rigour fashionable at the time. 

Some of the calculations found at Paignton showed that 
Heaviside also arrived at the value of 4/p by another process: 
this showed him the conditions under which his time operator p 
lost its original significance and became the transform parameter 
of a function which obeys all the ordinary mathematical rules. 
Consequently it follows that Heaviside could have constructed 
rigorous mathematical proofs of his ‘fractional differentiation’ 
theorems had he cared. But to Heaviside the construction of 
such proofs was merely a way of meeting the whims and fancies 
of certain pure mathematicians. 

These unpublished calculations started with Heaviside using 
the Bessel expansion theorem to write 


co =ve1=] | r@n2ver)Mol2V/o)|dxay 
0 °O 


where x and ¢ are two positive real variables with differentiators 
o (=0/0x) and p (=0/df). After replacing the Bessel functions 
by their operational equivalents e~9/*> and e—/P, Heaviside 
integrated with respect to y and obtained 


C(t) = [09 (=) ‘dx 


By expanding his operator in inverse powers of p and then 
replacing p—” by 7”/n!, Heaviside obtained the function e~%o1, 
which represents his unit impulse placed at the point x =f. 
Likewise, by expanding the operator in inverse powers of o and 
then replacing o~” by x"/n!, he obtained the function é~?*p1, 
which represents his unit impulse placed at the point ¢ = x. 
Thus the two spotting functions are identical, and since they 
have the same symmetrical generator, Heaviside wrote 


C) =H) =| tear... 
0 


In establishing eqn. (7) Heaviside was really arguing in terms 
of what are now known as Stieltjes integrals; his work, however, 
was quite independent of that of Stieltjes.2 In eqn. (7) the 
integration is against t and consequently the p which occurs 
must be treated as a parameter and not as an operator. 

Replacing H(p) by +/p1, the 1 which occurs on both sides of 
the equation can be dropped, and Heaviside wrote 


vp =| te-Ppat 
0 


where f(#) can be determined in the ordinary way. Heaviside 
saw at once that f(t) = 1/4/(a1), because on replacing t by x* he 
obtained a probability integral whose value is /7/2/p. 
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These calculations must have shown Heaviside that it is 
meaningless to talk about ‘fractional differentiation’, and a/p 
should not be interpreted as the ‘operation’ of extracting the 
square root of the process of partial differentiation, for it is the 
transform parameter of an infinite integral which obeys all the 
laws of algebra and analysis. : 

It must be remembered that Heaviside made these calculations 
when the galley proofs of the second volume of his ‘Electro- 
magnetic Theory’ were in his hands; consequently, it was then 
too late for him to make changes. It is possible, however, 
that he may have thought these changes too trivial to bother 
about. For Heaviside, like Newton and Laplace, had the 
faculty of being able to discover difficult theorems by some sort 
of intuition which dispensed with the usual processes of proof, 
and it may have been the possession of this gift that made him 
so contemptuous of formal logic. 


(6) HEAVISIDE’S INFINITE INTEGRAL 


If the integrand of the infinite integral (7) is divided by 
Heaviside’s unit impulse function p1 it reduces to the integrand 
of the famous integral introduced by Laplace in 1812. No 
calculations or notes were found at Paignton to suggest that 
Heaviside had ever transformed eqn. (7) into a Laplace integral. 
This was to be expected, because Heaviside would have realized 
immediately that such a transformation would be a retrograde 
step, for it would have destroyed his integration symmetry, since 
his two fundamental functions 


1 


p”’ (> 1) 


n 
CW) = - and H(p) = 
would no longer belong together. Moreover, the operational 
form of a constant K would no longer be itself but K/p. Conse- 
quently, all his normal integration processes would have been 
disrupted, and his operator H(p) would have differed from f(t) 
in dimensions and serious confusion would result. 

In dealing with eqn. (7) by the ordinary method it can be seen 
that the dimensions of p and ¢ must be made reciprocal, in order 
to ensure that both the index pt and pdt are dimensionless. To 
make a dimensional check Heaviside would equate f(f) to H(p); 
then he would expand f(7) in a convergent series of ascending 
(positive) powers of t, while H(p) would be expanded in a con- 

_vergent series of inverse (negative) powers of p. Since f(t) and 
H(p) are expansible, there is term-by-term correspondence, and 
the dimensions of such terms must be identical, e.g. 


pr+i co Aly 
Qr+ I)! Ay pt 


Cy 
7—0 


The dimensional test was one which Heaviside always applied to 
results he obtained by direct integration of eqn. (7); and the 
transformation of eqn. (7) into the Laplacian form would have 
destroyed the dimensional equivalence of f() and H(p). 

Another result of the Laplacian transformation is that the 
spotting features of the impulse function in eqn. (7) are elimi- 
nated, and this would have prevented Heaviside making his 
usual topological survey of the problem. For Heaviside was 
a born topologist; and he used his invention of operational 
spotting functions to help him to visualize intricate relations 
between abstract ‘objects’ in his postulated fields. Consequently, 
Heaviside’s method of dealing with eqn. (7) was completely self- 
contained and did not call for access to a library of books contain- 
ing details of mathematical transforms. This self-contained 
feature was important to Heaviside, for he worked in isolation 
and his mathematical library at Paignton was very small. 
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(7) CONCLUSION 


The papers found at Paignton showed that Heaviside was in 
line with the British nineteenth-century mathematical tradition 
of formal algebraic manipulation; he was not an analyst in they 
modern sense. He was, however, a topologist, and a great one, 
in his visual thinking about electromagnetism; his ideas, when 
properly interpreted, form a firm foundation upon which 
engineering calculations can be based. } 


i 
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(9) APPENDICES 
(9.1) Heaviside’s Equations 


In his epoch-making ‘Treatise on Electricity and Magnetism”4 
Maxwell’s form of presentation was in harmony with the general 
principles of quaternions as enunciated by Hamilton.? The 
power of quaternions appealed to Maxwell, for near the 
beginning of his ‘Treatise’ (Article 10, Vol. 1, p. 9) he wrote. 
‘In electrodynamics we have to deal with a number of physical 
quantities, the relations of which to each other can be expressed 
far more simply by a few expressions of Hamilton’s than by the 
ordinary equations’. 

Maxwell’s compact and powerful quaternionic expression 0! 
the general equations of the electromagnetic field are given ir 
Article 619, Vol. 2, p. 258, of his ‘Treatise’. This formulatior 
appears to have little in common with the vector equations (1 
and (2) discussed in this Monograph. Nevertheless, they have 
common features: for both the quaternionic and vector formula: 
tions describe the experimental discoveries of Oersted, Ampere 
Ohm and Faraday; and both formulations can be used to predic 
the results of electromagnetic experiments yet to be made. 

Hamilton’s algebra of quaternions, unlike Heaviside’s algebr: 
of vectors, is not a mere abbreviated mode of expressin; 
Cartesian analysis, but is an independent branch of mathe 


tics with its own rules of operation and its own special 
theorems. A quaternion is, in fact, a generalized or hyper- 


complex number: thus a quaternion 
w+ ix +jy + kz 


s formed from four real numbers, w, x, y and z, and four 
nber units, 1, i, j and k, in the same way that the ordinary 
plex number w + ix might be regarded as being formed 
m two real numbers, w and x, and two number units, 1 and i, 
e number units 1, i, j and k do for rotations and stretches of 


But whereas the multiplication of complex numbers is 
mmutative, that of quaternions is not; consequently the 
nipulation of quaternions calls for the application of certain 
ecial theorems. / 

_ Heaviside also studied quaternions in Hamilton’s ‘Elements’, 
gut had been repelled by the non-commutative property and the 
special theorems. He felt that Hamilton’s calculus was really too 
vard for busy engineers to learn; it would take them too long 
to master the tricks. So with these ideas in mind he built his 
ywn system of vector algebra. This system was a very simple 
one; it was not a new branch of mathematics, like quaternions, 
t merely a shorthand form of ordinary Cartesian analysis. 
€ only mathematical equipment required to apply this system 
vas the definition of scalar and vector products, the Hamiltonian 
perator VY, a few transformation formula and the integral 
heorems of Green and Stokes. Engineers welcomed Heaviside’s 
ector algebra, but pure mathematicians were not enthusiastic. 
of. P. G. Tait described it as ‘a sort of hermaphrodite monster, 
compounded of the notations of Hamilton and Grassman’. 
‘Heaviside, however, was not interested in problems of abnormal 
physiology, for he was busy forging a mathematical tool which 
would enable engineers to apply Maxwell’s electromagnetic 
mpcory to their problems. 

4 It was a simple matter for Heaviside to apply his vector 
algebra to the two great experimental laws of electromagnetism. 
These laws concern the two circuits, the electric circuit and the 
‘Magnetic circuit which are always linked through a common 
field. By taking the line integral of the magnetic force round 
‘an elemental closed curve in this field, Heaviside obtained his 
‘eqn. (1). This vector equation does not appear explicitly in 
Maxwell’s ‘Treatise’; it is possible, however, to find its equivalent 
in the form of three Cartesian equations in the second volume. 
This is only to be expected, since these equations describe 
Ampére’s rule for deriving the magnetic force from the electric 
current and had been discussed in detail by many writers before 
Maxwell (Murphy).!° Considered alone, Heaviside’s eqn. (1) is 
merely a concise vectorial description of Ampére’s results. 

_ By taking the line integral of the electric force round the 
closed curve in the field Heaviside obtained his eqn. (2). Again 
this vector equation does not appear explicitly in Maxwell’s 
‘Treatise’; but since it describes the experimental law of electro- 
magnetic induction, it is possible to find its equivalent in the 
form of sets of Cartesian equations in volume 2. These equa- 
tions may be written in Heaviside’s vector notation as 


E=—A+V¢| 
J 


( 


curl A = H 


where A represents Maxwell’s electromagnetic momentum at a 
point and ob denotes his scalar electric potential. Thus Heavi- 
side’s eqn. (2) replaces the above set of equations and eliminates 
Maxwell’s A and ob. Considered alone, however, Heaviside’s 
eqn. (2) is merely a concise description of Faraday’s results. 
Thus, considered individually eqns. (1) and (2) may be directly 
related to the experimental discoveries upon which electrical 
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science is based. However, in this Monograph eqns. (1) and (2) 
are not considered individually but as a correlated or ‘duplex’ pair 
of vector equations. These equations have been discussed by 
Sir Edmund Whittaker,!! who stated: 


Maxwell, following Faraday’s ideas, had clearly pointed out that 
the electric field at each point depended on two vectors, namely the 
electric and magnetic forces at the point, and upon the electric 
and magnetic displacements they produced. But in Maxwell’s 
‘Treatise’ the analytical consequences of these principles had not 
been developed in a straightforward and natural manner: his pages 
are cumbered with the debris of the older theories, with a maze 
of symbols representing electric and magnetic potentials, vector 
potentials, and so forth. I well remember, in 1893, buying for 
myself a second-hand copy of Maxwell which had been the property 
of a College lecturer on mathematical physics. When I came to 
the famous chapter on the ‘General Equations of the Electromagnetic 
Field’, I found scribbled in his handwriting ‘from here on this book 
is absolutely unreadable’. The great service which Heaviside now 
rendered to science was to clear away this accumulation of rubbish, 
and base the theory on what he called the ‘duplex’ equations 


curl H = 4nT 
cull E = — B 
div =0 
div B=0 


(where H is the magnetic force, I" is the electric current, etc.), 
which modern writers generally call ‘Maxwell’s equations’—though 
they are not to be found in Maxwell’s ‘Treatise’, and the modern 
writers have in fact copied them from Heaviside. 


It will be observed that the Heaviside equations quoted by 
Sir Edmund are unsymmetrical, whereas eqns (1) and (2) dis- 
cussed in this Monograph are perfectly symmetrical. Most 
modern textbooks discuss electromagnetic theory from the view- 
point of the unsymmetrical equations; they say that the lack of 
symmetry in the system is due to the absence of free magnetism 
and magnetic conduction. From the Paignton papers, however, 
it became clear that Heaviside always maintained the electro- 
magnetic symmetry of eqns. (1) and (2) in his calculations; he 
retained the magnetic conductivity, o,,, not merely for the sake 
of computing convenience, but also on account of the singular 
engineering application in which the electric conductivity is 
made to perform the functions of both the real o and the unreal 
CO, Thus eqns. (1) and (2) are a pair of correlated vector 
equations upon which Heaviside built a mathematical model; 
this model, however, does not add anything fundamentally new 
to Maxwell’s theory or contain anything new mathematically. 
It is an algorithm designed by Heaviside to enable engineers to 
apply Maxwell’s theory to their problems. 

Heaviside’s Paignton calculations showed how he used his 
model: he would write eqns. (1) and (2) in the form 


curl H = (FE 


—curl E = (('Z))H 


where IT’ = Propagation parameter 
= / [Fm + iwp)(o + iwk)] 
and Zo = Characteristic impedance 
[Om + lwp 
o + iwk 


where o, K, 0,, and p are the electric conductivity, permittivity, 
magnetic conductivity and permeability respectively. Thus he 
made his discussion of any medium formally uniform with that 
of any network; o, x, o,, and pw for the medium corresponding 
to G, C, R and L for the network. This mathematical model 
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made Maxwell’s theory workable from the engineer’s point of 
view. For the model has the properties of an automatic machine; 
an engineer can feed one end with his parametric facts (or fancies) 
and on turning the mathematical handle, he can get results from 
the other end—as many as he wants. 


(9.2) Maxwell’s Equations 


In connection with Sir Edmund Whittaker’s comments on 
Heaviside’s eqns. (1) and (2) it should be noted that the quater- 
nionic methods used by Maxwell in Article 619 of his ‘Treatise’ 
enable these equations to be reduced to the very simple form 


DF=C 


where D denotes the quaternionic differentiator and F and C 
represent Maxwell’s electromagnetic bivector and current 
quaternion respectively. This simple Maxwellian expression 
embodies within itself all the fundamental electromagnetic laws 
and is an incomparably more powerful mathematical formula- 
tion than Heaviside’s eqns. (1) and (2). 

This formulation indicates that Maxwell’s mathematical out- 
look was broader than Heaviside’s. To appreciate how much 
broader it was, we must remember that, before Maxwell had 
published his ‘Treatise’, he had mastered Grassman’s algebra!” 
and could think in terms of a space of n dimensions, whereas 
Heaviside, some 25 years later, was still imprisoned in Euclid’s 
three dimensions. Thus Maxwell was in possession of an 
algebra capable of development by specialization in various 
directions: this theory (which included Hamilton’s quaternions 
as a special case) showed him how to transform his quaternions 
into matrices. The Grassman matrix interpretative scheme 
would have enabled Maxwell to determine eigenfunctions and 
use analytical techniques which are now common in the tensor 
calculus. 

There can be but little doubt that Maxwell preferred to use 
quaternionic rather than vector analysis for dealing with really 
difficult electromagnetic problems. For in 1867 he outlined his 
own vector analysis;!> his ‘convergence’ is the negative of the 
‘divergence’ in use to-day, and he introduced what is now called 
the ‘curl of a vector. But in his ‘Treatise’ (published in 1873) 
he did not use his vector algebra. It appears clear, therefore, 
that he knew of vector methods before he wrote his ‘Treatise’ 
and quite deliberately adopted the quaternionic form of analysis 
as animprovement. Nobody has yet explained why the Maxwell 
hypercomplex scheme should not be considered an improvement. 


(9.3) Maxwell’s Electromagnetic Theory 


Although the ideas embodied in Heaviside’s eqns. (1) and (2) 
did not constitute an addition to Maxwell’s electromagnetic 
theory or contain anything new mathematically, the same state- 
ment cannot be made about the ideas embodied in his develop- 
ment of eqns. (3) and (4). These ideas may be readily examined 
from the viewpoint of Maxwell’s hypercomplex analysis. 
Expressing Maxwell’s fundamental quaternionic equation 


DF =C 


in its tensor form, we have 


E, aH Cronnlin, ms Enon =0 

H, ar ae Finn = 0 
where the dots indicate differentiation with respect to time? 
Enmn iS the permutation symbol, and the commas denote partia 
differentiation with respect to the second subscripts. Maxwel 
showed that the electric and magnetic forces, E, and H,, t 
these equations are satisfied by | 


EE, = Ge ib, r j | 

Hy, = €rpqa,p i 
where ¢, (the vector potential) and % (the scalar potential) are 
both functions of position and time. Heaviside found by his 


own methods that these functions can be correlated with G in 
his eqn. (3) for both E, and H, are unchanged if ¢, and w# an 7 


replaced by 

dy = py =P Ur } 

f =p—o 
where v is an arbitrary function of space and time which c 
be used to satisfy imposed conditions. If Heaviside could hav 
published these Paignton developments (and shown that he could: 
satisfy the mathematical requirements of a flux of gravitational 
energy), it is probable that his unified field theory would have: 
been accepted as a valid extension of Maxwell’s theory. 

The above example illustrates the ease with which hyper- 
complex algebra can be applied to the development of Heavi- 
side’s unified-field ideas. These ideas call for the description’ 
of movements in curved Riemannian 4-space, and it is here that 
Maxwell’s quaternionic formulations are particularly convenient; 
for movements in such a space can easily be effected by means of 
a pair of quaternions, one of which is used as a prefactor and the 
other as a postfactor. Again Maxwell’s quaternionic equation 
DF = C describing the electromagnetic system S(x, y, z, f) passes 
readily into the form D’F’ = C’ for the system S’(x’, y’, z’, t), 
and shows that the invariants of the field are characterized by 
F*=0. Since the electric and magnetic fields can be inter- 
changed in Maxwell’s quaternion by a change of axes, it follows 
that the topological characteristics of the two fields can be 
determined. 

The metric form for Heaviside’s space is 


(ds)? = axgdx%dx® — (dx*)?, x* = ct 


For operating in this space it is best to transform Heaviside’s 
eqns. (1) and (2) into the form 


Toews A Dias Fi Doe = 0; OL le =0 
Ayg = Tag; Ex = T44 = 0 


where the comma in the suffix indicates partial differentiation, 
and the vertical stroke denotes covariant differentiation with 
respect ton. In this formulation only the fusion of the electric 
and magnetic fields in the tensor has physical significance. It 
would have been an extremely difficult matter for Heaviside 


to manoeuvre in this field without the aid of hypercomplex 
algebra. 
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SUMMARY 


The persistence characteristics of several types of long-persistence 
cathode-ray-tube screens were measured with the ambient temperature 
the tube faces varying from about 20°C to about 50°C. It was 
und that increasing temperature reduced the persistence time, the 
mperature coefficient of persistence-time reduction being higher for 
me types and lower for others. In some cases temperature coeffi- 
mt also decreased with increase of excitation luminance. 


(1) INTRODUCTION 


__ The qualitative theory of luminescence of solid materials is 
' sufficiently well established for it to be possible to describe in 
broad outlines the mechanism of luminescence. However, only 
a tentative beginning has so far been made in respect of the 
quantitative aspect. 

_ The luminescence of a phosphor of the type normally used in 
a cathode-ray tube is initiated when the phosphor is excited by 
bombardment with electrons. With a double-layer screen the 
layer adjacent to the face of the tube is excited by irradiation 
with ultra-violet rays produced in the layer nearer to the electron 
gun. 

_ The mechanism of the luminescence process is commonly 
‘explained in terms of a single-stage cycle of events when the 
phosphor is of the short-persistence type, and of a two-stage 
8 when it is of the long-persistence type. 

The atomic structure of a crystal of a long-persistence phosphor 
is conceived as a matrix lattice containing so-called ‘electron 
traps’ and ‘luminescence centres’, which are believed to be 
‘localized electron energy states facilitating the process of long- 
"persistence luminescence. On bombarding the phosphor with 
electrons, or irradiating it with ultra-violet rays, electrons of the 
atoms in the crystal lattice absorb energy and either become 
excited or leave their parent atoms if sufficient energy is absorbed. 
_A released electron can move around in the crystal lattice and 
may be caught in an electron trap, where it is held captive until 
it escapes as a consequence of thermal agitation. Subsequently 

it may be retrapped, but it eventually arrives at a luminescence 
“centre, where its energy of excitation is released and the electron 
‘returns to the so-called ‘ground state’. The energy released is 
converted either to a photon and hence to luminescent radiation, 
or to lattice energy and hence dissipated in a non-radiative form. 

The persistence characteristic of a long-persistence phosphor 

depends on the mean time of electron captivity in a trap, or a 
“succession of traps, and the probability of radiative energy con- 
version in a luminescence centre. The decay is the slower the 
‘longer the mean time of electron captivity and the higher the 
probability of radiative energy conversion, and vice versa. 
An increase of temperature reduces the mean time of electron 
captivity in a trap, and vice versa. Hence an increase of 
‘temperature tends to accelerate the decay of phosphorescence, 
and a reduction tends to slow it down. In addition, tempera- 
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ture may in some range influence the probability of radiative 
energy conversion in a luminescence centre and hence affect the 
decay time, an increase of temperature sometimes reducing the 
probability and thus the decay time. 

Garlick, Henderson, and Puleston* point out the dependence 
of the persistence behaviour of long-persistence phosphors on 
the conditions of phosphor excitation, and they describe the 
results of measurements made under conditions simulating the 
pulsed excitation in a p.p.i. radar display. Also, their measure- 
ments were made at constant ambient temperature. 

In the following experimental investigations the effect of 
varying the ambient temperature is observed under conditions 
of a steady phosphor excitation which was made in each case 
to last two minutes to ensure a steady-state condition of excita- 
tion. The measurements were made with a number of different 
screens of types used in practice, for example in radar, 
applications. 


(2) TYPES OF LONG-PERSISTENCE CATHODE-RAY-TUBE 
SCREENS INVESTIGATED 

A variety of screens were investigated; they were either single- 
layer or double-layer, and all were aluminium backed. Accord- 
ing to their persistence behaviour, they were divided in four 
groups, and a typical example of each group was selected for 
presentation of the results of measurement. These examples are 
enumerated in Table 1. 


Table 1 
EXAMPLES OF LONG-PERSISTENCE SCREENS 
A Magnesium fluoride I; single-layer screen 
B Magnesium fluoride II; single-layer screen 
C Fluor silicate; - single-layer screen 
D Zinc sulphide and zinc-cadmium 
sulphide; double-layer screen 


(3) EXPERIMENTAL METHODS USED IN THE 
INVESTIGATION 


(3.1) Screen Excitation 


All cathode-ray tubes were operated with the same conditions 
of screen excitation. Each screen was excited for two minutes 
to ensure that the luminance had reached a steady-state condition 
at the end of excitation when persistence began. 

The excitation pattern consisted of a television-type linear- 
sweep raster measuring 130mm x 130mm. Each field had 
200 lines produced with a defocused electron beam to give as 
nearly as possible uniformity of excitation. The scanning fre- 
quency was 50 fields per second. 


(3.2) Varying the Ambient Temperature 


The cathode-ray tube under investigation was placed inside 
an electrically heated and thermostatically controlled chamber 
enabling the temperature to be varied. A motor-driven fan was 


* GARLICK, G. F. J., HENDERSON, S. T., and PULESTON, R.: ‘Cathode-Ray-Tube 
Screens for Radar’, Journal I.E.E., 1946, 95, Part IIIA, p. 815. 
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placed in the chamber to stir the air in order to achieve uniformity 
of temperature. ‘ 

The temperature of the air around the face of the cathode-ray 
tube was measured as the mean reading obtained from the 
resistances of four thermistors placed in different positions near 
the face of the tube. When changing the temperature in the 
chamber, about half an hour was allowed for the new condition 
to settle before any persistence characteristics were determined. 

The ambient temperature was varied in the range from about 
18°C to about 52°C. 


(3.3) Measurement of the Screen Luminance 


Luminance was measured with two selenium-type photovoltaic 
cells, one of which was used inside the heat chamber and close 
to the cathode-ray-tube face in order to achieve sufficient 
sensitivity for measuring the luminance during the time of 
persistence. The second cell was used to set the excitation 
luminance of the screen and was arranged at the end of a tube 
of 20cm length outside the heat chamber so that it remained 
unaffected by the temperature changes inside. Its performance 
was that of its calibration at normal ambient temperature. The 
two cells were provided with suitable filters to correct the 
spectral response characteristic of each to that of the standard eye. 

The galvanometer for measuring the photocell currents was 
connected to a shunt and series resistance arrangement to change 
its sensitivity by a factor of 10 so that a correspondingly wide 
range of photocell current, and hence of luminance, could be 
measured. 

In the measurements, luminance is expressed in terms of the 
M.K.S. unit, the candela per square metre (1 cd/m? = 1/3-426 ft- 
lambert = 1/3-426e.f.c.). 

In their investigation of persistence behaviour, Garlick, 
Henderson and Puleston (Joc. cit.) used an electron-multiplier 
photovalve with a correcting filter, connected to a d.c. amplifier, 
the output of which was displayed on the long-persistence screen 
of a monitor cathode-ray tube which had a flat face with a mesh 
scale. Their equipment was somewhat more elaborate and was 
specificially designed for pulse excitation of the screen under 
investigation. 


(3.4) Measurement of a Persistence Characteristic 


Each persistence characteristic was obtained by plotting seven 
points. To facilitate the measurement of the seven time intervals 
during each run of decay of phosphorescence, a manually 
operated electronic ‘multiple-indication stop-watch’ was con- 
structed. It consisted of a lc/s-multivibrator which produced 
the time pulses, one per second, an 8-bank uniselector, and 
seven sets of 3-stage Dekatron counters. The contacts of the 
uniselector banks were so connected to the inputs of the seven 
counters that at the first step of the wipers all seven counters 
received time pulses from the multivibrator simultaneously; at 
the second step one of the counters was stopped; at the third 
step, a second counter; and so on. Each step of the uniselector 
was initiated by manual operation of a microswitch. The first 
step was at the beginning of persistence, i.e. when screen 
excitation was switched off; and each successive step was 
made when the galvanometer indication passed through the 
predetermined measuring-point. 

The contacts of the eighth bank were utilized for automatically 
homing the uniselector to its starting position, after the last 
measuring point was obtained. 

The multivibrator operation was accurate for time measure- 
ment to at least one part in a thousand. Each counter was 
capable of measuring time to a maximum of 1000 seconds and 
it indicated directly in seconds. 


(4) EFFECT OF TEMPERATURE ON THE SCREEN 
EFFICIENCY | 


7 
The curves of Fig. 1 depict the excitation luminance, L,, 4 


each screen as a function of the electron beam current, J,, wit 
the accelerator voltage, V,, as parameter. It was found that tk 
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, Fig. 1.—Screen excitation characteristics. 
A, B, C, and D indicate the type of screens (see Table 1). 
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Fig. 2.—Effect of the ambient temperature on the persistence 
characteristics of screen A. 
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on perature has on the probability of radiative energy conversion 
1 the luminescence centres manifests itself as a corresponding 
lange in screen efficiency. Since, in the phosphors investigated 
d in the temperature range covered, there is no change of 
en efficiency, it can be deduced that the probability of 
adiative energy conversion remains constant. 


(5) EFFECT OF TEMPERATURE ON PERSISTENCE 


The persistence characteristics ofthe screens enumerated in 
ble 1 are represented in Figs. 2 and 3 for screen A, Figs. 4 and 


or oie B, Figs. 6 and 7 for screen C, and Figs. 8 and 9 for 
screen D. 
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In determining the time, t, in which phosphorescence of a 
screen decays from the excitation luminance, L,, to a given value 
of persistence luminance, L,, account had to be taken of the 
value of L,, the ratio L,/L,, the accelerator voltage V,, and 
the ambient temperature 9. In order to accommodate in the 
presentation of results the variables and parameters in such a 
manner that the characteristics are convenient for practical 
purposes, Fig. 2 depicts ¢ as a function of 6 from 20°C to 50°C, 
for L/L, = 0-01 and 0-03, L, =1, 5, 10 and 20 cd/m?, and 
V, = 10kV in Fig. 2(@) and 15kV in Fig. 2(6). Fig. 3 gives 
L,/L,, from 0-005 to 0-05, as a function of ¢ for @ = 20°C and 
50°C, L, = 1, 5, 10 and 20cd/m?, and V, = 10kV in Fig. 3(a) 
and 15kV in Fig. 3(d). 
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Fig. 5.—Persistence characteristics of screen B. 
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Figs. 4, 6 and 8 correspond to Fig. 2; and Figs. 5, 7 and 9 
to Fig. 3. 

Analysing the persistence characteristics of the single-layer 
screens, Figs. 2-7, it is found that, within the range of the 
variables and parameters investigated, ¢ is in fact independent 
of V, and L,, and depends only on the current density of the 
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Fig. 6.—Effect of ambient temperature on the persistence 
characteristics of screen C. 
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electron beam exciting the screen. Thus an increase of the beam 
current density causes a faster decay of phosphorescence, and a 
lower beam current density results in a slower decay, independent 
Oil Ie 

For the double-layer screen, Figs. 8 and 9, the persistence 
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Fig. 8.—Effect of ambient temperature on the persistence 
characteristics of screen D. 
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Fig. 9.—Persistence characteristics of screen D. 
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characteristic is dependent on L, but independent of V, in the 
range investigated. This is a consequence of the cascade action 
of screen excitation where the long-persistence phosphor layer is 
excited by irradiation with ultra-violet rays and is hence free 
from any influence of the current density. 

As was to be expected from the theory of luminescence, 
(Section 1), t is reduced as @ is increased. The manner in which 
t is reduced varies from phosphor to phosphor and depends to 
some extent on the values of L, and L,/L,. In one phosphor, 
screen C, ¢ is almost independent of 6. | 

(6) THE TEMPERATURE COEFFICIENT OF 
PERSISTENCE-TIME REDUCTION 

By inspection of Figs. 2, 4, 6 and 8 it can be seen that the linear 
sections of the ¢/@ curves, say in the regions around 
6 = 20°C, may be represented by the relation 


t = to[1 — 89(6 — 20)] 
where fy9 denotes the persistence time at 20°C, ¢ that at a tem- 
perature 6, and 
ess (3 
to \dO/9=20°C 


e ran coefficient of persistence-time reduction at 
_ The values of 559 for screens A, B, and D are independent of 
L. for La/L, < 0-01, but for Ly/L, > 0-01, 529 tends to become 
smaller with increase of L,. Table 2 gives the values of 80 


ee Table 2 

4 VALUES OF 659 FOR THE SCREENS A, B AND D 
y LalLe = 0-03 

ff Screen La/Le < 0-01 

4 Le = 1cd/m2 | Ly = 20cd/m2 
: te ee 
7 0-03 0-025 

4 0-03 0-025 

a 0-02 0-001 

co 


Ror Pil, =0-01 and for: LJ, = 0-03 ‘with L,= 1 and 
20cd/m*. For screen C, 559 < 0-005. 
In general terms the temperature coefficient of persistence 
time is defined as 
we 1 G 
a 


ae d0 6=a 


a a li el cs dl 


= 
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where f, is the persistence time at 9 = a. Hence 


t = 1,[1 — 8,(0 — a)] 


For all screens investigated the tendency is 6 +0 for 9 > 50°C. 


(7) CONCLUSIONS 


The persistence characteristic of a long-persistence screen is a 
property peculiar to the particular type of phosphor employed. 
No general rule about its behaviour at increasing ambient tem- 
perature can be formulated, except that the degree of persistence- 
time reduction may be higher for some phosphors and lower for 
others. For example, screens A and B are similar in their basic 
chemical structure, luminescence efficiency and temperature 
coefficient of persistence-time reduction, but they are different 
in respect of persistence times. Screen C is an example where 
temperature has almost no effect on the persistence characteristic. 

A phosphor excited with an electron beam has a persistence 
characteristic which depends on the current density of the electron 
beam, and a phosphor excited by ultra-violet irradiation has a 
persistence characteristic dependent on the intensity of the ultra- 
violet irradiation. In the first case the persistence characteristic 
is independent of the velocity of the exciting electrons. 
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SUMMARY 


Measurements have been made on certain glow-discharge stabilizer 
tubes to determine the influence of varying the argon content on 
the running-voltage/current curves, the running-voltage/temperature 
curves, the initial drifts, and the impedance/frequency and noise 
characteristics. Neon-filled tubes, with argon contents varying over 
the relatively wide range of 0:001-10°%, having molybdenum anodes 
and cathodes, and employing high-stability reference-tube manu- 
facturing techniques, have been specially constructed for the investi- 
gations. The results of the studies are presented and discussed. 


LIST OF PRINCIPAL SYMBOLS 


v = Total volume of glow-discharge tube, divided into two 
regions V; (near cathode) and v, (remainder). 
T, = Temperature of glass envelope. 
T> = Temperature of volume v. 
W = Heat flow from cathode to tube envelope. 
K = Thermal conductivity of gas. 
a = Cross-sectional area of heat flow. 
h = Height of cathode cylinder. 
r; = Radius of cylindrical glass envelope. 
ry = Radius of cathode. 
A, N = Heat-conduction gas constants. 
Ty = Room temperature. 
Po = Pressure of gas-filling at temperature Tp. 
I = Tube current. 
V = Tube running voltage. 
Po = Gas density corresponding to Py and To. 
p = Gas density at any temperature T in a volume dv. 
P2 = Gas density in volume v. 
d, = Anode-envelope distance in plane-electrode tube. 
d, = Anode-cathode distance in plane-electrode tube. 


(1) INTRODUCTION 


The cold-cathode glow-discharge tube has many applications 
in electronic circuits, but is particularly valuable as a simple 
voltage regulator, as a source of reference voltage in thermionic- 
valve stabilizers, and for switching purposes in automatic tele- 
phony.! The desirable characteristics of such tubes vary with 
the application; e.g. when used as a voltage stabilizer the tube 
should have a low impedance and good regulation over a large 
current range. With a reference tube, however, the temperature 
coefficient of running voltage and the initial voltage drift should 
be small, and, in addition, the running-voltage/current charac- 
teristic should be reproducible and free from steps and hysteresis. 
For automatic-telephone switching applications, the stability and 
impedance/frequency characteristics of the tubes and the noise 
produced are very important. 

A great deal of work has been carried out in recent years on 
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glow-discharge tubes. Many of the earlier investigations cor 
sisted of comparing performances of commercial stabilize 
and reference tubes,” and the following characteristics have bees 
studied: running-voltage/current curves, initial drift, change ¢ 
running voltage with temperature, impedance/frequency curves} 
and noise.* Later, tests were carried out on a number ¢ 
special tubes with different cathode materials, gas fillings, ge 
pressures and constructions,* © to determine the effect of thes: 
tube parameters on the various characteristics. The result 
obtained suggested that another important tube parameter wéi 
the argon content of the gas filling, which had not been 
constant in the various batches of special tubes produced. 

More recent investigations were therefore carried out ©: 
similar special tubes in which only the argon content wai 
varied.’ The tubes examined had cerium cathodes and heliur 
and neon as the main gas fillings, the argon content being varie: 
in steps of 0:5% from zero to 3:5%. Only fairly generé 
conclusions could be drawn, however, as to the effect of argo: 
on the voltage/temperature and running-voltage/current curves 
because in some cases the results showed a large spread fa 
tubes of the same batch. An important feature of the running) 
voltage/current curves was the presence of voltage steps a 
jumps which increased in magnitude with increasing argo: 
content. The steps were probably largely due to non-uniformit| 
of the cerium-cathode surface. | 

Complete impedance measurements were only obtained fa 
the helium-filled tubes during the above investigations, and th 
results indicated that there is a rapid rise in impedance wit! 
decreasing argon content below 1%. With neon-argon tube 
containing more than 2:5% argon, internal high-frequenc: 
oscillations occurred at all tube currents and no impedana 
results could be recorded. For tubes with argon contents betwee: 
1:0 and 2°5%, oscillations occurred when the tubes were rui 
above the mean operating current of 20mA. Oscillations wer 
also observed in some helium-argon tubes having argon content 
greater than 3:09 when operated above 30mA, and pure 
helium and pure-neon tubes oscillated at all tube currents. 1] 
is now thought that the oscillations, although influenced by th 
amount of argon present, may be peculiar to cerium-cathod. 
tubes, since nickel tubes of a similar construction do not appe: | 
to exhibit this phenomenon; further work is, however, necessa: 
to confirm this. 

In this earlier work on tubes with differing argon contents 
initial drifts were measured only for helium-filled tubes, and, a 
with impedance measurements, internal oscillations serious! 
limited the number of noise readings obtainable. In order ti 
make a fuller study of the effect of varying the argon content ii 
neon-argon filled tubes, it was decided to vary the argon conten 
in steps over the relatively wide range of 0:001-10%, and s 
as to obtain more reliable characteristics, to use tubes wit 
molybdenum anodes and cathodes and to employ high-stabilit 
reference-tube manufacturing techniques. The following pei 
centage argon contents were chosen: 0, 0-001, 0-01, 0:1, 0:2/ 
0-5, 0:75, 1-0, 3-0, and 10-0, smaller increments being take 
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een 0-1 and 1-0% since this is the region of minimum 
ng voltage.®. 9 
our tubes were constructed for each argon content, all the 
s being identical in every other respect. Each tube had a 
C anode 1mm in diameter and a cylindrical cathode 7:-5mm 
1 diameter and 10mm long. The electrode structure was 
nted in a glass tube having a volume of about 8 cm}, and the 
velope was filled to a total pressure of 40mm Hg. The tubes 
re sputtered until a layer of molybdenum completely covered 
walls of the glass envelope. Thus, impurities from the glass 
prevented from contaminating the discharge and the 
olybdenum layer also acted as a getter for certain impurities.? 
€ tubes were Operated at mean current for several days after 
nstruction, until the running voltages were sensibly constant. 
_ Measurements were then made on all the tubes to determine 
influence of the argon content on the running-voltage/current 
es, running-voltage/temperature curves, initial drifts, impe- 
e/frequency curves and noise characteristics. The results 
this work are presented and discussed. 


(2) MEASUREMENTS 
The running-voltage/current characteristics, the changes in 
mning voltages with temperature and the initial drifts of the 
ubes were obtained using measuring techniques previously 
cribed.!® 11 Each tube was operated in turn from a stabilized 
. supply through a suitable series resistor, a meter in the anode 
d measuring the current. The running voltage was stepped 
wn with standard decade resistance boxes, so that it could be 
asured with a vernier potentiometer (accurate to 1 mV), and 
is recorded to within 10mV for increasing and decreasing 
rents over the normal operating range (i.e. in the normal-glow 
egion). This range was found to vary with the amount of 
‘gon in the tube, being considerably greater in the case of the 
(0% argon content than in the others, as discussed in Section 4. 
MN view of this, the tubes were operated at a current of 4mA 
luring the running-voltage/temperature and initial drift measure- 
nents, so that the discharge was normal in most cases. Through- 
ut the measurements of running-voltage/current characteristics, 
e tubes were operated in air at an ambient temperature of 
bout 20° C and the glass envelopes were shielded from draughts. 
~The ambient temperature was altered by immersing the 
ubes in an electrically-heated oil-bath. The temperature was 
ncreased in steps of about 10° C in the range 20-90° C, and the 
unning voltage was recorded to within 1mV. Smith! has 
ointed out that a disadvantage of this method is that high 
emperatures may cause voltage drifts in certain tubes, so that 
Ibserved changes of voltage depend, not only on the tem- 
erature, but also on the length of time the tube is held at that 
emperature. In his measurements, to avoid cumulative drifts, 
ie held tubes in a reference oil-bath at 35°C and then plunged 
hem into one of six constant-temperature baths, covering the 
ange 20-110°C. He recorded running-voltage changes con- 
inuously, and after five minutes the tubes were returned to the 
eference bath, where they were left to reach a steady state. Since 
he oil-bath used in the present work had a large heat capacity, 
nd the running voltage was allowed to settle down after each 
emperature change for at least five minutes, the method adopted 
luring the present investigations was thought to be sufficiently 
eliable. 
The effective a.c. resistance and inductance of the tubes were 
neasured over the audio-frequency range, using the modified 
orm of Owen bridge network shown in Fig. 1. This method!» '4 
vas considerably more accurate, particularly at low frequencies, 
han an earlier method which relied on alternating current and 
oltage measurements with phase-angle determination using an 
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Fig. 1.—Bridge circuit for measuring the effective inductance and 
resistance of glow-discharge tubes. 


oscillograph.*»7 Since the tube is a non-linear circuit-element, 
harmonics are present in the current waveform, but with an 
oscillograph as the bridge detector, the effective inductance and 
resistance could be measured at the fundamental frequency only. 
The superimposed alternating current through the tube was 
monitored by measuring the voltage drop across the standard 
resistor R, with a valve voltmeter. This current was held 
constant at 0:33mA throughout the measurements, the value 
being chosen as a compromise to give an easily detectable null 
point with minimum distortion. 

With this bridge circuit, impedance measurements could be 
made over the frequency range 300c/s—30kc/s and the arrange- 
ment gave a maximum error of 2% when calibrated against 
standard resistors and inductors. Measurements were limited 
at high frequencies by the sensitivity of the detector and the 
effect of stray capacitances, and at low frequencies by increased 
distorton and inaccuracies due to the bridge arms having widely 
differing impedances. 

The effective resistances and inductances of all the tubes 
were measured for a mean tube current of 3mA. The impedances 
of the tubes were also determined at frequencies of 300c/s, 
3kc/s and 10kc/s for various mean currents between 2 and 
20mA. 

Noise measurements were made with a calibrated amplifier- 
detector unit having an equivalent noise bandwidth of 87kc/s. 
Values of noise voltage were recorded for tube currents in the 
range 0:5-5mA, for a fixed value of noise load resistor of 
37-5kilohms. A tube may be regarded as a noise-voltage 
generator of e.m.f. e, in series with an equivalent noise impe- 
dance z,. For each tube, the noise voltage was measured for a 
fixed tube current of 3mA and two different values of noise 
load resistor, thus enabling e, and z, to be calculated. 


(3) RESULTS 


The variation of striking voltage with argon content has not 
been recorded because of the large spread in the results for 
tubes of a given type, due to the construction employed. A 
small pre-breakdown gap was present in each tube, and no 
attempt was made to keep the gap length constant from sample 
to sample. Even so, it was observed that there is a tendency for 
striking voltages to be higher at low argon contents. 

The minimum running voltage, deduced from the running- 
voltage/current curves, is plotted against argon content in Fig. 2. 
The variation of full-glow current, which is a measure of the 
current density, is also indicated. Running-voltage/current 
characteristics for various argon contents are shown in Fig. 3. 
The curves are for a typical tube chosen from a batch of four, 
and although there is a spread in the tube running voltages, the 
form of the running-voltage/current curve does not differ 
appreciably for tubes of the same batch. Each curve has been 
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12 drawn through all the experimental points, and during t 
measurement the current was varied gradually, so that a 
voltage step or discontinuity could be observed on the vernic 


Ne ee potentiometer null detector. The running-voltage/curre 
9 characteristics were reproducible from day to day to wit 
ul 8 0:05 volt for tubes having up to 1:0% argon, and to with 
g < 0-1 volt for tubes with higher argon contents. 
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perature for different argon contents. Only one tube charac- 
teristic has been drawn, as the spread in the characteristics for 
tubes of the same type was small for argon contents up to 1%. 
Fig. 5 shows a plot of average voltage/temperature coefficient 
against argon content for the temperature range 20-50°C. 
Typical initial running-voltage drifts are shown in Fig. 6. As 
mentioned in Section 1, measurements of impedance and noise 
in neon-argon tubes with cerium cathodes containing more than 
0:5% argon were not possible, because the tubes oscillated. 
Such oscillations were not observed in the present tubes, except 
for the samples containing 10% argon, which showed a tendency 
to oscillate at low tube currents during the warming-up periods. 
These oscillations died out, however, after running the tubes 
for a few seconds. Figs. 7 and 8 show typical impedance, 
inductance and resistance variations with frequency. In Fig. 9 
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Fig. 8.—Variation of tube parameters with frequency for tubes with 
1:0% argon. 
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Fig. 9.—Impedance as a function of argon content for various 
frequencies. 
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Variation of resistance at 10kc/s with tube current and 
argon content. 


Fig. 10. 


the average tube impedance has been plotted against argon 
content for various frequencies. Figs. 10 and 11 depict the 
variation of resistance and inductance with direct tube current 
for various argon contents. 
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Fig. 11.—Variation of inductance at 10kc/s with tube current and 
argon content. 


Typical noise-voltage/current curves for various argon 
contents are illustrated in Fig. 12, while Fig. 13 shows the 
variation of noise with argon content for a direct current of 
3mA. The equivalent noise impedance z, and voltage e, are 
also shown. 


(4) DISCUSSION OF RESULTS 
(4.1) Running Voltages 


The results showing the minimum voltage as a function of 
argon content agree fairly well with those obtained by Jurriaanse, 
Penning and Moubis,’ as illustrated in Fig. 2. The shift between 
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Fig. 12.—Mean noise voltage/current characteristics. 
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Fig. 13.—Mean noise voltage as a function of argon content. | 


Noise voltage for a load resistance of 37°5 kilohmis. 
— — — Equivalent noise voltage ep. | 
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the curves is possibly due to the fact that these authors usec 


plane cathode and anode, while during the present studies 
cylindrical cathode and rod anode were used. A mininn 
running voltage occurs at about 0:3 % argon, and it is interesti 
to note that there is a minimum spread in the characteristics f 
tubes having this argon content. This may, of course, be due 
the difficulty of measuring and controlling the amount of add 
argon in the case of the very low contents, or, for argon conte1 
greater than 1%, to the inability to age and sputter the tut 
adequately. The high current densities in these tubes, in cc 
junction with the electrode configuration, may have caus 
incomplete or uneven cleaning of the cathode surface a 
prevented total coverage of the glass walls with a molybdent 
layer. It was found that the area of cathode covered by gl 
in these tubes contracted at lower currents after ageing. Thi: 
probably responsible for the observed form of runnit 
voltage/current curves at low currents. The minimum runni 
voltage occurs at much higher values of tube current, where | 
discharge has a cleaning influence which offsets the spoili 
effect due to impurities.? 


(4.2) Running-Voltage/Current Curves 
For tubes with low argon contents, the minimum runn 
voltage occurs at higher currents than for tubes containing | 
argon, and the subnormal-glow region appears to be great 
when 0:01% argon is present. This is not attributed 


pu ities, because the characteristics are reproducible and the 
w expands uniformly over the cathode surface with increasing 
It was observed that with the 0:01% argon tubes, at 
mts below 4mA, the glow appeared as a diffused region 
most of the anode-cathode space, and at higher currents 
the discharge was almost abnormal, the glow formed a 
Bea negative-glow region near the cathode. These pheno- 
a” *- seem to be associated with the ionization process in 
S. 
€ argon content in a neon glow-discharge tube is increased 
i slightly above zero, reductions of striking voltage (called 
Penning effect!®), normal current-density and running voltage 
These decreases can be explained by an increase in the 
tion of argon atoms caused by collisions with neon atoms 
e metastable state. The probability that this process 
irs increases with increasing argon content, until all the 
table neon atoms are active. Then, with further argon 
ons, the probability of excitation of argon atoms is pre- 
ninant, so the ionization coefficient decreases. Kruithof and 
ng!> found that the maximum value of the ionization 
ficient is attained when the argon content is about 0-1°%. 
he electric-field-strength distribution between the electrodes 
maintenance of the glow discharge is such that least energy 
d to form an ion pair. For argon contents between 10-3 
10-!%, since the ionization coefficient is a maximum at 
field strengths, excitation and ionization at low currents will 
> place in most of the anode-cathode space, giving the glow 
liffuse appearance. As the tube current increases, a positive- 
1 space charge builds up in the cathode region, the negative- 
jw region contracts towards the cathode, and the discharge 
ld become normal. Meissner® points out, however, that the 
armal-glow region cannot be recognized in gas mixtures with 
-110-2% argon. This is because the running voltage falls 
Mwly with increasing current, but before the negative glow 
tracts completely to form a normal region, the discharge 
comes abnormal, and the running voltage again increases. 
a increasing argon content above 0-25%, the subnormal 
Ow recedes and the normal glow becomes more easily definable, 
id with 1% argon the running-voltage/current curves are 
nsibly flat over the current range 1-5mA. 
Tt is difficult to draw conclusions from the tests on tubes with 
% and 10% argon, because at currents below 15mA the con- 
action phenomenon was prevalent, although the hysteresis 
hich usually accompanies this!’ was small. No voltage steps 
"jumps were observed in the running-voltage/current curves 
the normal operating range. This may seem surprising in 
ew of previous reports’ of steps having occurred in the charac- 
tistics of neon-argon tubes with cerium cathodes. These steps, 
though affected by the argon content, are, however, now 
ought to be due to an unevenly-prepared cathode surface, for 
hich the sputtering and preparation procedures were influenced 
the amount of argon to differing extents. 
The small steps in running voltage which are observed at 
gh currents occur when the glow jumps to the outer surface 
‘the cathode cylinder. Previous to this the running voltage 
es with increasing current, owing to the edge effect at the 
thode. At the boundary of the glow area the current density 
less than in the centre of the glow.!®!9 When the glow 
reads towards the edge of the cathode, the current density 
the glow boundary is further decreased, since the field at the 
ge is smaller, so the normal current density at the centre of 
° glow increases and consequently the maintaining voltage 
es. The running voltage continues to rise with further 
srease of current, until the discharge can be more favourably 
aintained on the outside surface of the cathode, so the glow 
ves there. This movement causes a small decrease in current 
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density on the inner cathode surface, and thus there is a small 
sudden decrease in maintaining voltage. 

The general form of the full-glow current curve of Fig. 2 is 
similar to the current-density/argon-content characteristics of 
hydrogen-neon gas mixtures in tubes with iron cathodes,2° and 
neon-argon mixtures in tubes with nickel cathodes.® 


(4.3) Running-Voltage/Temperature Curves 


The reduction of normal running voltage for a given increase 
in temperature gets smaller as the argon content is increased. 
The running-voltage/temperature curves are fairly linear at low 
argon contents, but for tubes with more than 0:5 % argon, there 
is a decrease in the voltage/temperature coefficient at tempera- 
tures above 60°C. 

Jurriaanse*! has explained theoretically the variation of 
running voltage with temperature and concludes that a nega- 
tive temperature coefficient should be obtained. Most of the 
change in voltage between the anode and cathode in a glow- 
discharge stabilizer tube appears in the cathode-fall region, and 
is dependent on the gas density in this region. If the tube- 
envelope temperature increases, heating of the gas near the 
envelope will cause it to expand, and will increase the gas 
density near the cathode. Jurriaanse calculated the temperature 
coefficient of running voltage for the case of a helium-argon- 
filled tube, by considering a density change in the cathode region 
of the tube and relating this to the slope of the running- 
voltage/pressure curve at the initial tube pressure. He also 
found that, with neon tubes, the decrease of running voltage with 
increasing pressure was reduced when a small percentage of 
argon was added to the gas filling, although he only gives results 
for pure neon and neon with 0:5% argon. 

Calculations indicate that the temperature coefficients of 
running voltage obtained from Jurriaanse’s expressions are too 
small by a factor of 10 for pure-neon and pure-argon tubes. 
There are also a number of minor errors in Jurriaanse’s paper. 
It appears that, since it is necessary to use running-voltage/pres- 
sure characteristics to determine temperature coefficients, it is 
better first to estimate the change in gas pressure, and not density, 
with varying tube-wall temperature. A modified form of 
Jurriaanse’s theory is therefore presented in the Appendix, 
from which the decrease in voltage/temperature coefficient with 
increasing argon content can be explained. From the theory 
given, it is seen that the temperature coefficient should be pro- 
portional to the slope of the running-voltage/pressure curve. 
Hence, the temperature coefficient will decrease with increasing 
argon content if at the same time the slope of the running- 
voltage/pressure curve also decreases. Further work is neces- 
sary to confirm that this is true over the wide range of argon 
contents used in the present investigations. It is shown in the 
Appendix, however, that the calculated temperature coefficients 
using the modified theory, for pure-neon and neon + 0:°5% argon 
tubes, agree closely with the observed values over the tempera- 
ture range 30-50°C. The theory also shows that the tem- 
perature coefficient should decrease with increasing temperature, 
but the sudden reversal of temperature coefficient observed in 
some tubes with the higher argon contents is not easily explained. 
It has sometimes been assumed!!>12 that observed positive 
temperature-coefficients were due to impurities and/or adsorbed 
gases. Further tests will need to be made, however, to see if 
the voltage/temperature curves of these tubes are reversible, 
before the phenomenon can be attributed to release of impurities. 
Positive temperature-coefficients are, of course, possible provided 
the slopes of the running-voltage/pressure curves are positive. 

The large spread in the results for tubes with argon contents 
greater than 1% may be ascribed to impurities affecting the 
cathode-surface conditions. 
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(4.4) Initial Drifts 


The initial drift of running voltage was found to be negative 
for most tubes and, for small argon contents, to decrease with 
increasing amounts of argon. The drift was very small (less 
than 0-04 volt) for argon contents between 0-1 and 1% and 
in all cases was complete after 3min. The increase in initial 
drift for argon contents greater than 1% may possibly be due 
to impurities. ree é 

It is thought that there is a connection between initial drift 
and running-voltage/temperature coefficient as the results tend 
to suggest. The initial drift can be ascribed to a gradual increase 
in gas pressure as the gas in the cathode region reaches an 
equilibrium temperature determined by the heating effect in the 
cathode region; this increase in gas pressure would result in a 
lowering of the running voltage as explained in Section 4.3. 


(4.5) Impedance/Frequency Curves 


It is difficult to compare the impedance/frequency charac- 
teristics in the normal-glow region at a fixed tube current, since 
no one current can be chosen where the discharge is normal in 
all tubes. The following general conclusions on the effect of 
the amount of argon on tube impedance can, however, be drawn 
from the results. 

With decreasing argon content the effective inductance and 
resistance increase rapidly, and reach a maximum when the 
argon content is about 0-01%; the impedance then falls and 
approaches the value of pure-neon tubes. The effects of argon 
are greatest at low tube currents and high frequencies.’ 

The impedance/frequency characteristics had the same form 
as those observed by previous investigators,» the impedance 
increasing with frequency as predicted by the theory of 
Van Geel23 and Verhagen.24 A detailed study of the impe- 
dance characteristics of glow discharges is in progress, to deter- 
mine whether experimental results agree with a more recent 
theory due to Van Geel,”* and to confirm whether there 1s a 
correlation between the transit time of ions in the cathode-fall 
region and the frequency at which the tube reactance changes 
from an inductive to a capacitive value as observed by Yeh.2° 
The results of this work will be reported in a future paper. 


(4.6) Noise Characteristics 


A comparison of the noise-voltage/argon-content curve of 
Fig. 13 with the current-density/argon-content curve of Fig. 2 
shows that minimum noise occurs with about 0-1% argon, 
corresponding to the region of minimum current density. 
Benson and Gillespie’ have pointed out that the noise is probably 
largely due to collisions of electrons with gas atoms, and the 
probability of excitation and ionization by electron collision is 
a function of electron energy. Thus, the noise generated will 
also be a function of electron energy. The minimum noise was 
found to coincide with the minimum of electron energy discussed 
in Section 4.2. The variation of equivalent-noise impedance 
with argon content showed the same form as that of impedance 
at high frequencies, when plotted against argon content. 


(5) CONCLUSIONS 


The most desirable characteristics of neon tubes with 
molybdenum cathodes are obtained when the argon content is 
about 1:0%. Minimum impedance and zero voltage/tempera- 
ture coefficient, however, can be realized for argon contents 
between 1% and 3%, but it is difficult to prepare tubes which 
have similar and reproducible characteristics when the argon 
content is greater than 1:0°%. 
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(8) APPENDTX 


nfluence of Ambient-Temperature Variations on the Running 
zr" Voltage of a Glow-Discharge Tube 


“The change of running voltage with temperature can be 
counted for by a change of pressure in the tube, and 
the running-voltage/pressure characteristic is known, the 
tage/temperature coefficient can be estimated. 

“Consider a discharge tube of total volume v divided into 
io regions as shown in Fig. 14, one in the neighbourhood of 


ee, oe pe ee eae ee 


Fig. 14 


1e cathode, of volume v, and temperature 7}, and the other, 
ne rest of the tube, of volume v; and temperature 7, (the glass- 
avelope temperature). 
Neglecting any heat transfer due to radiation and conduction 
ough the electrode leads, the heat flow from the cathode to 
ie walls is 

eS PRABTIGN, cae ess pye () 
T/dx being the temperature gradient in a direction TR 
For a cylindrical cathode and tube envelope as illustrated in 
ction in Fig. 15, the heat flow per second from the cylindrical 
irface to the walls at radius r is 
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Fig. 15 
For inert gases, Ke AT Rage iy ete ee te a) 
so that W = = 2rhrAT™G Tide . ee 2G) 


Integrating from r, to r;: 
_ 2thA THT! — THT) 
ie 
(N + 1) loge + 
WD) 


W (5) 


W can be estimated from the electrical power input, i.e. 
W = "q1V[A>2 calfsec’. 4." 2G) 


In this expression, 7 is the fraction of the power converted to 
heat per second. (A small heat flow takes place from the ends 
of the cylinders which was reduced in Jurriaanse’s measure- 
ments”! by confining the discharge between quartz plates.) In 


the calculations which follow, 7 has been taken as 0:7. Initially, 
the tube is filled with gas at room temperature, so that 
P (es KpoTo . . ° ° ° . (7) 
where k is a constant. 
Also dog — kpT = Kp2T> ey AL suo ME 9) avec (8) 
Further, since the total mass of gas is unaltered, 
P22 + i} pav = Pov . ° . . ° (9) 
1 
From egns. (8) and (9), 
P22 + p2T> i dv/T = pov (10) 
VY 


Now, | air is difficult to evaluate for the case of a cylindrical 
Y 


structure, so consider a simpler case in rectangular co-ordinates 
(Fig. 16). 
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Eqn. (5) now becomes 
aA(TH +1 — T+) 
(d, — d)(N + 1) 


At any point distance x from the axis where the temperature Sls 


(11) 


We 


aA(TN+!— TN+1) 
W 12 
@— ay oc 
and eqn. (10) becomes 
7, | adx ; 
P22 + pot Fi [rv+i — Wx — dN + D/aAIN+D Po 
(13) 
. pT (N + 17 — TY) 
ec. v On Ue 14 
te P22 + NONT! — TNFH Po (14) 
Using eqns. (7) and (8) this gives 
T- 
Py =— "2 ____ . . as 
r E 4 TAN + ITH — aH) 
x4 tei NNT — TNT) 
or P, = Se eee Rs i ae (16) 
r.| U2 Th HPN 1 = aT) 
oy oN(INT! — TNF) 


For small temperature variations, say T, from 20 to 40°C, such 
that dV/dP, is approximately constant for varying P,, 


P a i ei Ne De) 
SS EOAr o( TNT! — [N+ 
VU: 
aL a 


o(N + 1I(TN+! — TNT, P 
ONCTS 8S mete) 

If v,/v > v,/v (in the present investigations v,/v ~ 0-97 and 

V,/v ~ 0-03) eqn. (17) simplifies to 


dP, 


aT, wlZ) 


aPy _ PyN*>TN+! — TN+)TN-\T, — Ty) 1 

dT, TyTN + ITN — TRY (18) 
and so 

fe PN ee 

aT, dP Eg lan ry Te . (19) 


[The discussion on the above paper will be published in the September, 1959, issue of this Part of the Proceedings.] 


The changes of running voltage with temperature have b eh 
calculated for pure neon and neon with 0:5% argon usill 
eqn. (19) and Jurriaanse’s running-voltage/pressure curves. 
the calculations the figures for the gas constants A and N quot 
by Jurriaanse have been used and 7; has been taken as 30° 
In the case of pure neon at a pressure of 40mm Hg Jurriaanse 
curves give dV/dP = — 0-127 volts/mm, and so, from eqn. (is 
dV/dT, = — 17-0mV/°C. | 

Jurriaanse’s measured value for this tube was —16-5mV p 
degC, and the measured value for a pure-neon tube used d ris 
the present studies was —17:-2mV per degC. For neon ar 
0-5% argon mixtures, dV/dP = — 0-034 volts/mm. The cé 
culated value of dV/dT,; is —4:7 mV per deg C, and the meas 
value recorded during the present investigations was —5-Omr 
per deg C. 

For pure-argon tubes, dV/dT, ~ — 4:-7mV per degC, 
Jurriaanse’s measured value was —4:3mV per degC. 

For larger temperature changes when P, varies so ft 
dV/dP, is no longer constant, the change in running voltage ¢ 
still be estimated if the form of the equation for the runnin) 
voltage/pressure curve is known. For example, with pure-neq 
tubes Jurriaanse found that the following empirical relationsh 
holds: 


V = 104.112 ogg PRR 4 
Substituting eqn. (16) in eqn. (20) and assuming v,/v > v>/v, 


PONT AS Q: 
TN + DY — TY) oa 
Suppose T; is varied from 20°C (Tj) to 100°C (77) and fl 


running voltages at these temperatures are V; and V, respee 
tively; then 


V = 124 — 12 logig 


ate cal 
Ey ry 


Over the temperature range 20-100°C, V; — V, = 1-18 volt 
The corresponding measured value is 1-21 volts. It is diffict 
to fit a curve to Jurriaanse’s results for the neon-argon mixt 
but it is interesting to note that at pressures around 40mmfF 
the slope of the running-voltage/pressure curve decreases fc 
increasing pressure. | 


V; ee V, ~ 12 logio (22 


SUMMARY 

he paper is an analytical investigation of the transient response 
sistance-capacitance and resistance-inductance circuits, filters and 
mission lines to a frequency-modulated voltage, using a unit-step 
jon as modulating signal. The transient response is compared 
h that which is known to occur when the voltage is amplitude 
ulated, using the same modulating signal. The effects, on the 
sponse, of the bandwidth of circuits subsequent to the detector stage 
receiver are compared for the two types of modulation. 


LIST OF PRINCIPAL SYMBOLS 
1,7 = Time. 
_. p = Complex angular frequency. 
_ z(p) = Complex impedance. 
@ = Instantaneous angular frequency. 
Wo = Resonant angular frequency. 
a = @ — Wy. 
o> Initial angular frequency. 
a xy = coy — Wo: 
__W» = Final angular frequency. 
- x2 = W, — Wo. 
@3, @,4 = Intermediate angular frequencies. 
2 a = Decay factor. 
Y = Amplitude of signal of resonant frequency and con- 
4 sidered as of the form Ae~”. 
X = Amplitude of signal of angular frequency wy. 
g@ = Phase angle of signal of resonant frequency relative 
; to that of angular frequency wy. 
@ = Phase angle of resultant signal with respect to that of 
angular frequency w». 
_ Ax = Small angular frequency jump. 


(1) INTRODUCTION 


_ The problem of the distortion of fm. signals by linear passive 
etworks has received increasing attention over the past fifteen 
ears. The response of the network has usually been given in 
wo parts, the quasi-steady-state response and the transient 
esponse. Most of the workers on the problem have limited 
hemselves to the quasi-steady-state response, but for time- 
ivision multiplex systems and television transmission the 
j0dulating signal is in the form of pulses and the transient 
esponse becomes of importance. The paper is therefore devoted 
) this latter response. 

Salinger, Bell? and Gumowski? have investigated the transient 
esponse of filters to fm. signals, assuming an instantaneous 
ump in the signal frequency, but each obtains a different result. 
alinger and Bell compare their results with the transient response 
) a.m. signals. ; 

Salinger considers an ideal filter, the sole effect of which is to 
sstrict the range of frequencies transmitted. He obtains the 
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result that the response to unit transient has already reached 
half-amplitude at the instant the transient occurs, the first half 
of the response appearing to take place prior to the transient. 
This is obviously impossible, and the anomaly is due to using an 
ideal filter which has properties inconsistent with those of real 
filters. 

Bell, therefore, uses a simple LRC circuit and, by the method 
of the Laplace transform, finds there are two signals produced, 
one having a frequency equal to the final frequency of the applied 
signal, and the other having a frequency equal to the natural 
frequency of the circuit. He then finds the resultant frequency 
from an equation which assumes that the amplitudes of both 
of these signals remain constant, whereas, in fact, the signal of 
natural frequency is decaying exponentially. This variation, he 
says, can be neglected for high-Q circuits, but in the subsequent 
Sections of the paper it will be shown that the effect of this 
variation cannot be neglected. From his equation, Bell finds 
that the resultant frequency is made up of one component that 
varies exponentially with time and a number of components 
which are varying sinusoidally and produce a ‘frequency flutter’. 
He assumes that this flutter component will be eliminated by 
subsequent circuits, and shows that the component that is left 
makes a sudden jump in frequency at the instant of the transient 
and then varies exponentially, tending to reach the new frequency 
of the applied signal. According to this result, if the response 
from the filter were applied to a perfect detector, the output 
would be as shown in Fig. 1, whereas the output from the 
detector if the applied signal had been amplitude modulated 
would be as shown in Fig. 2, which has no sudden jump, but a 
gradual exponential rise all the way. 


OUTPUT 


——_ 


TIME 


Fig. 1—Demodulated response of LRC circuit to f.m. signal 
according to Bell’s result. 


OUTPUT 


Fig. 2,—Demodulated response of LRC circuit to a.m. signal. 
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Gumowski tackles the problem using the Fourier transform, 
but finds that, for a unit-step modulating function, the Fourier 
transform does not exist in the Riemann sense because of the 
divergent integrals produced. He overcomes this difficulty by 
considering these integrals in the sense of the distribution theory, 
instead of in the Riemann sense, and gives curves of the output 
from a perfect detector, which in shape are similar to that of 
Fig. 2; i.e. there is no sudden jump but an exponential rise, as 
in the case of the a.m. signal. 

It is the purpose of the succeeding Sections to determine 
which conclusion is correct, and to compare the responses of 
other types of circuit to a.m. and f.m. signals. 


(2) ENERGY STORED IN ELECTRIC AND MAGNETIC FIELDS 
DURING THE PASSAGE OF AMPLITUDE-MODULATED 
AND FREQUENCY-MODULATED SIGNALS 

If we consider an alternating current to be passing through 
an inductor and capacitor in series, the total energy stored in the 
magnetic and electric fields remains constant if the amplitude 
of the current remains constant, although it is continuously 
being interchanged between the two fields. If now there is a 
sudden jump in the amplitude of the current, as will occur in 
pulsed-a.m., there will also be a jump in the energy stored in 
the fields; but, owing to the resistance that is necessarily present 
in a practical circuit if it is passive, this change will be accom- 
panied by a transient which will produce envelope distortion in 
the p.d.’s across the inductor and capacitor. 

If the frequency of the current, instead of the amplitude, is 
made to jump, there will also be a variation in the amplitude 
of the p.d. produced across the capacitor, due to the change in 
circuit impedance, so that this voltage will possess a hybrid 
modulation. If pure frequency modulation is to be preserved, 
some form of limiter must be incorporated in the circuit. If the 
limiter is applied directly across the capacitor, the amplitude of 
the voltage across the capacitor will be constant, so that the 
energy stored in the fields will remain constant, and there will 
not be any transient. This may also be considered as due to 
the fact that the limiter will have a damping effect on the circuit, 
and it will be seen that it would make the Q-factor of the circuit 
so small that it would not be of any practical value. 

The case when there is not any limiter will now be considered. 
A transient will be produced, which may or may not be oscillatory; 
its effect on the resultant instantaneous frequency of the voltage 
will be discussed in Section 4. 

If we are to compare the response of a circuit to an a.m. 
voltage with its response to an f.m. voltage, we must have 
identical conditions. For this comparison, therefore, the 
circuit must be considered without a limiter, and in the case of 


the f.m. voltage the current produced will have a hybrid 
modulation. 


(3) EFFECTS ON THE SIGNAL FREQUENCY OF TRANSIENT 
OSCILLATIONS IN A FILTER CIRCUIT 

If a train of damped oscillations at the natural frequency of 
the circuit is set up by a sudden change in signal frequency, and 
if the final frequency of the applied voltage is different from the 
natural frequency of the circuit, there will be present, for an 
interval of time, two signals, which will give a resultant of 
varying amplitude and frequency. The theory for the resultant 
of two signals of constant amplitude but different frequencies 
has already been published.* 

The subject is treated more fully in the Appendix, where the 
effect of the amplitude of one signal dying away exponentially 


* See Wireless Engineer, 1943, 20, D233. 


and also the effect of a phase displacement of the two signals} 
the time origin are considered. Bell? ignores the latter poi 
and assumes the former to be negligible for high-Q circuits. i 
The resultant instantaneous angular frequency is given 


[see eqn. (21) in the Appendix] 
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Wy Y? + w2X?+(w2 +) X Yoos(—X2t-+$)—aXY sin (~x2t +} 
X2 + Y2+2XYcos(— x2t + 9) 
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Since w, = Wo + X2, this equation could be written 


XX? + XY[x, cos (— x2t + ¢) — asin (— x2t + A 
a X24 Y¥2 + 2XYcos(—xpt + 9) 


WwW => Wo 


or @O = Wy +X 5 = - ‘ = 5 5 i 


so that X gives the difference between the resultant freque 
and the natural frequency of the circuit. 

Since Bell did not consider the phase angle ¢ and neglect: 
the decay factor a, his expression for the instantaneous freque! 
of the response to the f.m. signal was 


+ Wy ¥? + aX? + (@2 + Wo) XY cos xt ( 
- X2 + ¥2 + 2XY cos xot Fi 


He points out that this expression will give a slowly-varyii 
mean frequency owing to the terms containing w, w 2, X and! 
only, together with a frequency ‘wobble’ or ‘flutter’ produce 
by the cosine terms. | 

In an f.m. receiver, the demodulated signal after the detect 
will have a frequency governed by the rate of change of frequen! 
of the r.f. signal. These cosine terms will therefore produ. 
angular frequencies of x, in the demodulated signal. The 
flutter terms may be of quite high frequency if x, is large, ax 
they may produce frequencies after the detector of a receiv 
which are outside the pass-band of the audio or video amplifie 
To get a fair comparison between the a.m. and f.m. respons 
however, we must not introduce any constraint from a subs 
quent part of the circuit. We shall therefore first investiga 
the response containing these flutter frequencies and compa 
it for a.m. and f.m. signals. The effect of removing the flutt 
frequencies can then be investigated. We can write 


_ XX? + XY[x cos (— xt + ¢) — asin (— x,t + dp] 


2XY 
(x2 -b va + yoy (— Xot + | 


x 


and since AY? Se ee 


Coe {x,X? + XY[x, cos (— xt + $) — asin (— x,t + ¢)}} 
= 2x7 ne 
(X2 4:72 x E + yay 7 ¥2 8 (— X2t=- | 


If this is expanded, we shall obtain an infinite series of flut 


terms of angular frequency x, and its higher harmonics, anc 
flutterless series given by 


Cg X,X* (x) — 2asin d cos ¢)X?Y? 
X24 y2 (x2 + ¥22 
| ae LONE 
UX? + 2 * KZ + HET 


ince the infinite series in square brackets is convergent, it will 
ve a sum to infinity equal to 

2(X2 + Y¥)2 
2X4 + 3xX2y2 + 2y4 


hat the instantaneous frequency component without flutter 
vill be given by 


mide LO: Ge _ 2X? ¥%(x, — 2a sin ¢ cos ¢) 
X?+Y¥2 ~ 2x443K2¥242¥7 © O 


t will be seen that this frequency component is affected both 
the decay factor and the initial phase angle. 

_ Bell, to obtain the mean frequency from eqn. (4) without the 

utter components, just ignores the cosine terms, which gives 


~~ Wo y2 + wX? 
Q FS ———x—_——— um 
x2 aes y2 

= = Lox - 

3 ie 6. eee, 
This is wrong, since if eqn. (4) is expanded in the same way 
aS eqn. (5), the equation corresponding to eqn. (6) will be 


ae oe Ge = 2a Xe y 8 
More Vonks aXe ye (8) 


: Thus eqn. (7) is wrong and differs from eqn. (6) because 
_{a) The cosine terms of eqn. (4) have been neglected before 
nis expression has been expanded. 

(6) The decay factor a and the phase angle ¢ have been 
neglected. 


" Thus, because eqn. (7) has been used instead of the correct 
equation (6), Bell’s result for the instantaneous frequency of the 
response to the f.m. signal is wrong. Furthermore, by using 
the instantaneous frequency of the f.m. response when ¢ = 0, 
obtained from eqn. (7), and comparing it with the a.m. response 
when ¢ = 0, Bell is adding the further constraint of the detector 
and a.f. amplifier in removing the effect of the flutter frequencies. 
To have made a fair comparison he ought to have used eqn. (5); 
when ¢ = 0 this becomes r 


~ _ X,X* + XY¥(x2 cos d — asin d) 
4 = X2+Y2+2XYcos¢ * 


’ 


(9) 


4) INVESTIGATION OF THE TRANSIENT RESPONSE OF 
_ ACTUAL CIRCUITS TO A FREQUENCY-MODULATED 
_ SIGNAL 

Since the transient response of circuits to a.m. signals is 
well known, only the response to f.m. signals will be investigated 
n this Section. 


(4.1) Resistance-Capacitance and Resistance-Inductance 
Circuits 

If the transfer function F(p) of the RC or RL circuit contains 
wo or more poles, the transient produced by such a circuit 
when the applied signal is suddenly changed in amplitude or 
requency may be oscillatory, in which case the problem can be 
lealt with in a way similar to that explained in Section 4.2. If, 
1owever, there is only one pole, as there would normally be for a 
imple coupling circuit where a typical transfer function would 
’e F(p) = p/(p + 1/RC), the transient would be of the form 
4e—(/RC)t, This is non-oscillatory and dies away exponentially. 
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If eqn. (21) is now used to find the resultant instantaneous 
frequency, wo and ¢ must be made equal to zero, when 


a Y a 
W = W2 + y 2 COS Wt + asin wa(1 + 27 cos wnt) . (10) 


Of the two expressions on the right-hand side of this equation, 
the first gives the final steady angular frequency w,, while the 
second gives the transient-frequency term which dies away. If 
this transient expression is expanded, two distinct series in Y/X 
will be obtained, one without any trigonometrical terms which 
gives the steadily decaying part, and the second with sine and 
cosine terms of the angles wt, 2w t, 3w tf, etc., which gives the 
flutter-frequency component. Since the flutter frequencies are 
either equal to or an integral multiple of the signal frequency, 
they show how the instantaneous frequency varies over one 
cycle of the signal. The steadily decaying part is due to the 
fact that the successive periodic times Tis) D5) Tiss Cte, Of igen 


Fig. 3.—Cosine curve added to exponential curve. 


(which is merely a cosine curve added to an exponentially 
decaying curve) are varying. 

In practice the exponential transient can be almost removed, 
leaving only the final steady-state cosine signal, which then will 
not suffer any appreciable frequency distortion. 


(4.2) Single-Tuned Circuits 
Since the responses of parallel- and series-tuned circuits are 
almost identical if we consider dual quantities, only the series 
circuit will be considered. 
Let the circuit impedance be given by 
1 
= IK L + — 11 
Z(p) te pEast aC (11) 
and let the p.d. across the circuit have an angular frequency w,, 
so that, considering the positive frequency component only, we 
can write 


(12) 


If the amplitude of this p.d. remains constant but its angular 
frequency suddenly changes to w, at time t =7, the Laplace 
transform of v(Z) is 


v(t) = efit 


re ra) 
gVoi—p)t dt ae i eUo2—p)tdt 


Tt 


v(p) = | 


0 
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1 1 

Pp Joy = Pp JO7 
The first term on the right-hand side of this equation represents 
the application of a signal of angular frequency w, at time t = 0, 
the second term represents its removal at time t 7, and the 
third term represents the application of a signal of equal ampli- 
tude and angular frequency w, at time t = 7. Since the circuit 
is linear, each of these terms can be applied separately and their 
responses summed. The current due to the first term is 


e(joi—p)t 1 gJO2—p)t , (13) 


or v(p) = p— jor 


ele & Se 


Now Z(p) = < — Da), 
where py = —at+ (a — a9) 
Pp, = — a—V/(@ — a9) 
R Een i 
a= OO =TE 
If a< wo 
then Py = —a+fr/(oG — @) 


—a— jr/(we — a’) 


Therefore, by partial fractions, 


Dia 


Oe ee 
: Lip, — P2)LP, —j%1;\P— Py Pp — joy 


Ss ( 1 1 )| 

Px NP ae PN 
Assuming that a < wp so that the natural frequency can be 
taken as wo, 


then Py ~ —a+ jo and pp = — a — jury 


By the inverse transform, 


i = 1 ee + Joo Pit Jot 
BOS sal = e—j@y — ae aces 
a + jwo 


is a — jw, + wp) 


(era cro | (14) 


The terms containing ¢?!‘ and ¢?! are transient terms produced 


when the original signal was applied, so that when these have 
died away we are left with 


giost | a+ ja ae a — jus (15 

2jwoL a + j(@, + Wo) a + j(@, ae Wo) : ) 
If we now measure time from the instant the frequency jump 

occurs, by making 7 = 0, the second term of eqn. (13) becomes 


— 1/(p — jw) and produces a current similar to that of eqn. (14) 
but negative, so that 


i,(t) = 


; a3) 1 — a + jag 
DU Pe a — j(w, — wp) 


(EPit eJort) 


a+ jwo 
—— 
— a— j(@, + wo) 


(epat — ony (16) 
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Adding eqns. (15) and (16), we are left with only the transiep 
terms, so that 


a + jar 4 
pt 4. ae 
"FEF H@ + oo) | 
. oi 


The third term of eqn. (13) will also produce a current give 
by an expression similar to that of eqn. (14) with w, changed 
Ww, so that the total current, if we write e71! = e—4teJ@o! g 


. foe Lo | 
i(t) +i) = FjeogL|_.a +J(@y — &o) 


eP2t — g—4tg—Joot, will be given by 
Went, 1— j= 
i(t) = : oes E Et Jeot 
i WM; — Ww 
2jwoL 1 pj Wo res 1 - 0 
w | 
(ee 1+j-2 | 
as a a Ee J@ot eat 
2 + w 
pp j2r to 1 4 je Se 
a a 
w Re 
Ne ao 
fg ge ee i ~j—= 
3 a | 


If w, and w, are both nearly equal to wo, w2 + wo > W2—-@ 
and w, + wo > w; — wo, so that the value of the e~/°% te 
is negligible and the value of the ¢/©2' term is approximately 


Also wo/a = 2Q, so that if Q is large, e.g. 100 or more, 
Ww : 
taj ae 
a 


and therefore 


i(t) = — ans ee a x J ise teen eat gjoot 

(63) — — 
0 page! = Wo 14 j% Wo 
a 
ete sf! “3a 
WW. — @ 
1 
a 


Now Q/woL = 1/R, so that writing w; — wo = x, and w, — a 


— x2, 
<2 nel 
eJ@ot J a 
ny — 


i(t) ~ e—a 4 gixet . a 
a(i+2)[ eA | 


This agrees with eqn. (16) of the paper by Gumowski.3 
Determining the instantaneous frequency from eqn. (2) y 
get, for time ¢t = 0, 
B OX + X4GX2 + (%2 — X1)Qx1 — a?) 
W,—9 = W SS 
t=0 = Wo + oe 
= Wo + xy 


so that @,_) = a 


is shows that there is not any sudden frequency jump, but a 
th change from w, to w,. The detected output would 
‘efore be similar to the detected output using an a.m. signal. 
ne point may be of interest in passing. If W. = Wo, 1.€. 
2 = 0, both components of the response, as given by eqn. (19), 
e the same angular frequency wo, and it might be thought 
t the instantaneous frequency would always be Wo, i.e. that 
aere would be an instantaneous jump from w, to wo. How- 
fer, Owing to the initial phase angle between the two com- 
onents and the decaying amplitude of the transient term, the 
uency at t = 0 is still w. 


2.1) Effect of Bandwidth of Circuits Subsequent to the Detector. 


If these circuits eliminate the effect of the frequency-flutter 
nponents, we can find the instantaneous frequency from 
. (6) and the result will be affected by the values of w, and wy. 
eral particular cases will therefore be taken. 


Case (a). A frequency jump between the two half-power fre- 
uencies of the circuit response curve. 

n this case x; = — a and x, = + a, so that at time ¢ = 0, 
value of Y of eqn. 6 is 1/2. Substituting these values in 
qn. (6) gives X,9 = — a/6. 

The removal of some of the frequency components has there- 
dre resulted in an instantaneous frequency jump from (w» — a) 
¥ (Wo Ss al 6). 

_ Case (6). A small frequency jump near to one half-power 
frequency of the circuit response curve. 

Let x; =a and x, =a-+ Ax so that when t=0 Y? = 
Ss ?12a*. . 

Then, when t = 0, 

mem ANG ed 


2a ao 


X29 =a + Ax — 


Bias the smaller the value of Ax compared with a, the closer 
are the instantaneous frequency jumps from w, to wy. 


: Case (c). Final frequency equal to the resonant frequency of 
he circuit. 
_ Here w, = wo, so that x2 is now zero and there will not be 
any frequency flutter. The bandwidth of any subsequent 
Circuit will not affect the response by removing any flutter terms, 
that the response will be as given in Section, 4.2. 


- Case (d). Frequency jump from the resonant frequency of 
the circuit to one of the half-power frequencies of the circuit 
response curve. 

- Let the frequency jump from wy to wy) +a. Then x; =0 
and x, —a, so that when t=0, Y=1 and X,_, = 3a/14. 
There is thus an instantaneous frequency jump from wa to 
(wo + 3a/14). 


(4.2.2) Effects of Limiter. 

4 As Brown® points out in the conclusion to his paper, it is 
often tacitly assumed in the literature that the amplitude- 
limiting process does not of itself introduce fm. distortion, but 
in general this is not true, and there is need for further 
investigation into this problem. 

_ It would appear that the effect of the limiter depends on its 
position in the overall circuit. If the limiter were in the filter 
Circuit so that the limiter characteristic modified the filter 
characteristic, it would damp out any oscillatory transient but 
would also lower the Q-factor of the circuit. If, on the other 
hand, it were separated from the filter in such a way that its 
effect would not be reflected on to the filter characteristic, the 
oscillatory transient would develop and affect the resultant fre- 
quency in the way that has been shown. The limiter would 
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then. control the amplitude of the resultant signal but would 
not affect its frequency. It would be interesting to investigate 
these two cases in practice. 


(4.3) Lines With Discontinuity 


If a constant-voltage constant-frequency signal is considered 
to be applied to an open-circuited line, the voltage applied is 
equal to the vector sum of the voltage of the incident wave and 
that of the reflected wave at the input terminals. If now the 
angular frequency jumps from its initial value (say w,) to a 
higher value w , but the amplitude remains the same, then for 
a time 7, equal to that taken by the wave to travel down the 
line and back again, the reflected wave will still have a frequency 
w,. This means that the frequency of the incident wave must 
assume a value w 3, such that, when the incident and reflected 
waves are added, we get a resultant frequency [as given by an 
equation similar to eqn. (2) with a =0] equal to w,. This 
means that w3 will be greater than w,. After the time 7, the 
reflected wave arriving at the input terminals will have this 
new frequency w3. The incident wave will therefore suddenly 
jump to a new value wz, less than w,, so that the resultant input- 
terminal voltage will still have a frequency w,. Thus the 
incident-wave frequency will experience sudden jumps of 
decaying value about wy, until it eventually attains the value w. 

If, instead of the line being open-circuited, it is connected to 
another line of different characteristic impedance, there will 
still be a reflected wave in the first line, so that the theory out- 
lined above will hold. The voltage wave travelling down the 
second line will be some fraction of the incident voltage wave 
of the first line and will therefore have the same frequency 
transients as this wave. 

It will be observed that, owing to the flutter components of 
equ. (2), frequencies such as w3 and w, will be continuously 
variable. During this transient period, also, the incident wave 
will possess amplitude modulation at the flutter frequency. 


(5) CONCLUSIONS 


(a) RC and RL circuits—The response of these types of 
circuit to an f.m. wave, unlike their response to an a.m. wave, 
may not suffer any transient distortion since the transient term 
can be removed; so that for amplifier circuits, if the transient 
response only is considered, it would appear that frequency 
modulation would be preferable to amplitude modulation. 

(b) Filter circuits—The response of this type of circuit to an 
f.m. wave is similar to its response to an a.m. wave. Subsequent 
circuits, however, can modify the final response. For a.m. 
waves, restriction of the bandwidth of the circuits after the 
detector stage of a receiver will reduce the higher harmonics 
of any pulses and produce pulse distortion. For f.m. waves, 
such a restriction will not only reduce the higher harmonics 
but will also reduce the components produced by the frequency 
flutter. It has been shown that the removal of these latter 
components improves the transient response for a pulse by giving 
an instantaneous jump at the beginning of the pulse. If, there- 
fore, the frequency deviation of the f.m. wave is large, so that 
the restriction of the bandwidth of the amplifier after the 
detector is sufficient to remove these flutter components without 
affecting the significant harmonics of the pulse, the final 
response of a receiver to an f.m. wave will be better than its 
response to an a.m. wave. 

(c) Lines.—If the line is incorrectly matched, or if there is a 
sudden variation of impedance such as may occur at a junction, 
so that reflection takes place, the transient responses to both 
f.m. and a.m. waves will be similarly affected. 
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(7) APPENDIX: FREQUENCY OF RESULTANT OF TWO SIGNALS OF DIFFERENT FREQUENCIES 
X is assumed constant while Y is assumed to be of the form Ae—# 


__ ¥sin (wot + 4) + X sin wy 


Y cos (wot + 6) + X cos wot © rc: 


tan 0 


Differentiating with respect to f, 
d@ wo ¥ cos (wot + 4) — a¥ sin (wot + db) + «2X cos wot 
dt Y cos (wot + d) + X cos wot 
[wo ¥ sin (wot + 6) + aY cos (wot + 6) + w2X sin wot|[Y¥ sin (wot + 4) + X sin wt] 
[ ¥ cos (wot + $) + X cos wot]? 
[X cos wot + Ycos (wot + ¢)]* 1) 
[X cos wot + Ycos (wot + 6)? + [Xsin wot + Ysin (wot + 6)? ‘| 


sec? 6 


Now sec? @ = 


and d6/dt = &, the instantaneous angular frequency, so that 


Wy ¥? + w2X* + (w, + wo) XY cos [(wo — wo)t + 6] — aXY sin [(wo — w)t + 6] 
X? + Y? + 2XY cos [(wy — w)t + A] 


o= 


(21 
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A FILAMENT NOISE SOURCE FOR 3 Ge/s 
By E. W. COLLINGS, M.Sc., Ph.D. 


The paper was first received 23rd December, 1957, and in revised form 25th September, 1958. It was published as an INSTITUTION MONOGRAPH 


SUMMARY 


“The construction of an incandescent filament lamp and suitable 
uned waveguide mounting for use as a noise source at 3. Ge/s is 

scribed. Methods of measuring filament temperature are outlined 
d the procedure for assessing mountirig losses is described. Also, 
ts of some noise measurements on a 6-watt fluorescent lamp and 
ne cold-cathode argon discharges are outlined. 


(1) INTRODUCTION 


_ A standard noise generator is an ideal instrument for measuring 
joth the noise figures of amplifiers and the noise ratios of 
terminal networks. The superiority of the noise generator 
er the continuous-wave signal generator has been discussed 
Moxon.! For measurements at low radio frequencies a noise 
ode used in a high-impedance circuit is a satisfactory noise 
nerator, and with low-impedance coaxial-cable output the 
ual noise diode (e.g. CV172) may be used up to frequencies 
ear 200Mc/s. For use at higher frequencies (e.g. 1Gc/s) 
Kompfner and others? have constructed a special noise diode in 
form of a coaxial line; and Moxon has suggested a method 
converting noise from a diode at an intermediate frequency 
ito u.h.f. noise, by using a local oscillator and crystal mixer. 

The expression KTB, for the available power within a band- 
i B from a resistor at temperature T°K, shows that, in 


rinciple at least, a heated load should be a very convenient 
fandard noise generator. Ullrich and Rogers? have described 
ae use of thermal noise sources consisting of heated filaments. 
. thermal noise source consisting of a section of waveguide 
ieated to 450°K has been used by Davies and Cowcher* when 
leasuring. the noise temperatures of some gaseous discharge 
tibes at 3Gc/s; and recently, Knol’ has described a thermal 
A0ise standard for 10Gc/s consisting of a section of waveguide 
sontaining a lossy wedge heated to the melting-point of gold. 
_ In an effort to obtain a noise standard of higher temperature 
han usual, and suitable for 3Gc/s, an incandescent filament 
amp and suitable waveguide mounting were designed; the output 
a0ise temperature was about 1300°K. 


i 
} 


(2) DESCRIPTION OF THE NOISE SOURCE 


(2.1) The Lamp Mounting 


Fig. 1 shows the lamp mounting, the form of which was 
suggested by the tri-tuner mounts used for power measurement 
with bolometer lamps® and bead thermistors.” 

The lamp was fitted between coaxial side-arms mounted on 
he broad faces of a waveguide, and the external surface of the 
slass envelope was kept at approximately room temperature by 
1 blast of air through the small tubular side-arm shown in the 
lrawing. 

The lamp itself was an evacuated lead-glass cylinder with end- 
aps and axial filament of coiled 15-micron tungsten wire (Fig. 2). 
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Fig. 1.—The lamp mounting. 


| pF 

Eig “45 fe 
= 

jem 


Fig. 2.—The incandescent filament lamp. 


(a) Glass bulb. : 
(b) Method of attaching the filament. 


(b) 


The filament was one-eighth of a 60-watt coiled-coil lamp fila- 
ment which had been stretched to about eight times its original 
length. The stretching operation removed all the ‘secondary’ 
coiling, so that in the finished lamp the filament was a spiral 
under tension. 

The several pieces comprising the lamp (Fig. 2) were fitted 
together on a jig, based on the one described by Bleaney® for 
bolometer lamps. The lamps were attached to a manifold and 
processed in groups of four. Processing consisted of baking 
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them under vacuum for half an hour at 400°C and running 
their filaments at about 2500°C for a quarter of a minute prior 
to sealing off. 


(2.2) Filament Temperature 


It was decided to operate the filament at a temperature in the 
vicinity of 2800°K. Using a portable colour-temperature meter, 
an arbitrary temperature, namely 2790°K, near this value was 
chosen and the filament current required to give this reading 
was measured. A current value was thus assigned to each lamp 
and it provided a convenient means of maintaining constant 
filament temperature during the useful life of a given lamp and 
of ensuring that all the lamps used were being operated at the 
same temperature. 

Finally, before any results could be calculated, it was necessary 
to determine the true absolute temperature of a filament corre- 
sponding to a reading of 2790°K on the colour-temperature 
meter. Langmuir and J ones® have tabulated (hot resis- 
tance)/(resistance at 293°K) against true temperature for any 
filament within the temperature range 1000-3500°K. Using a 
pair of similar lamps, resistance ratios were measured and fila- 
ment temperatures of 2838° K and 2 832° K were calculated from 
the data of Langmuir and Jones. Another, but probably less 
accurate, check on filament temperature was made with the 
aid of a National Physical Laboratory colour-temperature sub- 
standard. This yielded a true temperature of 2813°K at the 
reference current. Based on these figures, the value taken for 
the true filament temperature was 2 830° K. 

The noise measurements using the lamp required a knowledge 
of ‘excess temperature’ (or temperature in excess of room tem- 
perature, T,, taken as 290°K); the accepted excess temperature 
of the filament was therefore 2540°K. Table 1, which shows 


Table 1 


DEVIATIONS OF THE MEASURED EXCESS FILAMENT TEMPERATURES 
FROM THE ACCEPTED VALUE 


Excess temperature Deviation 
deg K 
Accepted value 2540 
i 2548 8 (0:3%) 
(ii) 2542 2 (0:08 %) 
(iii) 2523 17 (0:7% 


the deviations of the measured values from this figure, suggests 
that, allowing for slight increase in filament temperature with 
age, it would be fair to allow + 1% for uncertainty in excess 
filament temperature. 


(3) MEASUREMENT OF LOSSES IN THE LAMP MOUNTING 
AND CALCULATION OF THE NOISE TEMPERATURE 

The complete noise source comprised the incandescent fila- 
ment, the glass envelope and the waveguide mounting. Ideally, 
the noise temperature of the source should be the absolute 
temperature of the filament; but because of absorption of energy, 
possibly in the tuning elements and certainly in the glass bulb, 
the noise temperature would be expected to be less than this 
value. Because of losses, the noise source becomes equivalent 
to a network consisting of a resistance at the filament temperature 
together with resistances at the temperatures of the various losses. 
A calculation showed the temperature gradient in the glass walls 
of the lamp to be negligibly small, with the inner wall at a tem- 
perature no more than 0:2°C above that of the external surface. 
Since the air jet kept the external surface at room temperature, 
the whole bulb could be represented, from the point of view of 
dielectric loss, by a resistance at that temperature. The wave- 
guide itself was at room temperature, and therefore only two 
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temperatures needed to be considered when calculating the noi) 
temperature of the mounting—the filament temperature, 77, at) 
the room temperature, 7,. The procedure employed f¢ 
measuring the losses was first used by Davies and Cowcher* fé 
assessing loss in waveguide discharge-tube mountings. 


(3.1) Equivalent Circuits 


The lamp can be represented by a resistance R’ and a resistans 
X, and the purpose of the mounting is to match these to t 
waveguide. The procedure is equivalent to (a) introducing 
transformer to transform both R’ and X so that the transform 
value of the resistance is approximately equal to the chara 
teristic resistance of the waveguide; (b) adding a reactance 
cancel the transformed X, which is equivalent to setting up t 
parallel-resonant circuit of Fig. 3(a). In this diagram, R, is | 


1 2 | 


Fig. 3.—Equivalent circuits of the lamp mounting. 


small series resistance to represent losses in the tuning elements 
At the matching frequency, the reactances resonate and may t 
removed from the circuit, leaving Ro = R, + R. 

Because the lamp was in the form of a glass cylind 
with filament down the axis, it was represented by a pair « 
parallel resistances placed across the waveguide, such thi 
R = R,R,/(R; + R,). One resistance, R;, was at the filamer 
temperature; the other, R,, represented the loss in the gla: 
envelope and other shunt losses and was at room temperatu 
because of the air cooling. Fig. 3(b) shows the equivaler 
circuit at the matching frequency. 

In order to assess the noise temperature of the network it wz 
necessary to investigate R, and R,. Accordingly a dummy lam 
was made, similar in all respects to the noise lamps but with tt 
filament, R;, absent. After a real lamp had been matched an 
noise readings taken, it was replaced by the dummy lam 
without altering the tuner settings, and measurements were mac 
on the mounting by means of a standing-wave machine. 


(3.2) Standing-Wave Measurements on the Lossy Resonator 


At a frequency remote from resonance, the impedance seen 
mainly a resistance R,. The resulting voltage standing-wav 
ratio (v.s.w.r.), which, by convention, is greater than unity, 
Ro/R;. This is indefinitely large when R, is practically zer. 
which was shown to be the case for the lamp mounting. / 
the resonant frequency, the standing wave is due to a terminatic 
consisting of R, and R, in series. Of these, R, was by far tl 
greater so that the resonant v.s.w.r. was practically R,/Ro. 

If the impedance seen upon looking into terminals 12 
measured at various frequencies, all values of impedance assum« 
by the circuit can be represented by a circle on a Smith chart 
Fig. 4 illustrates this, and shows the two alternative resona 


ke) 


¥. 4.—Loci of impedances assumed by the mounting as the frequency 
is swept through resonance. 


nditions which can occur. If R, + R, < Ro, the cavity is said 
be ‘undercoupled’ [Fig. 4(a)] and the: movement of the stand- 
wave pattern with change of frequency is confined between 
the tangents OE and OF. On the other hand, if R, + R, > Ro 
d the standing-wave minimum is (R, + RRS == ay the 
edance circle encloses the centre of the chart, the cavity is 
id to be ‘over-coupled’, and the reference minimum sweeps 
ugh A/2 on passing through resonance. 
hus the value of the resonant standing-wave ratio, or stand- 
wave minimum, g,, is not sufficient to enable the normalized 
e of R, to be deduced; for o, may equal either (R, + R,)/Ro 
Rol (R, ip R,), whichever is greater than unity. But the two 
cases can be readily distinguished by observing the manner in 
ch the standing-wave pattern shifts as the frequency is swept 
Brouzh resonance 
S 


ince R, represented the glass losses, and a filament R, placed 
in pas with this reduced the resistance of the combination to 
Ro, R, must always have been greater than Ro, and R, + R, > Ro. 
— only the over-coupled case gives a meaningful result 
n the waveguide lamp problem, and only such cavities were used 
as noise sources. 
2 (3.3) Specimen Measurement 
_ Anoise lamp was placed in the mounting and matched. After 
a set of noise measurements had been made, the lamp was 
replaced by a dummy, the mounting transferred to the standing- 
wave bench and the v.s.w.r. and position of . minimum were 
measured at wavelength intervals of 0-05cm between A = 9-8 
and 10-4cm. MHaving found the position of resonance, it was 
investigated in greater detail by taking readings of v.s.w.r. and 
relative position of minimum, x, with respect to the resonant 
position every two megacycles. V.S.W.R. versus frequency, and 
x/A versus frequency, in the vicinity of resonance, were then 
plotted as in Fig. 5. 

In all experiments on losses it was found that the standing 
wave remote from resonance was immeasurably large (greater 
than 200); the series resistance, R,, was therefore practically 
zero. The equivalent circuit of the “noise lamp in its mounting, 
at resonance, is therefore given by Fig. 3(c). 


(3.4) Calculation of the Noise Temperature 


At the matching frequency, the noise source consisted of a 
resistance R,, at room temperature T,, in parallel with R; at the 
filament temperature T,;. Working in terms of conductance, the 
noise temperature of the network was therefore: 


G; 
Go 


During the loss measurements the resonant v.s.w.r., 


G 
aah ten 


O,, Was 
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FREQUENCY (1DIVISION = 4 Mc/s) 


Fig. 5.—Frequency response of the mounting and glass bulb 
(filament absent). 


(a) Relative position of the standing-wave minimum. 
(6) Voltage standing-wave ratio. 


measured looking into a circuit from which R, had been 
removed; thus: 


Le ae Go 
eos = Ge 
Therefore paeten Pre SD on eC) 
Va r 


or, in terms of ‘excess noise temperature’, 


Oil 
GE; bn 75) =— (7; a Ty) es : (2) 
r 
which is the form most suitable for noise calculations. 
As an example, the minimum v.s.w.r. of Fig. 5 was 1-70, so 
that 7,, — T, = 1046°K, and 7,, = 1336°K. 


(3.5) Measurement of the Voltage Standing-Wave Ratio at 
Resonance 
Eqn. (2) shows that the accuracy of noise temperature assess- 
ment depends heavily on the accuracy with which the resonant 
V.S.W.I., d,, can be measured. 


iT — Tie (oe a1 
O, 
d(T, — T,) do 
therefore g = u 
Toile (co, — lo, 
so that with o, = 1-7 
d(T, — T,) do, 
ee om 


The error in excess noise temperature is thus 14 times that of 
the v.s.w.r. measurement. For example, to keep the error below 
1°% due to this cause, the v.s.w.r. in the vicinity of 1-7 should 


be measured to the nearest 0:01 of a unit. This is unusually 
* 


100 
high accuracy for the conventional standing-wave measurement 
using slotted waveguide detector; moreover it is difficult to assess 
the accuracy of such a measurement. Some thought was there- 
fore given to devising an alternative method for measuring 
v.s.w.r., which would have greater accuracy than usual, and 
would also allow an estimation of the error to be made. 

First, over a small range of frequencies passing through 
resonance, a set of maximum and minimum readings of a con- 
ventional standing-wave machine were noted. The lamp mount- 
ing was then replaced by an attenuator short-circuited at the 
farend. This was adjusted, in conjunction with the output level 
of the test oscillator, to give the same set of readings as before. 
The respective v.s.w.r.’s were then read from a graph based on 
the relationship 


o+1 
Ae 110) logio(<—5) 
where A is the attenuation in decibels. 

This can be regarded as a substitution method in which the 
device setting up the known standing wave replaces the mounting 
under test to produce the same external conditions. The 
accuracy of this method is discussed elsewhere.!° 

Owing to uncertainty in the attenuation values, the accuracy 
of v.s.w.r. measurement by this method was +0:8%. The 
resulting error in excess noise temperature was therefore 1} times 
this; ie. approximately 14%. 


(3.6) Uncertainty in the Noise Temperature of the Mounting 


If about 1% is allowed for uncertainty in the excess filament 
temperature, and 14% for the error in (c, — 1)/o,, the error in 
the excess noise temperature of the standard is approximately 


+24%. 


(4) MEASUREMENT OF THE NOISE TEMPERATURES OF 
GASEOUS DISCHARGES 


(4.1) The 3Gc/s Receiver used for Noise Comparisons 


A discharge tube under test was placed in a ‘90° H-plane’ 
mounting, in which its axis was perpendicular to the narrow 
side-walls of the waveguide arranged to propagate in the TE, 
mode. The receiver had two input waveguides, one mounted 
above the other. The noise standard was placed at the end of 
the upper waveguide, and the discharge tube mounting was 
applied to the lower. By means of a hand-operated waveguide 
switch, either of these two inputs could be presented to the 
receiver. 

The frequency band over which the lamp mounting was 
matched (with a v.s.w.r. less than, say, 1-1) did not include 
both the signal and image frequencies, whereas a discharge tube, 
matched at the signal frequency, was matched (approximately) 
at the image frequency as well. The effect of differing amounts 
of mismatch of the two noise sources at the image frequency 
was eliminated by a coaxial tuner inserted in the output line from 
the waveguide. The use of selected crystals in a balanced mixer 
gave a receiver noise figure, with tuner, of 9:8dB. The output 
from the intermediate-frequency amplifier (at 24Mc/s) was dis- 
played on a square-law voltmeter. 


(4.2) Assessed Experimental Error 


The excess noise temperature of the lamp mounting was known 
to an accuracy within +24%; whilst the comparison error was 
+34%. Possible error in the measurement of the noise tem- 
perature of the lamp under test was therefore +6°%. 

Using three noise lamps in turn, measurements were performed 
on a 6-watt fluorescent lamp passing a current of 40mA. The 
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4 
average of six measurements was 9-55(8) x 10°°K with 
probable error of +6%. - 


(4.3) Noise Temperature of a Six-Watt Fluorescent Lamp | 


The average noise temperature agrees well with that estimate 
by Houlding and Miller!! for a 6-watt fluorescent tube, but i 
lower than the noise temperatures obtained by Mumford!? 
Hughes.!3_ However, it is known that the noise temperatures 0 
6-watt fluorescent tubes differ amongst themselves by as muck 
as 20°% (Chinnock,!4 and Maxwell and Leon!®). 

It was therefore felt that the figure of 9-56 x 10°°K for - 
noise temperature of the fluorescent tube was satisfactory. i 
conclusion was later substantiated by the results of measures 
ments on some pure argon discharges by comparison with the 
calibrated fluorescent lamp. 


(4.4) Noise Temperatures of Some Argon Discharges : 
Using the standardized fluorescent lamp, noise measurement! 
were made on six cold-cathode discharge tubes containing argon 
at a pressure of 15mmHg and six filled to 7-SmmHg. Both 
sets were run at 40mA. Measuremsnts were also made on ¢ 
pair of argon tubes filled to 30mmHg. 

Theoretically the noise temperature of a gas discharge should 
equal the electron temperature,!© which can be measured by 
the Langmuir probe method or calculated from data providee 
by von Engel and Steenbeck.!7 The results of a set of 
noise-temperature measurements and accompanying electroni 
temperature measurements and calculations showed good agree‘ 


ment between the noise and electron temperatures.!® i] 
! 


f 


(5) CONCLUSION 


An incandescent-filament noise source has been described ana 
shown to be suitable for the measurement of the noise tempera: 
tures of gaseous discharge tubes. The standard has a noise 
temperature somewhat higher than usual, but possesses ths 
disadvantage of narrow bandwidth (width of response curve a 
v.S.W.I. = 2 is 55 Mc/s), so that in noise comparisons an image 
rejection tuner is required. | 
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QUADRATIC INTERPOLATION IN TAPPED-POTENTIOMETER 
FUNCTION GENERATORS 
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SUMMARY 

The paper describes a method of obtaining quadratic interpolation 
in a tapped-potentiometer generator for functions of a single variable. 
The method depends on the quadratic form of the variation of resis- 
tance to earth at the slider, across which is developed the voltage 
necessary to reproduce correctly the first three terms of the Taylor’s 
series. The supply to the tapping points from voltage sources of zero 
and finite resistance is analysed, and the problem of supplying these 
voltages is examined. The application of the method to the generation 
of functions of two variables is briefly discussed. 


LIST OF PRINCIPAL SYMBOLS 


Vi, V2...V, = Voltages at tapping points of potentiometer. 
V,, V;, V; = Voltages at sliders A, B and C with load 
resistances disconnected. 
V,. Vp, V, = Voltages at sliders A, B and C with load 
resistances connected. 
Vip, Von, V3n = Voltages at slider B when coincident with 
tapping points 1, 2 or 3. 
Vous = Output voltage. 
V;, Vz, Ve = Correcting voltages generated at sliders A, B 
and C. 

a = Distance of a slider past a tapping point, 
expressed as a fraction of the distance 
between taps. 

R = Resistance of one section of potentiometer. 

Ry = Voltage-source resistance. 
R, = Characteristic resistance. 
x = Distance along potentiometer. 


(1) INTRODUCTION 


The use of tapped potentiometers to generate the voltage 
analogue of functions of a single variable is a weli-known tech- 
nique in analogue computation.! In principle, voltages repre- 
senting values of the function at several fixed values of the input 
variable are applied to the tapping points of the potentiometer, 
the slider of which provides linear interpolation between these 
points. Readily-adjustable voltages and a high-quality servo- 
mechanism controlling the position of the slider result in an 
adaptable device capable of giving a highly reproducible output. 
These advantages, however, are offset by limited accuracy, 
dependent on the form of the function generated and on the 
number of tapping points available. 

The accuracy available is adequate for many applications, 
especially those in which the function to be generated is not 
precisely known. In other applications, however, a higher 
accuracy would be welcome without a large increase in the 
number of tapping points. This may generally be obtained by 
using quadratic interpolation in place of linear interpolation, 
ie. by calculating the value of the function at any point from the 
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first three terms of the Taylor’s series, which in terms of 
voltages at distances x and (x + dx) along the potentiomete 
becomes: 


dV, dx? dV, 
e4bn = Ve + 8x + Se a 


Vous — > dx2 


In the following Sections a method is described for approx 
mating to quadratic interpolation in potentiometers provided 
with equally-spaced tapping points. * 


(2) QUADRATIC INTERPOLATION WITH 
ZERO-RESISTANCE SOURCES 


(2.1) Theory 


Writing the derivatives of voltage in terms of finite differences 
using the voltages at the tapping points, eqn. (1) becomes 


ae | 
Vou = Vn + 5 Vays — Va) + nts + Vat = 2) 


Assuming for simplicity that the slider lies between tappi 1 
points 2 and 3, the required output may be written 


(V3 + Vi — 2V>) ( 
2 oT 
| 
The first two terms on the right-hand side of this equatiod 
give the voltage which would normally appear on the unloade 
potentiometer slider using linear interpolation, and there 
fore a means must be sought to introduce a further voltag 
at the slider corresponding to the last term in eqn. (3). Ti 
generate this voltage, use is made of the quadratic expressiag 
for the resistance to earth at the slider of the potentiomete; 
when all the tapping points are connected to zero-resistanc 
sources. This resistance is R(« — «*). If a current equal t 
—(V; + V3 — 2V2)/2R is allowed to flow into the potentiomete 
at the slider, the required correcting voltage will be generated. | 
The voltage —(V; + V3 — 2V>) may be computed by cor 
ventional analogue methods, but in practice this approac 
would involve the switching of voltages as the slider passe 
from one section of the potentiometer to another, and woul 
therefore be impracticable. A modified form of quadratt 
interpolation, which possesses certain advantages over pu 
quadratic interpolation between the tapping points, may 
obtained by deriving the voltages used in the correcting tert 
from two additional sliders on the potentiometer. These slide 
A and C, are mounted on each side of the existing slider, 1 
and are separated from it by a distance equal to the distang 
between the tapping points. 
sliders are V,, V, and V,, 


Vour = V2 + V3 — V2) + (cx? =a) 


If the voltages on the unloade 


(4 


Vy aa V; Se “(Vy — V;) 
V= Va oAV3 = So) . (44 
Ve = V3 Pag) . (4 


* Patent applied for 


a now a current —(V, + V, — 2V,)/2R is introduced at slider 
B the additional generated voltage becomes 


(V, + V3 — 2V,) ee ey te SVs 3Y, — VY) 


| 4? — a) 
2 A] 


_ The third derivative of voltage is thus contained in the last 
€ of this expression, which has the desirable effect of removing 
di continuities in the first and second derivatives that would 
diherwise exist at the tapping points. 

sg In the practical circuits used to generate the correcting current, 
the unloaded voltage V, is not available, since slider B carries 
correcting current, which generates a correcting voltage Vj. 
n order that the expression (V, + V,— 2V,) may be correctly 
valuated from the corrected value of V,, additional currents 
nust be arranged to flow in slidérs A and C, to produce 
c orrecting voltages V; and V; such that Vi + Vi = 2V;. 


Lacie 


a ii 


(V+ Vg) 


ate 


_ Fig. 1.—Quadratic interpolator for low-resistance voltage sources. 


‘ Slider B is assumed to lie between taps 2 and 3. 
; G. High-gain d.c. amplifiers. 


The complete system is illustrated in Fig. 1.- It may be shown 
(Appendix 10.1) that such a system in fact generates the required 
Voltages according to the requirements stated above. 


é (2.2) Measurements 


_ In a practical function generator the position of the slider is 
linearly related to the input variable, x. In testing the per- 
formance of the quadratic interpolator, the value of x was 
Measured by disconnecting the slider load resistances and 
applying a known voltage across the potentiometer terminals. 
Under these conditions the unloaded voltage at slider B was 
itself linearly related to x. 

Voltages were measured by a dial-box potentiometer and a 
null-reading meter, the system having a sensitivity and accuracy 
of the order of 0-01 %. 

The potentiometer used for test experiments was provided 
with ten tapping points (excluding the terminals) which were 
nominally equally spaced. The number of turns per section 
was approximately 100, and the mean resistance per section was 
930 ohms. (Extreme values of 914 and 938 ohms were obtained.) 
The tappings were taken from the side of the card remote from 
the slider, with the result that there was a small minimum resis- 
tance of 3-8 ohms between the slider and each tapping point. 

The relative positions of the three sliders were adjustable, and 
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each made contact with not more than two turns of the winding 
at any setting. It was possible to adjust the sliders so that, when 
the resistance of oné slider to any one tapping point was a 
minimum, the resistances between the other sliders and their 
nearest tapping points were less than 30 ohms. 

The slider load resistances were adjusted to within 0:5°% of 
the value required by theory, using the mean value of R as stated 
above. Commercial d.c. amplifiers provided with continuous 
zero-drift correction (as used for analogue computation) were 
used in the interpolating circuit, and also as the voltage sources 
for the tapping points in order to ensure low source resistance. 
The only initial adjustment made before setting up test functions 
was to trim the transfer functions of the linear units (Fig. 1) so 
that no current flowed into slider B when all the tapping points 
were connected to the same voltage source. 


(2.3) Results 


An interesting test function is the square-law relationship 
V = Ax’, since all derivatives beyond the second vanish and the 
function should be generated without error. The error curve, 
obtained when part of this function (symmetrical about zero) is 
generated using linear interpolation between seven tapping 
points, is illustrated in Fig. 2. The percentage error obtained 


ERROR, PERCENT OF MAXIMUM 
ooreur 


Fig. 2.—Interpolator performance: square-law function. 


Error using linear interpolation. 
© Error using quadratic interpolation. 
® Error using voltage source of finite impedance. 


using quadratic interpolation in the manner described is also 
shown, and is less than 0-2°% of the maximum value of the 
function. (Note that two more sections are required to allow 
for the excursion of sliders A and C.) 

The result of a similar test using the function V = A cos p in 
the interval 0 << p< 7/2, and defined at four points (u = 0, 
a/6, 7/3, 7/2), is illustrated in Fig. 3. The solid curve again 
represents the error for linear interpolation, while the broken 
curve indicates the error to be expected with this function using 
quadratic interpolation. The percentage errors measured are 
seen to lie close to this curve. 


(3) QUADRATIC INTERPOLATION USING FINITE- 
RESISTANCE SOURCES 


In the foregoing it has been assumed that the tapping points 
were supplied from voltage sources of zero or very small resis- 
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Fig. 3.—Interpolator performance: cosine function. 
—__—_——._ Error using linear interpolation. 
———— Expected error using quadratic interpolation. 
© Measured error using quadratic interpolation. 
tance. In general, however, any simple and readily adjustable 


voltage source will not be of low resistance. The effect of 
source resistance is therefore examined in the following Sections. 


(3.1) Representation of the Potentiometer 


The voltage sources connected to each tapping point are 
assumed to have a finite resistance Rp, represented by resistances 
in series with each tapping point (Fig. 4). The potentiometer 
thus resembles a lumped-constant transmission line, for which a 
characteristic resistance R, can be calculated. The value of R, 
for such a system, calculated at the tapping point with the 


Ro ; 


DUMMY 
SECTION 
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source resistance at the tapping point connected, may readill| 
be shown to be i 
4/GQR? + RoR) =aR. a 


Thus, if the potentiometer is terminated at each end by 
instead of Ro, the resistance at any tapping point looking i 
one direction along the potentiometer with the source resistanc 
connected is also R,. The resistance to earth at the slider 
therefore 


_ (R, + &R)[R, + A — RI 
ae 2R, +R 


_ RAR + R,) R? kis. ! 
IROL R — (ce, ~~) eae 


Rg 


2R,+R 


(3.2) Interaction between Sections 


Since Ry is common to adjacent sections of the potentiometes| 
there is interaction between the voltages at the tapping point 
In the case of the simple tapped potentiometer employing lineag 
interpolation, this is reflected merely in an added difficulty i 
setting up the potentiometer for any given function. In th: 
present instance, however, there is a further modification of thy 
tapping-point voltages when the sliders are connected, due té 
the current introduced at the sliders. In order to calculate th 
effect of this interaction, the approximate voltage change at each) 
relevant tapping point due to each slider is calculated. It ij 
shown in Appendix 10.2 that if the slider load resistances are 3R, 
2R, and 3R, respectively (Fig. 4), and if [eqn. (25)] i 


R 2R R 
R = R (1 Z ) z 
2 oR aR ee eee 


f 


| 
| 
| 
| 
| 
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Fig. 4.—Quadratic interpolator and setting-up circuit for finite-resistance voltage sources, 


Slider B is assumed to lie between taps 2 and 3 
G. High-gain d.c. amplifiers. x : 


hen V,, the output voltage, is approximately given by 


a dV. 2 -d2V, 
V, = V: <2) =e 
2 a To Ba as ) 


(~ — a) Vie_3 d*V. 
po aN a dx3 + po + | 


_ Thus the first three terms of the Taylor’s series are correctly 

duced, so that theoretically a square-law function is generated 
thout error. A larger number of higher derivatives, whose 
C fficients are not those of Taylor’s series, appear in the equa- 
on, however, so that more complex functions may not be 
enerated so accurately as when zero-resistance sources are used. 


(3.3) The Equation for R, 
_ When R, < R, eqn. (25) may be written 


mm R,\? R\4 
R, ri G@) +2(%)'| ce) 
Thus the value of R, does not deviate appreciably from R 
mtil quite large values of R,/R are employed (e.g. for 
¢,/R = 0-1, R, is 0-993R). The approximate equation above 
ives values for R, within 1% of those calculated from the more 
ct equation, for values of R,/R up to 0:2. 
< (3.4) Setting Up the Potentiometer 
_ The voltage at each tapping point must be set up.with slider 
B connected to that tapping point and sliders A and C connected 
the neighbouring points, as this is the situation when the 
function is being generated. Owing to interaction, successive 
approximations are required to adjust each voltage. A 3-pole 
Muulti-way rotary switch is therefore used in the setting-up pro- 
cedure, so that the slider load resistances can be readily connected 
to any group of three tapping points (Fig. 4). 
_ A further difficulty remains in setting up the voltages at the 
ends of the potentiometer, since either slider A or slider C will 
ot then be connected to any point. Using the rotary switch, 
this difficulty is overcome by switching into the circuit resistances 
tepresenting an extra, or dummy, section of the potentiometer 
at each end (Fig. 4). The voltages at the two artificial tapping 
points so produced are adjusted to represent the values of the 
function at those points, and the voltages at the real ends of the 
potentiometer are then set up. This process involves an approxi- 
mation, so that the voltages at the ends of the potentiometer 
will not behave in precisely the correct way, but since, in practice, 
those voltages are involved only in the quadratic correction 
term, the effect of such an approximation is small. 


(3.5) Results 
The error curve obtained for a square-law function using 


voltage sources of finite impedance (approximately 0-29R) is 
shown in Fig. 2. The error is seen to be not significantly greater 


than for zero source resistance. 


(4) CONTROL OF THE SOURCE VOLTAGES 


It has been shown in the previous Section that the alteration 
required in the slider load resistances for correct quadratic inter- 
polation depends on the source resistance only in a second order 
term. Thus, for instance, if the source resistances are 0-2R, 
and the load resistances are retained at 3R, 2R and 3R respec- 
tively, the error in the quadratic term of the Taylor’s series 1s 
only 2°4%. Since the quadratic term is generally not more than 
a small percentage of the whole function, it follows that this 
represents an error of not more than about 0:1% of the maxi- 
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mum value of the function. Thus, for a sacrifice in accuracy of 
this order, the tapping points can be supplied from a number of 
simple potentiometers, each of resistance 0:8R, and connected 
across a single stable d.c. supply. 

More complicated supply systems, in which the variation of 
source resistance with supply voltage was small, would enable 
even larger source resistances to be employed, with appropriate 
values chosen for the slider load resistances. 


(5) OUTPUT LOADING 


The foregoing analysis and tests have assumed no-load con- 
ditions, whereas the function generator is in general used with a 
load connected to the output, slider B. The effect of such a 
load on the potentiometer slider can be removed by the action 
of the well-known ‘bootstrap’ circuit,! which in the present device 
involves the addition of one more inverting unit to generate a 
voltage proportional to V,, and of the same sign. 

If, however, the output is taken from the linear unit connected 
to slider B (Figs. 1 and 4), a voltage proportional to V; is obtained 
without loading the slider. The change of sign and amplitude 
introduced by the linear unit can be allowed for by changing the 
signs and magnitudes of the voltages applied to the tapping 
points of the potentiometer. 


(6) QUADRATIC INTERPOLATION IN TWO-VARIABLE 
FUNCTION GENERATORS 

It is appropriate briefly to consider the possible extension of 
the method to the generation of functions of two variables. The 
most obvious extension is to the type of generator using a 
number of single-variable tapped-potentiometer generators set 
up at finite intervals of the second variable! Such a function 
generator would possess the advantages of the single-variable 
device, but would involve the use of a large number of linear 
units. : 

In another form of two-variable function generator,” separate 
tapped potentiometers are replaced by a resistive sheet provided 
with an array of inset studs to act as tapping points. In the 
simplest form of this device the variation of resistance at the 
slider with respect to changes in position in the x- and y-direc- 
tions cannot be separated from one another, so that the method 
described can only provide interpolation based on the average 
of the x- and y-derivatives. It can be shown, however, that such 
‘averaged’ quadratic interpolation can be of benefit in correcting 
the form of the output from the resistive-sheet device.? 


(7) CONCLUSIONS 

The simple tapped potentiometer, used as a function generator 
in an analogue computer or simulator, provides linear interpola- 
tion between the voltages applied to the tapping points, so that 
a given continuous function can be generated with only limited 
accuracy. A method has been described for obtaining quadratic 
interpolation in such a device, with a corresponding improvement 
in accuracy depending on the form of the function being 
generated. 

The method makes use of the quadratic form of the resistance 
variation to earth at the slider of the potentiometer as it moves 
between tapping points, across which resistance is developed a 
voltage proportional to the second difference of the function. 
This difference is derived by using two correctly-positioned 
sliders in addition to the original slider and two computing 
amplifiers, so that the use of subsidiary potentiometers and 
gears, which have been used in previous devices providing higher- 
order interpolation, is avoided. 

For the special case of a square-law function, which should 
be generated without error using quadratic interpolation, an 
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error of the order of +0°2% of maximum output is obtained 
with a relatively low-grade potentiometer. It has been shown 
that the internal resistance of the voltage sources supplying the 
tapping points can be of the same order as that of the sections 
of the potentiometer, and that the variation of these resistances 
has only a second-order effect on the quadratic term in the out- 
put voltage. ; 

In a modified form, the method can also be of use in improving 
the accuracy of certain types of generator for functions of two 
variables. 
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(10) APPENDICES 
(10.1) Operation of the Quadratic Interpolation Circuit 


Two linear units (high-gain amplifiers provided with feedback 
networks) are employed to derive the necessary correcting vol- 
tages (Fig. 1). One such unit has a gain of 3 with sign reversal, 
while the other acts simply as a summing unit with unity gain 
and sign reversal. The output V, of the summing amplifier is 
thus 


Veta aicralaracert Vali Wade Vale nay 


The currents in the slider load resistances are therefore given by 


OV Ve 20 Vel 


[4 3R (9a) 
2V, + V5) - V,+V)—-Y+V; 

pete BM Ta AN aN a 
3V, + Vi) -V,+VI-2,4V7 

Ic a b - ( t ae ) (9c) 


The voltages developed at the slider may now be found by 
multiplying these currents by R(w — a). Thus 


Vet Ve= (Uy + 1,)R — a) 
= (« — a) [2(V, + Vs) — V, + VO — (V+ VD] . 0) 
and V; = IpR(« — a?) 


(« — a) j 
= —=_ RY + Ve) — V+ Ve) — (V, + VO] 
(11) 
Therefore (Vi + VV.) =2Vy, (12) 
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-POTENTIOMETER FUNCTION GENERATORS ; | 
Substituting for (V; + V2) in eqn. (11), 


y,- 252 ov, 7,2) >. 


which is the required expression. 


(10.2) Effect of Interaction between Sections due to Finite Sourey 
Resistance 


Let V,, V, and V, be the voltages which normally exist ak 
sliders A, B, and C, when connected to the potentiometer 
Suppose for the purpose of analysis that the sliders are effeq 
tively disconnected from the potentiometer by the switches S$ 
S, and S; (Fig. 5), and connected to alternative sources © 


Fig. 5.—Alternative slider voltages. 


voltage, V,, V, and V,., and suppose that the voltages at th: 
tapping points 2 and 3 then become V> and V3. 

If now sliders A and C are reconnected to the potentiometer 
the voltage increases, V; and V;, at the sliders due to the curren 
in the load resistances (each 3R,) are | 


y= aR, 0% = 2V i= Ve) Se 
Thies uae i oe (14h 
where [eqn. (6)] Rg = Ry 4 R Re — a’). (15 
and Ry = AAR ia 


jae) Us hips 


We can therefore write down the approximate increase in voltag: 
at the tapping points 2 and 3 as a result of connecting slider 


A and C, 
Increase in voltage at tap 2 due to slider A 


: 
5 R | 
a 
°R, + RU — &) , 

| 


Increase in voltage at tap 3 due to slider A 
ae R, Re 
crs Rl a) RR 
Increase in voltage at tap 3 due to slider C 
R 
eee, 
°R, + aR 
Increase in voltage at tap 2 due to slider C 
, R, 
°R, + aR R, +R 


The approximation is a result of the finite resistance connected 
o the sliders themselves.) 


Z ‘Thus, if slider B is now reconnected to the appropriate point 
‘ e ween tap 2 and tap 3, the slider voltage is given by 


R, 
p= (la Ya + Ve VaR ae a)R 


R, R, 
bi Vor + aR R, | 


R, R R, 
J ‘@& > ee ae 
tal %5 + bp Pcdk UR OR BR, ta +% 


(18) 


Re (19) 


2R, 


Ve oF QY, = V, = - . 


; 
j 
.. 


Egn. (18) simplifies to 


E> 
4 melo oY, —-V2)| 42, ) ary = (20) 


R, = R 
_ Similar equations can be derived for V, and V,. Substituting 

r V,, V, and V, in eqn. (19), an expression is derived for Vz 
in terms of Vj, Vs, V3 and V4, which on substituting in eqn. (20) 
ie 


) R me 
Hy = [Va + lV — V2] ae ae 
ae R,+RR, 
{2V; ae a V3) + «[2(V3— V2) = (V2 — Vi YH v;)y} 


(21) 


4 
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From this expression we can find the voltage at tap 2 when 
slider B coincides with it, by putting « equal to zero. This 
voltage must therefore represent one of the points on the function 
being generated. This voltage is given by 


Vop.= V2 + ae a ie aa A) a (22) 
_ 2R, Cs ej (HEF) R 
where Sting aS 
Ry 1 oe 
ae een 


Similar equations can be aoe for V;, and V3,, the voltages 
at tap 1 and tap 3 when slider B coincides with these taps. 
Expressing the higher-order differences of these voltages (V;,, 
V>,, V3,, etc.) as derivatives, the following series can be derived 
from these equations: 


dV. dV, dV. 
Openly 2V,):= rr dear e 2b 4. B2 ayer oF e023) 
Vi 
(V3 — Vo) = (Vay — Voy) 4 ae oe 3) aid a 3) (24) 


where subscript 2-3 refers to a value between that at tap 2 and 
tap 3. 

Using eqns. (22), (23) and (24), and also further equations 
for the differences (V. — V,) and (V4 — V3), eqn. (21) can be 
rewritten in terms of the above derivatives. In order that the 
coefficient of the second derivative in this expression shall be 
that of the Taylor’s series, R, must be chosen so that 


2R, R2 


R 
= T 25 
Rp Ror, -- AA R, +R 2R, +R (9) 
in which case eqn. (21) reduces to 
AV» a2 d2 2) 
Vn = Vay + a) 5 dx? 
2 
— (a 5 a ups da? Vo- 3) ke ae Mapes = | (26) 


which gives the first three terms of the Taylor’s series correctly. 
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THE CALCULATION OF THE ELECTRIC FIELD IN A SPHERE-GAP 
BY MEANS OF DIPOLAR CO-ORDINATES 
By Professor G. W. CARTER, M.A., Member, and S. C. LOH, B.Sc., Ph.D., Student. 


(The paper was first received 3rd September, and in revised form 29th October, 1958. It was published as an INSTITUTION 
MONOGRAPH in January, 1959.) 


SUMMARY 


The problem of calculating the electric field in a sphere-gap, usually 
attacked by means of an infinite series of image charges, is here 
approached through the direct solution of Laplace’s equation. This 
solution is obtained in dipolar co-ordinates, which are suitable for 
problems in which boundary conditions are specified on two non- 
intersecting spherical surfaces. The result is given as an infinite 
series, from which is derived a curve, universally applicable, for the 
maximum voltage gradient in the field between two equal spheres. 
The alternative method of solution by image charges is briefly outlined 
for comparison. 


(1) INTRODUCTION 


The electric field in a sphere-gap has been investigated by a 
number of writers, including Kelvin,! Kirchhoff,2 Maxwell? and 
Alexander Russell.4:> They concentrated chiefly on the calcula- 
tion of the coefficients of capacity and induction, and employed 
the method of images, which led to a solution in the form of 
an infinite series. The possibility of an alternative solution by 
means of dipolar co-ordinates was pointed out by Kelvin,® and 
the coefficients of capacity and induction were calculated in these 
terms by Jeffery.” 

In the present-day application of the sphere-gap as a voltage- 
measuring device, the maximum value of the electric field 
intensity is a quantity of more importance than the capacitance. 
It is calculated in the paper with the aid of dipolar co-ordinates, 
a method which is shown to lead to a more convenient form of 
solution than is obtained by the method of images. 


(2) DIPOLAR CO-ORDINATES 


The co-ordinate system known as dipolar co-ordinates is 
obtained by the rotation of two orthogonal systems of coaxal 
circles about the line of symmetry which passes through the (real) 
limiting points of one system’ (Fig. 1). If the cylindrical polar 
co-ordinates of a point are p (radial), z (axial), and X (azimuth 
angle), the dipolar co-ordinates (uw, v, w) are related with (p, z, X) 
by the equations 


. p +i +a) 
u-+ jv = loge , 
prie— a) (1) 
w=xX 
fr hich “ asinv 
east p cosh u — cos v 
wos a sinh u r (2) 
cosh u — cos v 
X=w 


J 


Dipolar co-ordinates are closely analogous to the toroidal 
co-ordinates discussed in another paper by the present authors;® 
the latter are obtained by rotating the same system of coaxal 
circles about their other axis of symmetry. 
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u=O0 


u=-0:5 


Fig. 1.—Dipolar co-ordinates. 


The surfaces u = (a constant) are seen to be a series of nop 
intersecting coaxal spheres. The origin and the value of a cak 
be so chosen that any two given non-intersecting spheres i 
included in the system. The relevance of dipolar co-ordinate 
to the sphere-gap problem is evident. | 

When a point is displaced so that its co-ordinates change H 
du, dv, dw, its linear displacements in the three co-ordinat 
directions are ds,, ds,, 5s5,, where 


| 
| 
| 
| 
| 
| 


aodu 
oS = | 
cosh u — cos v 
| 
aov . 
8s  ——— 
° cosh. = 6os#| > 2 Soe ¢ 
aan asin véw 
” cosh u — cos v 


If r is the radius of any sphere of the system and d the distan¢ 
of its centre from the origin, | 


we ! 
|sinh u| OP a 
d=acothu : 


(3) SOLUTION OF LAPLACE’S EQUATION 


The potential, ¢, of an electrostatic field must satisfy tk 
differential equation known as Laplace’s equation, which must t 
expressed, for purposes of solution, in terms of the co-ordinate 
appropriate to the problem in hand. In the present cas 
Laplace’s equation takes the form 


Py) ( sinv _ a sin v od\ _ ; | 
du\cosh u — cosv du Sdn u — cosv =) eS 
The co-ordinate w does not appear, since we are solely concerns 


with problems having cylindrical symmetry. 
The substitution 


¢@=%(coshu—cosvji2 , . . . § 
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luces eqn. (5) to 
o7yb 


O27 dy 


Oy 
“Ou2 a ov? 


+ cotvs= — ay = 0 (7) 
: et ys = UV, where U and V are respectively functions of u 
nd v only. Eqn. (7) now becomes 


1d?U_. 1 7d2v dv 

U due * V\ de do 
nd since the first term cannot contain v and the second cannot 
mtain u, both must be constants, and can therefore be written 


+(n + 4)? and —(n + 4)? respectively.’ Thus the separate 
>q lations for U and V are 


+ cot v 4V) An) 


d?2U ; 
— —(n+h°U=0. 


ae (8) 


d*Vv ees d 
y qr tT cotr 
Write pL for cos v; eqn. (9) then reduces to 


3 d?V dV 

( DEAD Be eet) Y OF 
hich is the best-known form of Legendre’s equation. The 
solution is expressed as 


; V = aP,(u) + bO,Au) (11) 


Here P,,() and Q,() are known as Legendre functions of order 
7, Of the first and second kind. A particular solution of eqn. (5) 
may therefore be written as 


p = (cosh u — cos v)'/?[4 cosh (n + du + Bsinh (@ + Hu] 
pe [aP,(u) + 6Q,(4)] (12) 


_ We shall find that, for physical applications, it is sufficient to 
sonfine our attention to integral values of n. Moreover, the 
solution corresponding to n = — (m + 1) is identical in form 
with that corresponding to n=-+m. It will therefore be 
sufficient to consider only positive integral values of n, and we 


EaDmta t SV 2 0 


ie (9) 


(10) 


nay write the general solution for the potential as 
eo 

b = (cosh u — cos v)!/? ) [A, cosh (x + 4)u 

7 n=0 


+ B, sinh ( + 4)u] x [a,P,(H) + b,0,(H)] (13) 


The function ¢ and its first differential coefficients must be 
inite and continuous at all points of the field except at those 
which correspond to some special physical conditions such as a 
jource or a charge. P,,(s) is finite and continuous for all real 
alues of v, but Q,() becomes infinite when v = 0 or 7, and 
lence cannot occur in the expression for ¢ which is to hold 
hroughout the region, including any point on the axis of z. 
t is to such cases that we confine our attention in the paper, 
0 that 


5 = (cosh u — cos v)!/? x, [A,, cosh (n + 4)u 
+ B, sinh (n + 4u]P,, (cos v) 


(4) MAXIMUM VOLTAGE GRADIENT IN A SPHERE-GAP 

The sphere-gap may be used in two distinct ways: as a sym- 
Netrical gap, in which the spheres carry equal and opposite 
harges and are at equal and opposite potentials to earth, and 
$ an unsymmetrical gap, in which one sphere is earthed. The 
heories of these two must be considered separately. 


(14) 
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(4.1) The Symmetrical Gap 


The surfaces u = u,, u = — u, (where u; >0) are equal, 
non-intersecting spheres, and will be taken as the electrodes, 
The potential ¢ is constant over each of these spheres, and will 
be taken as +V/2 on u = wu, and —V/2 on u = — uy. ¢ will 
be of the form 


¢ = (cosh u — cos v)!/2 > Br sinh (1 + 4)uP,, (cos v) (15) 


from which, writing u = ,, 
V (oo) 
“7 (cosh u, — cos v)~1/2 = XB, sinh (x + 4)u,P,, (cosv) . (16) 


The left-hand side of this equation may be written 


sae — 2e- cos v + e~2m)—1/2 


Vo gO 
pase Ee uj 
v2 2, P,, (cos v) 
since u,; > 0. Equating the coefficients of P,, (cos v), we obtain 
the value of B,, and the potential function then becomes 


sinh (n + 4)u 
SANS one n (cos v) 


eyo epsdieew eked) 


We are chiefly interested in the maximum value of the voltage 
gradient at the surface of the spheres. Since wu is constant on 
those surfaces, the gradient E, is —0/0s,, where 5s, is given 
by eqns. (3); i.e. 


(17) 


co 
(cosh u — cos v)!/2 §} e~@ +d 
n=0 


V 
ane? 


ate cosh u — cos v ¢ 
eos ( a ou 


The maximum is on the line v = 7r, where 


a 1 + cosh u\d¢ PP 
Pe ia ue) 


Evaluating this by differentiating eqn. (18), we find, when u = u,, 
V 


Pee 
max a 


Uu fo) 
cosh? > Y (preety 
n=0 


x sinh + (2n + 1) coth (n + 4)u, cosh “| (20) 


2 


Eqn. (20) may be simplified as follows. Since the series 


foe} 
Dd (—))"e- ¢+ D4 is a geometrical progression, it may be proved 
n= 


that 
Sadana ie 1 : as 
ae 2 cosh 
whence, by differentiation, 
= sinh =! 
ag) Ce 4 pe tun = ? Dy 
: 2 cosh? 3 


The summation in egn. (20) is equivalent to 


eo Z uj uy 
Dd (—1)"e— + Y41) sinh os -+- (2n + 1) cosh a 
n=0 


gt Du } 


s | as sinh (n + Du, | 
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and eqns. (21) and (22) enable this to be reduced to 


(2n + 1) cosh a 


© 2 
2 Sah FD 
Vv (2n +1) 


(23) 


sothat E,¢, = — — cosh? = 


1)" = 
ie ae 
A more rapidly convergent mie is obtained by using the 
identity 
1 


=2 e— Qm+1 0 
‘sinh 0 > ) 


which transforms eqn. (23) into 


= =F cosh? 5 y x (—1)"(2n + 1)e- (Qm+)(n+pDus 


n=0 m=0 


E, max 


Performing the summation in 1 with the aid of eqn. (22) we 
obtain a ns 

esi m+ 4)u 
= - cosh? =! Sy ah 


2 nfo cosh? (m + du 


This expression tends to infinity as the spacing of the spheres 
tends to zero (d > r, ora —> 0, u; 0). It is therefore desirable 
to plot the ratio Enax!Emean Where Emean{= V/2(d — r)] is the 
mean voltage gradient between the spheres along the line joining 
their points of nearest eb: From eqns. (4), 


(24) 


nae 


E coth 3 ae 


mean 
Therefore 

Enax - , Uy > 4 & sinh Gn + 3), 
——7a* — 2 sinh — cosh 
mean J 2 =, cosh? (m + A)u, 


(25) 


(4.2) The Unsymmetrical Gap 
The solution in this case has the form 


& = (cosh u — cos v)!/? DY C,, sinh [(7 + 4)(u + u)]P,, (cos v) 
(26) 


which makes ¢ = 0 when u = — u,;. The coefficients C,, are 
obtained by writing é = Vand u = u,, the method being similar 
to that employed for the symmetrical gap; the result is 


co 
d = V/2V (cosh u — cos v)!/2 §) e~@t Da 
n=0 


gs sinh [(n + (uu + u,)] 
sinh (2n + 1)u, 


The charge on the sphere of potential V exceeds that on the 
earthed sphere, since some of the flux from the former will 
terminate on charges on ‘earth’. Thus the point of maximum 
voltage gradient will occur on the sphere u = u,;. By the method 
already used, we obtain 


2 
| f cosh? 


P,, (cos v) (27) 


ive) 
oe (—1)"e—@+ Dan 


x sinh + (2n + 1) coth (2n + 1)u, cosh a] 218) 


This corresponds with eqn. (20) derived for the symmetrical 

gap. Pursuing the same algebraic process as before, we can 

reduce eqn. (28) to 

341 S sinh (2m + 4)uy 
2 m=o cosh? (2m + 4)u, 


2V 
D Dee = cosh (29) 
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whence 


Ee 54 2 stah (2m + dy 
PR 4 sinh & Bs: ! Cosh’ 5) mes Soak (ieee DA 


It will be observed that the terms in the series in eqn. (30) ai 


the even terms in the series in eqn. (25). 
The ratio Ennx!Emean iS Plotted in Fig. 2 as a function 


spacing/sphere diameter, for each form of gap. 


ane Wie ap 
ea GAP 


SPHERE SPACING/ SPHERE DIAMETER 


Fig. 2—Maximum voltage gradient, equal spheres. 


| 
| 
(5) SOLUTION BY THE METHOD OF IMAGES | 


The details of this method are given in textbooks on electri 
magnetism,’ so only an outline is necessary here. 

If S is a spherical surface of radius r, having its centre at 
point O, and q is.a point charge at a distance / (> r) from ¢ 
it is possible to make S into an equipotential surface by placis 
a charge —qr// at the point on the line Oq which is distant 7 
from O. This point is called the ‘inverse point’ of the poi 
where q is located, and the charge —qr// is an ‘inverse charge’! 

Consider now a pair of spherical surfaces S; and S>, havis 
radii r;, ry and centres at O,, O5, the distance O,O, bein 
(Fig. 3). We shall find a system of charges which will ma: 


Ci 


Fig. 3.—Image charges in spheres. 


Se 


| 
H 


the potentials of S;, S, uniform and equal to V and zero respé 
tively. A charge of (47é9r,)V, placed at O;, will raise S, _ 
potential V, but S, is not an equipotential in its field; to m: 

it so, a charge —(47régr,)Vr,/1 must be placed at O;, it 
r3/1 from O,. This disturbs the potential of S;, necessitating ti 
placing of an inverse charge to the last-named at O,, the i invet 
point of O, with respect to the surface S,. 

The process is non-terminating, but the successive i 

charges diminish, so that a finite number of terms will i 


| 
| 
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Table 1 


Sphere S2 


Distance from 0; 


abuse 
Id — lh) 
rere 


1 — 1p) — bd = B) 


rire 
Phen. hk — tO] 
x@—h)...U- Ig) 


fficient approximation to the field. The relative values of the 
successive charges, and their locations, are given in Table 1. 

_ As an example, Table 2 gives the numerical values for the 
ase r; = r2 = 10cm, / = 40cm. 


e Table 2 

- 

¥ Sphere S; Sphere Sz 

fe 

2 Charge boon Charge Pai 

c 

oo 1 0 —0-2500 2-500 

a 2-667 —0-0179 BIASES) 

: 2-680 —0-0013 2-680 
2-680 —0-0001 2-680 


_ The totals of the charges in the two columns, when inultiplied 
bY (47répr,)V, are the charges which appear on the two spheres 
when S, is raised to potential V while S, is earthed. Thus the 
igures as they stand refer to an unsymmetrical .gap; from them 
the maximum voltage gradient may be calculated,-and it will be 
‘found that E,,¢x/Emean = 2°34. For the symmetrical gap it is 
aecessary to superimpose two unsymmetrical charge systems, 
iamely S, raised to potential V/2 with S, earthed, and S, raised 
© potential —V/2 with S, earthed. The result is quickly 
jeducible from the tabulated figures, and it is found that 
PaxlEmean = 1°77. These figures agree with values derived 
rom eqns. (30) and (25) respectively. 


(6) CONCLUSIONS 


_ The solution by the method of images, given above, is not in 
1 general form and must be performed afresh for each new set of 
falues of r}, r, /. Several of the writers cited have generalized 
t and converted it into various forms of infinite series, adapted 
as has been stated) to the calculation of capacitance coefficients. 
Youbtless the method of images could also yield an expression 
or the voltage gradient in series form. The use of dipolar 
0-ordinates, however, leads directly to such a form [eqns. (25) 
ir (30)], and one, moreover, which proves convenient in 
alculation. 

-The physical process of sparkover in a sphere-gap is a complex 
ne,!° and the sparkover voltage is consequently not related to 


Charge Distance from O2 


"2 
1 


= ryZ 
Id —1p)d — 12) 
— rons 


Id — Id — id — hyd — 15) 


ae 


T= 1a] 
alia dy): eel cnt Ud 


the voltage gradient in a simple manner. Nevertheless, the 
process of sparkover is initiated at the most intense part of the 
field ; the calculation of the voltage gradient is therefore of some 
importance. 
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SUMMARY 

A new synthesis procedure for the realization of 2-terminal-pair 
networks without ideal transformers is given. A new theorem is 
formulated concerning the necessary and sufficient conditions to be 
satisfied by a prescribed set of impedance or admittance functions for 
it to be realized as a symmetrical lattice network with series impedances 
(or shunt admittances) at either end of the structure, without ideal 
transformers. 

A numerical example is included to illustrate the synthesis procedure. 


SYMBOLS AND DEFINITIONS 


211 222, Z12 = Driving-point and_ transfer 
impedances of 2-terminal-pair. 
Z = Driving-point impedance. 
111 22. 1125 R = Real parts of Z11> 2229 212 and Z, respectively, 
on the boundary. 
Rf (jw) = Real part of f(A) on the boundary. 
P15 P22 P12, Pz = Residues of any poles of Z11: 2225 212 and LZ, 
respectively, on the boundary. 
w = Angular frequency. 
A = The complex frequency variable v + jw. 

The boundary.—The complex frequency variable is defined as 
v-+jw. Network behaviour in terms of zeros 
and poles can be depicted on an Argand dia- 
gram, with v as the real axis, and jw as the 
imaginary axis. This forms the complex 
frequency plane, and the imaginary axis is 
known as the boundary. 

p.r. function.—A positive real function, i.e. one whose real 
part is >0 for all real frequencies (i.e. every- 
where on the boundary), which has no poles 
to the right of the boundary, and in which 
poles occurring on the boundary are simple 
with positive residues. A necessary and 
sufficient condition for the realizability of 
a driving-point impedance (or admittance) 
function is that it be positive real. 


open-circuit 


(1) INTRODUCTION 


Gewertz! first gave the necessary and sufficient conditions for 
the realization of a 2-terminal-pair network containing all three 
kinds of network element. This realization involves the use of 
ideal transformers which are not physically realizable, and suffers 
from the disadvantage of introducing infinite quantities into an 
otherwise finite system. A considerable body of research has 
been and is being conducted to try to exclude the ideal trans- 
former from the synthesis of 2-terminal-pair networks; this has 
been directed along two main channels, namely 


(a) The special cases of networks containing only two kinds of 
element (Darlington,? Fialkow and Gerst,3 Talbot4 and others). 
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(6) The synthesis starting from prescribed transfer or insert 
function rather than the complete set of driving-point and transf 
functions (Darlington, Weinberg5 and others). 

A new solution is offered in the paper for the synthesis of 
prescribed impedance or admittance matrix as a simple structun : 
without ideal transformers; the necessary and sufficient condi 
tions for this realization are formulated. Because of they 
relative simplicity, these conditions are readily applied to | 
prescribed set of functions to determine whether or not 
realizable solution exists, before any lengthy computation nees 
be undertaken. 


(2) THE SYNTHESIS PROCEDURE 


In order to realize a symmetrical network from an uns 
metrical set of functions, it is necessary to extract series impé 
dances in the case of an impedance family, or shunt admittance 
in the case of an admittance family, at either end of the network 
so that the resultant set of functions is symmetrical. The enti 
work which now follows is on an impedance basis, but a 
remarks and results apply equally to admittances. iH 

The necessary and sufficient conditions for the realizabilit} 
of such a network, with reference to Fig. 1, are that the require¢ 


Fig. 1.—Schematic of 2-terminal-pair network. 


arbitrary function Z (the open-circuit driving-point impedance 
of the symmetrical network) is so chosen that 


Z,=2%4,-Z . 
22 =%4,—-Z 

1 
23 =Z— 212 @ 
Z4=Z + 242 


‘ 
and all are p.r. functions. It follows that, irrespective of t 
choice of the arbitrary function Z, necessary conditions for t 
realization of the lattice are 


Z14 + 2,2 must be p.r. ) 


Z2 + Z,2 must be ett ae eC 
This implies that, for all real frequencies, w, 
ry tri2>0 
Toa Er2> ‘i "4 
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d that at any pole on the boundary the residues satisfy 


Pi + Pi2> 0 
P22 + Pi2> 0) (@) 


mndition (4) need be considered only for poles on the boundary 
lich are common to z,; and z,) and/or to z>) and 212, for any 
IM Z1; OF 222 not contained in z,. can be extracted as a 
atles reactive network at the appropriate end of the structure, 
ior to the application of the synthesis procedure. 

in the discussion which follows it is assumed that the extraction 
any such poles has been effected and that the functions under 


The arbitrary function Z must first be determined. The real 

tt of Z (=R) must be chosen so that the real parts of the 

ng-point impedances of the component branches of the net- 

rk be positive for all real frequencies. Thus, R must be 
en so as to satisfy, for all real frequencies, 


R>0 
his ak 
hynny —- R>O (5) 
R—ry2>0 
R+ry2>0 


It follows that if r;,, say, contains a real frequency zero, e.g. 
w~ — wi)’, then R must contain the same zero factor and will 
merally be of form R,(w* — w?)?._ However, unless (w? — w?)? 
also a factor of r,», conditions (5) will not be satisfied. 

If conditions (3) are observed, however, this will always 
¢ the case, for if either r;; or ry) has a zero at some real 
re uency w = w,, then r;2, must of necessity have a zero of 
it least the same order at w = w . It is therefore evident that 
i value of R can always be found to lead to a realizable network 
f, for all real frequencies, 


4 RD |ry| 
R< ry (6) 
3 R< rn 

yhere |r,>| is defined as the magnitude of rj. over the frequency 
ange. 

’ After plotting r11, 722 and |r,>| as functions of w?, the arbitrary 
unction R can be represented by any curve lying between the 
imits given by conditions (6), and can be determined as a 
ational function of w* by any suitable method of approximation. 
“Using Gewertz’s method, for example, Z’ is determined as a 
.r. function in A from the real part of R(w”). 

_Z’ derived in this manner contains no boundary poles. It is 
herefore necessary to add poles on the boundary to Z’ so as to 
atisfy at each boundary pole of z;; and z;2 and/or Zz, and 2,2 
he residue conditions 


Pistia > 0 
Px2— Pz >O (7) 
Pz els |Pral 2 0 


‘aking p, = |p,2| at every boundary pole ensures that condi- 
ions (7) are satisfied, with the residues in the poles of one of 
he functions Z; or Z, vanishing each time, thereby reducing the 
umber of elements required. 

“The derived function Z, consisting of Z’ with added boundary 
oles, will therefore satisfy conditions (1), so that, so long as 
onditions (2) are observed, a realizable solution is always 
ossible. Conditions (2) are therefore both necessary and 
ufficient, and a new theorem can therefore be formulated, as 


lows: 
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Theorem.—The necessary and sufficient conditions for a set of 
driving-point and transfer impedance or admittance functions 
fi, fo2 and f12 to be realizable as a 2-terminal pair network without 
ideal transformers, consisting of a symmetrical lattice network with 


series reactances or shunt susceptances at either end of the structure, 
are 


fir + fiz must be p.r. 
fo2 + fi2 must be p.r. 


(3) CONCLUSION 


A new synthesis procedure has been described for prescribed 
impedance or admittance matrices, leading to a realizable struc- 
ture without ideal transformers. Use of the Bott and Duffin® 
synthesis procedure, for example, for the driving-point impe- 
dances of the component branches of the structure will lead 
finally to a realization entirely free of mutual coupling. 
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(6) APPENDIX: ILLUSTRATIVE NUMERICAL EXAMPLE 
Prescribed functions: 
OB + 152 + 15A + 6 


711 


+ 2A 42 
9A3 + 2402 + 24A + 3 
722 2A +2 
r __ 403 + 10A? + 10A — 2 
Ri + 2A + 2 


The'real parts are then obtained as 


3wt — 6w? + 12 


EAL wt+4 
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but — 30? +6 
"22 ~ wt+4 
2a aor 4 
yiZS wit 4 
These functions obey the necessary and sufficient conditions given 


in the new theorem, so that the synthesis can proceed. ; 
Fig. 2 shows rj1, 722 and |r,| as functions of w”. The function 


fe} 2 4 6 8 10 12 14 16 18 20 
we 


Fig. 2.—111, r22 and |r12| as functions of w2. 


R(w?) must fit between the curves in any manner satisfying 
conditions (6). As shown by the broken curve in Fig. 2, the 
function 
21 
zu" — 3w* +6 
Dips 
ee wt +4 


is found to satisfy the requirements. 
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The corresponding p.r. impedance function is readily de er 
mined by Gewertz’s method as | 
3M +A +8 ‘| 

~ 8 +2142 
The poles of z,;, Z22 and z;2 on the boundary must be addeq 


There is only one pole, and therefore a pole p, = |p,,| = 4A 
added. Whence 


v7 


3 72 + 7A + 8 
eR PP ae 
The driving-point impedance of the component 2-terminal net 
works are determined as 


3 Ma Agee 
Z=2A+s pan42 
3 924+ 9X 
Z,=5\+3 a+ 
7 VaR ee 
a BONS He 
137 43 43 
Z, = 8A + 5 5 ee Fee | 


Z,-Z, are readily shown to be p.r. functions, and can bt 
realized as 2-terminal networks without mutual inductana 
using the Bott and Duffin synthesis procedure, for instance, s: 
that the synthesis is complete, leading to a realization entire} 
free of mutual coupling. 4 


Mr. W. Baumann (Germany: communicated): In Section 8, the 
thor states that rather large errors can occur with small 
mbers of trials. This may be correct statistically, but it does 
lot give the right impression of the accuracy that is normal in 
mpulse testing. , 

_ It should not be overlooked that the ultimate result desired in a 
st is a measure of the impulse voltage. We would like to know, 
erefore, the probable, or otherwise defined, error in this 
measurement of the voltage for a given flashover probability. 
t can be inferred from the paper that the steepness of the 
brobability/impulse-voltage curve determines this because with 
‘steep curve, for example, great errors in probability are asso- 
ated with smail errors in voltage. I have investigated this 
atter in some detail for the 50% flashover voltaget and have 
ound that in almost all practical cases the error is <4%. The 
)oint may beillustrated by reference to Fig. 5 of Dr. Lewis’s 
per, which shows the probability of breakdown as a 
unction of impulse voltage for sphere-gaps. Curve (d), which 
s by far the most unfavourable for my argument, shows that 
i determination of the 50% flashover voltage of the test object 
vith only 10 applied impulses would be unlikely to result in 5 
tashovers at a voltage less than 95kV or greater than 115kV. 
since the 50% flashover voltage is about 105kV, the maximum 
sossible error in voltage is obviously about 10°%, and in fact 
salculation gives a smaller value than this. For the test object 
sorresponding to curve (a), the error in a measured 50% flash- 
Mver voltage (or any other voltage level) would be almost 
i1egligible compared with other errors, since the whole dispersion 
of voltage between the 0% and 100% levels is only about 1% of 
he 50% value. 


* Lewis, T. J.: Monograph No. 249 M, July, 1957 (see 105 C, p. 27). 
+ BAUMANN, W.: Electrotechnische Zeitschrift (A), 1957, 11, p. 369. 


DISCUSSION ON 
‘THE STATISTICAL BASIS OF IMPULSE TESTING’* 


Dr. T. J. Lewis (in reply): Dr. Baumann’s comments may be 
summarized in the following way: 

If, for a particular test object, AV is the range of voltage 
required to change the probability of impulse breakdown from 
zero to unity, then the error in determining the 50° breakdown 
probability on the voltage scale (or indeed any other point 
except 0% or 100°) must be less than AV/V, where V is the 
50% point. If AV is very small or V large, it is meaningless to 
inquire about the 50% point, because the voltage error will 
always be satisfactorily small at any point. This result does not 
require any statistical argument. As Dr. Baumann has shown, 
the flashover of a simple high-voltage spark-gap in air is in this 
category. 

Consider, however, a more general case not confined to high- 
voltage spark-gaps in air, to which Section 8 of the paper is 
meant to apply. Suppose that p as a function of voltage is 
unknown for a particular object. There is no a priori way of 
knowing whether AV/V is small or large, and therefore no imme- 
diate way of knowing what the maximum error on the voltage 
scale might be. If a test is performed by making N trials which 
result in Sy breakdowns, the apparent value of p for that voltage 
is Sy/N and, Section 8 permits the accuracy of this determination, 
i.e. the error S;/N — p, to be estimated. For any N, the error 
is always greatest when p = 0°5, i.e. estimated values of p from 
Sx/.N can be taken with greater confidence as p moves away from 
the 50% point. 

Not only is the width AV important in these matters, but 
dp|dV, the slope of the probability curve, also influences the 
result, as reference to a previous discussionf will show. 


+ Proceedings I.E.E., 1958, 105 C, p. 553. 


DISCUSSION ON 
‘ON THE AMPLIFICATION FACTOR OF A TRIODE VALVE: PART 2”* 


Prof. F. G. Heymann (South Africa: communicated): It appears 
hat the penultimate set of equations in Section 5 should read as 


Oollows: 
8V4 = 8O/Co4 = CopoVelCGa 


Coa = i/(2 loge <) 


From this follows the amplification factor: 
be = CealCea 


Phis factor is therefore dimensionless and is not the product of 
wo capacitances as derived in the paper. 

A more serious criticism relates to Sections 2 and 3. The 
alculations in Section 2 indicate that amplification factor wu 
lecreases with increase in g, but the author states that the 


* MOoULLIN, E. B.: Monograph No. 270 R, December, 1957 (105 C, p. 196.) 


opposite is indicated. This error is repeated in Section 3 in an 
attempt to explain the behaviour of the experimental triode. 
Contrary to the author’s claim, therefore, the theory of a previous 
paperf fails to explain the measured variation of w. 

It seems that the approximate theory is only valid when ¢ 
is large compared with S. When g is small, some other approach 
is called for since the grid no longer acts as an almost complete 
shield between anode and cathode but only controls electron 
motion near the grid wires. Midway between grid wires the 
grid will have little control so that reduced amplification factor 
is to be expected with reduced grid-to-cathode spacing. 

Several ordinary triodes exhibit variations of mw similar to 
those found by Prof. Moullin, and it seems that a reasonable 
test of the theory will only be possible if a special triode is used 
with guard anodes to eliminate end-effects. 


+ MOoUuLLIN, E. B.: ‘On the Amplification Factor of the Triode’, Proceedings I.E.E., 
Monograph No. 211 R, November, 1956 (104 C, p. 222). 
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DISCUSSION ON | 
‘CONDITIONS FOR THE IMPEDANCE AND ADMITTANCE MATRICES OF n-POR : 


WITHOUT IDEAL 


Mr. P. R. Bryant (communicated): 1 should like first to point 
out three small errors in Dr. Cederbaum’s Monograph. The 
first occurs in Section 6. Condition (6) of Theorem (i) should 
read: ‘(b) In each column of Q there occurs either a single 
non-zero element (+1 or —1) or one +1 and one —1’. 

The second error also occurs in Section 6: the form of eqn. (12) 
is incorrect; it should be 


C=a[CR = LUK-5] A 


The third error occurs in the second paragraph of Section 8. 
The condition that the network should remain planar ‘if all the 
n-ports are short-circuited’ is rather ambiguous. This condition 
should be that the network remains planar ifn fictitious branches 
are connected, one between the terminals of each port. 

The following theorem concerning necessary and sufficient 
conditions for an impedance matrix of a resistive n-port is 
similar to Cederbaum’s. 

THEOREM 


The necessary and sufficient condition for an m X n matrix Z 
of real numbers, to be the impedance matrix of a resistive n-port 
is that Z should be of the form 


Lice S GSS PI 3 (B) 


where (a) S is of order (r — 1) X m for some 7 satisfying 
(n + 1)<7< 2z, and is a submatrix of a (rt — 1) x 
x (+ — 1) reduced-incidence matrix K of a tree. 
(6) G is a (t— 1) X (T— 1) non-singular ‘dominant 
matrix’ having non-positive off-diagonal elements. 
We require the following lemma: 


Lemma.—The admittance matrix of a resistive n-port, every 
port having a common terminal, is a non-singular dominant 
matrix having non-positive off-diagonal elements. 

Proof.—lf the network contains only (7 + 1) nodes, the 
matrix in question is in fact the nodal-admittance matrix of the 
network, and the property is well known for such matrices.4°8 
If the network contains more than (m + 1) nodes, star-mesh 
transformations on those nodes which are not being used as 
accessible terminals will give us an equivalent network containing 
only (x + 1) nodes. The result then follows from the first part. 


PROOF OF THEOREM 


Necessity.—Let the n-port be described on 7 accessible 
terminals. Then 


(Q+1Ih<tT< 2 (@) 


If each port is represented by a fictitious branch, the resulting 
set of n fictitious branches must be part of a tree-like structure Us 
say, of (r — 1) fictitious branches on the set of 7 terminals. 
Let the reduced-incidence matrix of T be the (tr — 1) x (r — 1) 
matrix K. Then the n-ports will define a (r — 1) x n submatrix 
S, say, of K. Let us suppose that current (J, + I, +... + [,_;) 


* CEDERBAUM, I.: Monograph Np». 276 R, January, 1958 (see 105 C, p. 245). 
Ti Following Slepian and Weinberg,* we call a matrix of real q 
matrix’ if the following conditions hold: ne Bure Bcc anaes 
% The mated is square and symnietric. 
ach element on the main diagonal is not less than th m 
values of all the other elements in the same row. he oe 


TRANSFORMERS’* 


is extracted from the reference terminal, currents J, d, . 

being injected at the remaining (7 — 1) terminals. Let th 
resulting potentials of the terminals relative to the referenc 
terminal, be V;, V2,..., Vz_1. Denote by J and V the corr 
sponding (r — 1) x 1 column vectors, and suppose that 

= GVee 

Then by the lemma, G is a non-singular dominant ma 1 
having non-positive off-diagonal terms. Let the port curren1 
and voltages be denoted by the x 1 column vectors i and - 
Then 


tel 
and tsi 


Hence, from eqns. (E), (D) and (F), 
y= SV =SG-U=(SG'S)i_ 
Sufficiency.—G satisfies the well-known necessary and sufif 


cient conditions to be the nodal admittance matrix of a resistiv 


and define on the 7 nodes a set of independent ports by mear 
of the (r — 1) x m matrix S. By considerations similar to tho 
used in the necessity part of the proof, the impedance mat 
of this n-port will be (S’G~—1S), as required. 


(A) Boxa.t, F. S.: 
Kind Networks’, Technical Report No. 95, Electronia 
Research Laboratory, Stanford University, Novembe; 
1955. 

(B) SLEPIAN, P., and WEINBERG, L.: ‘Synthesis Applications ¢ 
Paramount and Dominant Matrices’ (to be published). | 


Dr. I. Cederbaum (in reply): The first two remarks of Mr. Bryaa 
are correct. With respect to his third remark, the followir 
may be said: from the topological point of view, short-circuitin 
of a port by an impedanceless connection is identical with cop 
necting a fictitious branch between the terminals of the por 
However, short-circuiting of a port may alternatively be inte: 
preted as identifying the nodes of the network on which the po: 
is described. With this interpretation the condition on page 24 
is wrong. Thus, I think, the expression proposed by Mr. Bryam 

. if n fictitious branches are connected, one between tk 
terminals of each port’, should be preferred. 

There is another small error which I find in my paper. TE 
ae I of Section 5 consists of (f+:s) links of N and not 

b+). 

Mr. Bryant’s theorem is very interesting. My only criticis; 
is directed against the wording of the lemma. The latter 
correct under the tacit assumption that the port voltage V, 
defined as the voltage rise from the common terminal to termin 
k for every port of the n-port, this being implicit in its use for t 
proof of Bryant’s theorem. However, if for some ports V5! 
defined as the voltage rise and for others as the voltage dre 
then the corresponding admittance matrix, being phen 7 
nant, may well have positive off-diagonal elements.2 

t See Section 2, Theoremi (ii), of the Monograph. 
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